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PREFACE. 

'UBRAI" 

published a treatia 
Doctrine of Interest and Anmdties^ wherein I finterM — ■ 
into a full mvesiigation of all the principles relative to 
that science ; together with its application in the va- 
rious questions arising firom any commercial, political, 
or financial inquiries. In the preface to that work I 
signified my intention of prosecuting the subject still 
further, so as to take in the whole Doctrine of Life- 
Annuities and Assurances: the present treatise, there- 
fore, must be considered as a continuation of the work 
above alluded to ; and will, I believe, contain all that 
is useful or interesting on the science. The motives, 
which induced me to submit the former work to the 
public, were there fully explained ; and will equally, 
if not more forcibly, apply to the present treatise. 

The importance of the subject, at the present day, 

cannot be doubted ; since the greater part of the pro* 

perty of this kingdom is, in one shape or another, 

connected with this science. The present possessors 

as 



of entailed estates are, in the common law, justly 
called tenants for life; and the same appellation may 
be given to those who hold by euTtesy or by doweT j 
marriage settlements also, and wills, generally deter- 
mine the possession and reversion of estates to par- 
ticular lives: and to these contingencies every freehold 
estate in the kingdomi is liable. If to these we add 
the immense number of cojyyhold estates delerminabh; 
on lives, and the estates possessed by ecclesiastical 
persons of every description (all of which will probably 
be ever subject to the same tenure), we shall find that 
the value of the greater part of the real estates in this 
country will be determinable upon the principles laid 
down in the present work. 

The incomes, likewise, annexed to all places, civil 
and military ; all pensions, and most charitable dona- 
tions y — these, and others of a like kind, are annuities 
for life. Moreover, the dividends arising from a great 
part of the capital in the Ptdillc Funds are, by the 
wills of »he doDorSj and from other causes, rendered 
of the same nature. Besides which, mwy tife-an- 
nuities have been granted by Individuals, by Parishes, 
by Corporate Bodies, and by the Government itself. 
, So that a great part of the personal estate, also, of this 
country is involved in a consideration of this subject. 



to additioDj however, to the cases above alluded to, 
there are various other circumstances in which this 
science will be found highly interesting and useful. 
There are many parents, at the present day, who are 
desirous of providing Endowments for their children, 
against they arrive at particular periods of life, when a 
sum of money is most frequently wanted : such as 
the time of their apprenticeship, or when they come 
of age, &c. Several of the Assurance Offices, lately 
established in London, have published the rates at 
which they will guarantee such sums: and the present 
work will enable the public to determine how far it 
may be pmdent to accept them. See page 361 . 

Another interesting part of this subject is connected 
with the various establishments in this country, under 
the two general divisions of Societies for the benefit of 
Old ^gCy and Societies for the benefit of IPIdows. 
These establishments, when founded and conducted 
on a true and proper busis, ought always to be en- 
couraged : and can only be objected to when the ma- 
nagement of their concerns is likely to fall into the 
hands of ignorant or designing men, who may be in- 
duced to sacrifice the permanent interest of the society 
to their own immediate benefit and advantage. The 
ruin of most of these societies may be attributed to 



their ignorance or neglect of the tnie oiathemaucal 
principles upon which they ought to proceed; and, 
wilhout an attention to which» no establishment of 
thi* kind can possibly flourish. 

But, the most important branch of this science is 
that of jisxurences: which is still more extensive than 
either of those above mentioned. For, independent 
of the different classes of persons holding property 
qnder the several tenures alluded to in the beginrung 
of this preface, and whose incomes will consequently 
determine with their lives, there is an immense number 
of o»her persons, in the different dqjartments of society, 
subject to the same contingency. Every man engagc-d in 
cither of the three professions, whose emoluments arise 
from his own personal abilities and exertions, — every 
one pursuing a naval or military life, whose income 
will cease at bis death,— ^every person engaged in 'ma- 
nufactures, commerce J or any other employment, whose 
own immediate exertions are the supjiort of the con- 
cern in which he is engaged, — these and many others, 
too numerous here to insist on, will often be desirous 
of sacrificing aome part of their present emoluments 
ami profiu, not only with a view to secure a suitable 
provision for their ^milies at their decease, but likewise 
to reader their own lives more easy and comfortable. 



pleasing consolation that they have guarded 
agamst one of the great evils of a premature death. 

lodependent, however, of this general view of the 
subject, ihere are various other purposes for which 
Assurances are effected. Persons holding Leases on 
tiveSf and paying ajine on renewal, are oftentimes in- 
duced to insure a sum of money upon those lives, ia 
order that they may be enabled to pay such fine when 
i: becomes due. Some consider it a good method of 
securing a dubious or protracted debt, by assuring the 
life of the debtor. Others, again, may be entitled to 
an estate, or to a sum of money, at the end of a given 
term, or on the happening of a particular event, pro- 
vided they be then alive to receive it : and, in order 
to secure such sum to their families, may be desirous 
of insuring their lives for such terniy or against such 
colli ingfuci/. 

These, and a thousand other cases of daily occur- 
rence, render this branch of the science interesting to 
•very class of the community. Numerous Offices 
have lately sprung up, in the metropolis, for the pur- 
pose of granting Assurances on every possible contin- 
gency amongst lives in general ; and it therefore be- 
comes every one, engaged in the public business of life, 
to audy this subject with atlention. 
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But, notwlili standing the importance and utility of 
these inquiries, it is not much more than a century that 
they have been conducted in a proper and scientific 
manner'. The celebrated Dr. Halley led the way in 
England ; and in his paper, inserted in the Phihuophical 
Tran^nctions for 1693, pointed out the true method 
of calculating the value of Annuities oo Lives. In the 
pursuit of this object, he assumed the rate of human 
mortality for five successive years, as observed at Bres- 
law ; and, from these data, formed tlie _^rst correct 
table of the value of Life-Annuities. That table, how- 
ever, being adapted only to t\eryjifih year of human 
life, and calculated at only one rate of interest, was 
consequently very limited in its application and utility. 

The illustrious De Moivre improved on what Dr. 
Halley had begunf. He carefully examined the table 



• Sonn «fier tlie Revolution in iliis country many of the loaiu, 
for ihe KTvice of Governinent, were raised upon Life- Ann uitjea : 
anil nothing can »how more forribly the low slate of the (cienccj 
M that period, than the vague manner iu wbicli Ihe values of sucb 
unniiilIeK were estimated. 

f Abmhani De Moivre was Imrn at Viiri, in Champagne, in 
I6u7- The revocalionofthe Edict of Naiitz, hi IflHS, determined 
him, with many others, to take shelter in England j where he 
[lertccicd his matheiiiviiciit studies, the toundation of which he had 
Inld In his own country, and which have rendered him so great an 
oruntnent lo the age in which he lived, In the latter part of his 
life he subsisted chii-fly by givina; answers to ciiieatious in Chances, 



of observations given by that celebrated philosopher; 
and, finding that for several years together the decre- 
ments of life were uniform, and that it was only in 
youth and in old age that any considerable deviation 
occurred, he founded his ingenious hypothesis that the 
decrements of life are equal and uniform, from birth 
to the utmost extreioiiv of human life. He was, at 
first, inclined to compcfee a Table of the values of Life- 
Annuities, by keeping close to the table of observa- 
tions; that is, by dividing the whole extent of human 
Hfe into set'eral intervals, according to the difference 
of the decrements during tiiose periods. But, before 
he undertook this task he tried what would be the re- 
sult of supposing those decrements uniform from the 
age of twelve to the utmost extremity of life : and was 
satisfied that the excesses, arising on one side, would 

Annuities, tec: and it is snid that most of these solutions wcr? 
(Mivered at a coffee-lmuse in St. Mariin'a-Lane, where be spout 
the greatest part of his time. His merit and aWlilies were so we]t 
fcnowD and e-teemed, that ihe Royal tioc'ietj- of LondiHi juilgcd 
him a fit person to tletiUt' the fiiiiiuiu oonteit between Nlwto!) 
and Leibnitz, conciTuiug llie invealion of Fluxinns, He wa* 
highly esteem wi by the first oF these ci-lebrateJ philosophers: and 
it is reported that, during the last tt-n or twelve years of Newtdm's 
Hfe, when any person came to a<k him for an raplanation of any 
part of his works, be useO to say " Go to M. De Moivre; he 
kaoffs all these things better than 1 do!" lie died at ibeadkanced 
»eeof«ighty.Mren. 
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be compensated by the defects on the other. For, oo 
comparing his calculation with that of Dr. Halley, he 
found the conclusions to differ so very litlle, that he 
thought it superfluous to join together several different 
rules in order to compose a single one. 

The first edition of his yfnnuitics on Lives waa 
printed in octavo, in 1 724. Bv the most simple and 
elegant formulae he pointed out the method of solving 
all the most common questions relative to the value 
of Annuities on single and joint lives, Reversions and 
Survivorships. In the subsequent editions of that 
work.* he-not only corrected the errors into which he 



• The Mfonrf edition appeared in 1743 ; and the third in 1750. 
Since wiiicli time, I belie^'e tkcre have be«n other edition«: but 
the most imi^oved copy is that which is inserted at the end of 
Ais Doctrine o/Chanca, 3rd edit. 1756. 

Jn the preface to the second edition, here alluded to, he made 
an ilhl>eral and unjustifiable attack on Mr. Simpson ; and charged 
him with miiiiJating his propositions, ob.icuring hi^ demonstrations, 
and pirating liis rules. But jMf. Simpson fffectuaUy refuted these 
charge* (in ibe same year) in an Apjiendix lo bis Doctrine of An- 
nuities : at the close of which he exclaims, in the language of 
conscious rccliliide, " I appeal lo all mankind, whether, in hii 
" Ircalnictit of inc, he has not discovered an air of self-suiQcieiicy, 
" ill-nature, and inveterHcy, unbecoming a gentleman." Here 
the contraveny appears to hai-e dropped. For, M.DeMoivre 
puWiahed tlic third edition of his book, without any further notice 
of Mr. Simpson : but omitted ihc otTcusive retli^ctioiu which bad 
been inscrteiJ in the preiace to thi- preceding edition. 



had fallen in the first edition, but also greatly enlarged 
the boundaries of the science, and encouraged otlia 
nutbematicians to pursue the path which he had strudft I 
out with so much honour to himself. Unfortunately, I 
however, his hypothesis will not suit all circumstances: 
and more recent discoveries, on the rate of humaa 
mortality, have proved that it caimot always be safely 
adopted. Nevertheless it is still of great use io the 
investigation of many cases connected with this subject; 
and will ever remain a proof of his superior genius and 
abilities.* 

In the year 1742, Mr. Thomas Simpson published 
the first edition of his little treatise on the Doctrine of 
jinnuities and Reversions; m which he introJuced 
the method of computing such values from the redl 
cbseniations of life. His rules upon this subject are 
general, and will apply to any observations: neverthe- 
less he confined himself, in his Tables and in his Ex- 
amples, to the rate of human mortality in London as 
deduced from the observations of Mr. Smanf. The 
same author prosecuted this subject, by way of Sup- 

• ITie TaMe» of tht value of Life-AiwuitiM, dedored fiom 
\i. De Mohre't bTpotliesii, will be foimd at the end of the pre- 
seoi wwk ; being Table* XLIX and L. 

+ Mf. Simpmrt't Tables of the value of Life>Annuittes will be 
found M liw end of iliis work J being TaUw XLV to XLVIII. 



plementf in his Select Exercises for young Prqficknts 
171 the Malhematict, published in the year 1752.' 
This work, however, is, for ihe most part, a repetition 
of the rules given iu the precetling treatise : to which 
are added Bonie new prohlems on the subject of coji- 
tingenl annuities and assurances. 

On the style oi^ Simpson ( always simple and ele^ 
gant) it is nettiless for me to make any observations. 
His works are his best comment ; and, need only be 
read, to be admired. Nevertheless his Treatise ori 
l^ife-Annuities, togetlier with his Supplement above 
alluded tOj ate perhaps the most imperfect of his pjo- 
ductions. Although much is there done, still much 
more remained to be executed. His Tables, being 
deduced from the rate of mortality iu London only, 
are found not to be sufficiently adapted for general 
use: and his Rules, being deduced partly from the 
hypothesis of M. De Moivre and partly from real ob- 
servations, have been ascertained not to be sufficiently 
correct. Subsequent improvements in the science have 
also shown that some of his general theorems are 

* That part relating to Annuities lias lately been taken out of 
the ScieLt Exercises; and, having been printed separately in 179Ij 
is now generally Iwund up with his DoclTme of^n/^uities and Re- 
veniaas: the teconii edition of which appeared in 1775, and which 

eon'ains the ylppendlx alluded to in ilie note in page xii. 



erroneous: and that many cases, which frequently oc- 
cur in practice, are not even mentioned in either of 
his works. 

In 1753, Mr. James Dod=on published the Second 
volume of his Matkemalical Iteposifoty ; in which 
are contained not only the algebraical solutions of the 
problems given by M. De Moivre in his treatise above 
mentioned, but also several new and useful Questions 
connected with this subject: the Third volume of ihe 
same work appeared two years afterwards ( 1 7o5). In 
the compass of two small duodecimo volumes, the 
author has contrived to solve an immense variety of 
(Questions lelative to Annuities, Reversions, Survivor- 
ships, and Assurances. The methods which he has 
pursued in investigating these cases are, in general, a 
model of analytical reasoning ; and aftbrd an excellent 
praxis for the young mathematician. Nevertheless 
be is sometimes obscure, from the use of uncouth 
symbols ; and from the culpable practice of changing 
the Mgniflcation of his characters during the course of 
the same investigation. In all his solutions he adopted 
the hypothesis of his friend De Moivre ; conceiving 
that it would lead to more accurate results than the 
use of the Table of I jfe- Annuities formed by Mr; 




Simpson (from the bills of inortality in London), ihe 

f 4inly one, at that time, deduced from real observations. 

[■The reader therefore will look in vain for any correct 

I Solution in the works of this author : although they 

may be occasionally referred to, for the method of 

finding an approximate value. 

The science remained in this state, without much 
improvement, till the publication of the 6rst edition of 
Dr. Price's celebrated treatise in 1763. This work, 
entitled Ol'seiTafiojis on Reversionary Payments, tr'c, 
was first published with a view to oppose and destroy 
the injurious effects and evil intentions of a class of 
men (unfortunately to be found in every stage of so- 
ciety) who, under pretence of establishing Societies 
for the ben^t of Old Age, and of Widows, were only 
forming schemes to allure, and to defeat the hope« 
of the ignorant and the disti'cssed. His efforts were 
eveniuatly crowned wiih success; and those bubble 
societies have long since met with the (ate which he 
so truly predicted. 

In this laudable pursuit. Dr. Price saw the necessity 
of more accurate observations on the mortality of hu. 
man life j in order to determine with more correctness 
the value of Life- Annuities, and to show more forcibly 
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the futility and extravagance of the schemes that were 
issued by those societies*. By the asastance of some 
public-spirited individuals he obtained correct registere, 
of. the rate of mortality at Northampton, Norwich,. 
Chester, and other places in England. But, still, the. 
computation of the values of annuities, according to 
these observations, was a work so tedious and unplea-. 
saw, that little hopes were entertained of profiting byj J 
those researches : and Dr. Price suffered three several' 
editions of his treatise to pass over without affording 
any additional iafortnation on this subject. At length 
the fourth edition appeared (1783) enriched with se- 
veral valuable tables of Annuities on Single and Joint. 
lives, at different rates of interest, deduced not only.* , 
from the probabilities of living as observed at North--. ^ 
atnpion, but also from the probabilities of living as;^ 
observed in the kingdom of StveJen at largef. 

* Any person, who will take ihe trouble to go through the Ex* 
amples inserted in Dr. Price's treatise, will readily observe Low I'n- 
flccurately he was obliged to proceed in this infant state ot' the 
Bcieoce. In calculating the value o( deferred aonuitiea, (a case of 
frequent occurrence, ) he was obliged to take the value oftkeanninty 
fmca M.DeMoitre's tables, but, the probaHlities of lifebed^^ 
duoeil from Dr. Halley'a table of obsen'aiiDns at Bresiaw. A <]d 
practice which gives an airof impeifcciioa to the work at the pre- tI 
aui day; and which ought to have been removed, aiier the publi- ' 
cation of the laie valuable tables. ■ 

i ThcM; liiblct are tiit«rted at ihn aod of the present work ; 

b 
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The great addition which Dr. Price has made r<5 
our means of information respecting this science, and 
the assiduity with which he thus promoted some of 
the best interests of mankind, deserve the highest com- 
mendation: and his kbours on this subject entitle 
him to our warmest praise. The primar)' object, which 
he had in view, has been fully answered ; and his 
treatise was admirably adapted to thai end. In every 
other respect, however, it is far from being complete : 
and the reader will look in vain for the most common 
coses that occur in practice. Indeed, those subjects, 
which are to be met with, do not readily present them- 
selves > owing to the loose and irregular manner in 
which they are treated. Dr. Price's object was not so 
much to insert what was new, as to illustrate (by some 
striking examples) a few of the leading problems, with 
a view to oppose the pernicious schemes that disgraced 
the age in which he lived. But, those schemes hav- 
ing long ^nce vanished, his observations may now be 
considered rather as a beacon to posterity*. 



being Tables XIV to XLIV. Their publication forms a new er» 
in tlie science ; and lias, in a great measure, rendercdobaoleteani) 
USeleBs tbe preceding woiUs of DeMoivre, Dadson, Simpson and 
Morgan. Tliis latter treatise bad been published about four year* 
before iliis period; as will be mentioned in the sequel. 
* Any pcrBOO, the least acquainted with tlie subject of tbe pre- 



The 11,e:i;t treatise on this subject iis Aat by Mtt 

MorgM»i entitled The Doctrine of ji^imtitits and An \ 
>Hrance!ty wJiich appeared in- 1 779. This author sets 
OHt with the vain attempt to render the principles of 
the science intelligible to persons unacquainted wifl* 
ihathematics ; bur, after a fruitless effort for this pur- 
poee, he ultiniatety I?aves his readers to pursue iheii' 
inquiries by the common and only useful method of 
tmalysh. Besides ^;ome valuable observations " on the 
•• different methods of determining the state of a So- 
** ciety, whose business consists in making Assurance* J 
" on Lives," that work will be found to contain a ' 
variety of problems treated, for the most part, in 9 j 
pl^, easy and familiar manner ; and adapted to the j 
state of the science at that period. But, our of tlif .1 
fcrry-two problems which that treatise contains, aboiie J 
ihlrty of them, chiefly relating to contingent annuitiSB ] 
and assurances, are (owing to more accurate observsti' 1 



teni work, must be aware timt any additional Talles of the vain* 
of Life- Annuities, or any Ohenalions on the iesl method of form- 
ing litem, will add greatly to ovir means ot' in format ion. li will 
thcKlbra readily be seen that uiy remarks do not allude to tbii pact 
of bis Ireatist, wUidi I ctinsiiler iovaluablej and of coustint utility. 
My obwrvattons, in the present instance, apply more parlicularljr 
to any {tnprovt:meDt in iheana/ymiif tlivscisoptj and it^ appli* 
CBlioa to any practical cates. 

bs 
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tions and a more improved analysis^ «ow rendered 
l-fotally unfit for general use. Mr. Morgan himself, 
Jiowever, has been ihe principal cause of this revolu- 
tion in the science : but of the merit of his improve- 
ments on this subject I shall speak hereafter". 

The last professed treatise an the science, which I 
think worthy of nolicef, is Mr. Baron Maseres's Prin- 



■ In Mr. Morgan's Dvctrbie qfjinnuUks isfc, we find tbree ntw 
lables of ibe value of Life- Annuities, deduced from tie probabilities 
of life as observed at Northatnplon : namely, one for Single lives, 
snmfaer for iwo Joint lives whose ages are equal, and another for 
two Joint lives whose difference of age is sixty years : the interest 
in each table being at 4 per cent. In this infant stale of the science, 
every additional table contriboted greatly to the means of inibrina- 
(ion on this subject. 

It may be here necessary to remark that the fourth edition of 
Dr. Price's Ols. on Rtv. Pay, (which iirat contained the present 
valuable ci^ection of Tables) did not appear till four years t^er 
the publication of Mr. Morgan's work above alluded to. So that, 
tin within these thirty years, there existed only four tables of the 
vaUic of Life-Aniiuiiies: viz. two founded on M, DeMoivre'*. 
bypoihesis, and Iwo deduced from the London observations) which 
are the Tables XI.VII to L at the end of this woik. As to th» 
tiible formed by Dr. Halley, it was too contracted for any real nse, 

f I mast not however omit mentioning the name of Dr. Waring ; 
who, in a small pamphlet entitled On the Principles of transladng 
jilgetraic Qunniilies inlu Prolalk Relations, i^c (1/92), has de- 
moted aborn thirty pages to the consideration of ihe subject of An- 
nuities and Assurances. His style and manner, however, will not 
be much admired by those who have read the works of preceding 
ftrlierson this stibject. The fcrmula in paged, la taken fro™ 
Ihut pamphlet, 



tipTes of the Doctrine af Life Annuities (:783)~: 
wherein this celebrated author has explained the sub- 
ject in so familiar a manner, as to be intelligible even 
to those who are unacquainted with the Doctrine of 
Chances, and who have made no great proficiency in 
mathematics. This treatise, however, (although con- 
usting of more than 700 quarto pages) goes no further, 
in the analysis of the subject, than the first two pro- 
blems in the present work: but its value is greatly 
enhanced by containing a variety of new Tables of the 
value of Annuities on Single lives, and on two Joint 
lives of different ages, deduced from the probabilities 
of living as observed by M. De Parcieux amongst the 
Government Annuitants in France; these being justly 
considered by the learned author as the most proper 
data whereon to found the value of Life-Annuities*. 
There are, moreover, in that treatise several interesting 
observations on the best method of providing Annuities 
for Old ^§e, and on various subjects of finance and 
pditical economy ; which render it particularly valu. 
9^1e to those who are desirous of information on die^^ 



* These tables {with the exception of those on Single Hires, at 
Ibe sevecal rates of 2, 2|, 7, 8, g, and lO per cent interest) 
are inierted at ihe end of the present work ; being Tables V to 
XIII. The original tables, howek'er, are carried to lir places of 
a dubious c^ort ! 



important questions, and will perpetuate the namean4 
a^lities of this truly public-spirited writer. 

Soon after the publication of the fourih edition of 
Dr. PiTCe's Observations on Reversionary PaywentSy 
^which coDtainet] the valuable collection of Tables of 
Life-Annuities, deduced from the observations made 
at Northampton and in Sweden) Mr. Morgan was en- 
abled to detect the inaccuracy of those rules which, 
Dot only Mr, Simpson and others had given for drter- 
jninmg the vzXneo^ contingent annuities and assurances, 
but also which he himself had deduced frooj tlie same 
piinciples, in his treatise above mentioned: and he 
jnunediately set about to correct them. His labours, 
on this subject, are contained in the several papers 
inserted by hiui in the Phihiophical Transactions for 
17S8, 3769, 1791, 179* and 1800. In the first 
volume, hore alluded to, he has considered those cases 
only in which iuia lives are concerned: in the next 
iwo volumes, his object was to deduce the value of 
contingent assurances in all those cases where three 
lives are concerned, and which admit of a correct an- 
swer: and in the last two volumes he proposed to 
determine the value of contingent annuities and as* 
surances in all the remaining cases of three lives. 
Whoever will take the pains to re^d oyer tI]os8 



p:4)ers with attention, must be struck with surprise and 
regret at the strange and confused manner which Mr. 
Morgan has pursued, in order to obtain the solution 
of the several problems under consideration. No one, 
at the present advanced state of the science (with so 
many models of simplicity and elegance before him), 
could expect to see any mathematical inquiries con- 
ducted in so loose, so obscure, and so extraordinary 
a manner. The investigations are tediously and un- 
necessarily prolix ; crowded with useless repedtions, 
and a variety of unmeaning quantities. All which 
might, indeed, be excused, if the resulting formula: 
had been at once simple and correct : instead of which, 
we find the grossest errors committed, not only as to 
theirybrwi, but as to their accuracy. They are, for 
the most part, unnecessarily long ; abounding with 
Useless quantities, (which render their numerical solu- 
tion exceedingly intricate and difficult) j and often- 
dmes at variance with the particulars mentioned in 
the investigation : which, together with the erroneous 
manner in which they are printed, renders them of 
little or no use to the public. Most of his problems 
are investigated in tico different ways, and are solved 
by the means of tu-o distinct formulie : but, notwith- 
standing the similarity of tJ^ese methods is studiously 
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kept from the observatioti of the reader, and although 
these double formulae are, in each problem, totally dif? 
ferent in appearance; yet they wiU be found in all 
c&ses to be precisely the same disguised under different 
symbols ! A curious and interesting branch of the 
science has been thus strangely distorted and en« 
vetoped in mystery ; a depraved taste in mathematical 
reasoning has been introduced ; and (what is, by far, 
of the greatest importance) many false solutions have 
probably resulted from too great a depenclanc^ on the 
general formula^*. 

Mr, Morgan and myself arc the only persons that 
have ever yet attempted to give correct solutions in the 
several cases of Contingent Annuities and Assurances, 
These cases have been fully investigated in the fifth 
and eighth Chapters of the following treatise. But, 
in conducting those investigations, I could not avoid 
a frequent reference to the preceding labours of 
Mr. Morgan on this subject ; not only with a view of 

* Th^ Philosophical Tramactions not being within tlie reach of 
every person, Mr. Morgan has inserted his formuhe, for the solu- 
tion of the several problems here alluded to^ in the last edition of 
Dr. Price's Ohs, qn Jieu, Pay. note (P). But, the errors of the 
original are multiplied in the copy: and Mr. Morgan, if he studies 
his own reputation as a mathematician, had better expunge then^ 
filtogether in future, than suffer them to reipain in their pres^pl 
fvor^e than unless state. ' 



eSurm^ffie culpable method which he has adopted 
in pursuing his inquiries ; but also, in order to ob- 
viate any objection that might be made to my formulse, 
because they do not correspond with his. It is need- 
less, however, in this place, for me to add to the com- 
ments which I have already made in the two chapters 
above alluded to*. 

The above are the principal Englishf autliors that 

* See tbe Observations m pages 193, 214, and 241 ; also lb* 
•everal JVoles in pages 185, 187, 210, 25?, 239, 261, 263, 273, 
^79i 288 and 308 : where the charges, above insisted on, are fully 
explained and demonstrated. Sue likewise the Notes in pagei 
JI4, 118, 126 and 137, 

f With respect to the/ore!^ writers on this science, their 
l»Toductioos are more numerous than ours, but tlieir inquiries ar« 
not so extensive. The BMbjuct uf Life- Ann ui lies was treated by 
Van Hudden of Amsterdam ; and likewiie by the ceJebrati?d Jeao 
de Witt, in his treatise entitled De vardr/e vnn ds lifrenteji ftTc 
(1Q7I). M. Struyck also inserled. in the Introduction to hi? UnU 
vereal Geography (1740), some conjectures on ilie state of human 
morlality; and a long tniatise on the method of calculating the valup 
of Lifc-ariDuiliea. But M. JCerseboom carried his researches much 
further, in his treatise published in 1/43 ; and afterwards in 1752. 

Whilst these inquiries were pursuing in Holland, M. De Par- 
cicos was occupied with the same subject in France. In his Essai 
iitT la Pralalililil de hi Dur^e de /a Fie Humalne ( 1 746) he lias en- 
deavonred to establish the rate of mortality which exists amongst 
Liie-Annaiiants only; and has adopted it as a proper standard fo( 
detercnining the value of Life-Annvuties. But besides this im* 
poTtant point, he has discussed a number of other interesting sub- 
jectt connected with this science : and his work will be read with 
much profit and adranl>i£e. In 17^0 M. St. Cyrau published hi| 
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have written en th« iGlubject of Lifc*Ao2imlifs md 
AssuaiKxs* They are few in number ; and the whole 
iii their productions^ taken coUec^yely^ by no xneans 
contain a complete view of the science. And^ niore- 



jCalcul des BeiUes Ptageres, which <x)titaiQft many useful and v$^ 
luable Tables. M. Dft Parcieux (the nephew of the preceding 
aathor of the same name) published also a treatise oo this subject, 
«Dtided TraiU des Annmlis i(1781). Bpt the mo^t useful work 
on this science is that published by M. Duvillard^ under the title 
of Recherches sur les Rentes ^c (1787}« 

The researches of M. Wargeatio and M. Sussnoilcb are well 
Imown in thia country^ from the frequent n^ntion of their Jabounr 
hy Dr. Frice^ io his Obs. on Rev. Pay, The immortal Euler has 
also condescended to illustrate the first principles of this science ia 
a p^r inserted by him in the Histmre dfi VAcad. Ray, de Berlm 
lor 176O: wherein a method is given (similar to that of Mr. Simp- 
son) for determining the value of an dnnuity on a life one year 
younger, froni the value of au annuity on a life one year older. 
The same author has likewise inserted^ in his Opuscula JnafyiicQ 
(l7S5)j the solution of a question relative to Reversionary Au« 
Auities. 

jBut, notwithstanding the list of authors which is here adduced^ 
U will be found that, as far as the analysis of the subject is Gotl« 
cemed, the science remained nearly stationary .under their hands. 
Their inquiries, in this jespect, were confined principally to tiie 
^lethod of .deducing (he value of annuities, on single and joint lives^ 
froQi given tables of observations 3 tliat is, to such subjects as are 
Retailed in the second Chapter of the present work. Those useful 
•nd interesting parts of the science which relate to the subject of 
Beversions, Survivorships, and Assurances, together with their 
several .application^ to the various purposes of life^ do not enter 
|n.to any of th^ foreign tceallses which I have had dn opportunity 
pf i^eing. 
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over, the late improvements have rendered them, in a 
great measure, either obsolete or useless: and have 
«tlown the necessity of a general revision of the sub- 
ject. Under these circumstances I was induced to 
form a new treatise, which should comprehend not only 
^ that is useful and important in either of the pre- 
ceding works, but also such additional information as 
9 more improved analysis and mcM'e recent discoveries 
ja the science have been able to afford. 

The following is the outline of my plan. 

The First chapter contains a few elementary prim 
tuples of the Laws of Chance ; some remarks on the 
Prokabilkies of Life^ wirh an account of the several 
^atles of Observations made at different parts of the 
world ; and an explanation of the general mcthoii 
adopted to express those probabilities in all cases. 
This preliminary chapter will prevent much unneces. 
Bary repetition in the course of the work. 

The Second chapter shows the method of deter- 
mining the Fhfue ofj-fnnuities on any Smgle or Joint 
iivcs; on the/rOJt°^e£f of any number of Hves; ScCj&c. 
The second corollary to the first problem is of con- 
siderable importance in enabling us to deduce, tn a 
«ry easy and expeditious manner, the value of an- 
pi4ti^, on any single or joint lives, from real Qb5er- 



vations*. For, it should be particularly observed that, 
Tables of such values being once formed, the solutions 
to the subsequent problems become extremely easy ; 
«ince the formulas are expressed in terttis denoting the 

wzhxe of such annuities. 

The Third chapter contains the four necessary pro- 
blems for the solution of all cases of absolute Rever^ 
simary annuities : and ^t the end of that .chapter I 
have selected all the possible cases of two and three 
lives, in order* that they may be more easily referred 
to. The formulae there given will be found of con- 
siderable utility also in enabling us to determine ' the 
value of the Fines that ought to be paid for the Re-- 
netval of Leases held on two or three lives: as I have 
fully explained in the Examples given in page 397. 

The Fourth chapter comprehends various cases of, 
annuities depending on Survivorship's between two and 
three lives. .These cases might have been considerably 
augmented^ but without any real benefit: since' the 
most frequent ones are there inserted ; and any other 
(which may arise) is easily solved by the same method 
of proceeding. 



^ Tbt Specimen, inserted in page 36, is not the same as that 
given by Dr. Ptice in his Ohs, on Rev, Pay,, but an improved me* 
Ibod dedisced fipom the formula there alluded to. 



The Fifth chapter relates to such cases of Conlin- 
gent Reversionary jinnuities as could not, for want 
of some previous information, be inserted in the two 
preceding chapters : and I believe that the method of 
solution, which I have there adopted, will come nearer 
to the correct value than any that has hitherto been 
published. 

The Sixth chapter treats of Assurances : a subject 
of great importance and extensive utility at the present 
day. A full explanation of the doclrine is given in the 
two problems inserted in that chapter. 

The Seventh chapter contains the method of deter- 
mining the value of aimuities on Successive lives ; the 
value of Fines in Copyhold estates held on lives ; the 
T&lue of PresentationSy AdvowsoTis, and things of a 
like kind. It likewise enables us to deteimine the 
value of the Fiyies that ought to be paid for Renewing 
or Exchanging any lives held on a lease originally 
granted for three lives and ajleiivards for a number 
of years certain: a practice pursued by several cor- 
porations in this country*. 

The Eighth chapter is devoted to an investigation of 

• See aome singular errors jod absurdities, into which the Cor- 
poralion of Lwfr[xnil bad falkn upcQ Ihit sabject, pointed out m 
page 418. 
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tile value of Contingent Assurances; whirein I have 
considered every possible case in which not more than 
three lives are concerned. In this branch of ihtf 
science I Hatter myself that I Have made considerable 
improvementa. I have divested the subject of all ex- 
traneous matter ( have not introduced more cases than 
were absolutely necessary > have exposed the singular 
fbrmulse given by Mr. Morgan (the only person who 
has preceded me in these inquiries); and have, for the 
most part, introduced more correct expreseions for the 
value of the several cases there alluded to. 

The three remaining chapters complete the analysis 
of the science, and relate to such subjects as could 
not properly be introduced into either of the preceding 
ones, The Ninth is confined to an explanation of the 
celebrated fnjpotfwsis of M. De Moivre : wherein its 
great utility and convenience, in many obvioue cases, 
is defended against the recent attacks of Dr. Price and 
Mr. Morgan. The Tenth treats of the method of 
determining the value of life-annuities payable Half- 
yearly ^ Quarterly f kc: also of the value of life-an- 
nuities Secured by Land: and of the value of Assu- 
rances of sums of money payable immediately on the 
extinction of aiy given lives. The Eleventh shows the 
method of finding in Annual Paymaits the value of 



atty Assurance or of any Deferred Atinuiiy : pro- 
blems which will be found of very extenave use itt 
practice. 

The Twelfth chapter contains a variety of very usdtiF 
Questions connected with this subject : to which are' 
added the Rules for the solution of the same ; and a' 
Bmuerous collection of Examples. These are thrown- 
together into one chapter for two obvious reasons : iw 
rtle first place, by being separated from the body of 
die work, they do not interrupt the analytical investr- 
jations; and secondly, they may be used (together 
wiA the Tables which follow) by such persons as ai-e 
not acqoainted with mathematics. Consequently, the 
present work will be accommodated to the ase of both 
classes of readers; and (although some repetition » 
unavc«dably occasioned thereby) may bo thus rendered 
doubly valuable. The questions in this chapter are* 
mich as most frequently occur: but, others of less- 
public urility, or the soluiion- to which could not be 
conveniently expressed in words at length, are to be 
met with in the body of the work, subjoined to the 
respective problems. 

The Thirteenth chapter shows the direct appUcation 
of the sbtth, thirteenth and eighteenth questions, in 
the preceding chapter, to some of the moat useful an4 
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important concerns of life: namely, to the method of 
fbrmmg the best Scliemes for providing annuities for 
the benefit of Old j4ge, and for fVidoivs^ These ob-* 
servations are brought together under one head, in 
order that they might not interrupt the regular ar-^ 
rangement of the questions : and because it gives me, 
thereby, an opportunity of enlarging more fully on 
this. very interesting subject* 

The Last chapter contains an account of the various 
Societies or Companies that have been formed in this 
metropolis for the purpose of granting Annuities, 
Assurances and Endowments ^ together with a review 
of their several plans and constitutions. By this 
statement the world may be enabled to judge of their 
comparative merits, and will easily decide on their re*, 
spective claims to public patronage. This addidonal 
chapter cannot be considered foreign to the nature of 
the present work. For^ after explaining the principles 
of the science, and after entering at large into the 
value of such subjects^ it becomes itie not only to. 
show where a person might apply who is desirous of 
negotiating for such things, but lil^ewise tp point out 
those Offices at which he may do it with the greatest 
security and advantage to himself. And I am the 
more induced to do this^ as I have lately observed 



several mean attempts to mislead and deceive the pub^ 
lie. Uninterested in^ and unconnected with, any of 
these Societies, I have been anxious only to give a 
clear and unprejudiced account, deduced from theif 

a r 

own plans and proposals, as submitted by them to the 
public*. At the end of this chapter I have also inserted 
a brief account of the recent plan, adopted by Go- 
vernment, for converting the 3 per cent stocks into 
Life-Annuities. The propriety and advantage of a 
measure of this kind, I had suggested in my Doctrine 
of Interest and Annuities. 

Respecting the Tables of Observations, and of Life- 

■ 

* Whilst the present work was at the press, I struck off 500 
copies of this Fourteenth Chapter, which f published as a pamphlet, 
in a separate form, under the title of An Account of the several 
Lafe' Assurance Companies estahUshed in London, The whole im* 
pression has been already sold : but I may probably reprint it at 
lome future opportunity. 

From the tenor of that pamphlet many persons have imagined 
that I have given an unqualified approbation of the plan and con- 
stitution of the Equitable Society: whereas my intention was 
merely to represent it as the most equitable and advantageous so- 
ciety now existing. The exclusion (except in very rare instances) 
of persons, assured for a term of years, from the benefits of the 
Society, a3 well as the use of disproportionate rates for a particular 
class of the assured, are not consonant to the original views and in* 
tentions of the Society. Moreover, the long interval between each 
division of profits, as well as the mode of dividing those profits, are 
not such as (in my opinion) ought to be adopted by any new society : 
although we might justly pause before any alteration could be 
•afely proposed for the adoption of the Equitable Society in its 
present state. c 
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Annuities deduced therefrom, which are inserted at 
the end of this work, I can only observe that they are 
a collection of all that have hitherto been published^ 
I in this country, on the subject : and that they are here 
' carefully reprinted from the authorides mentioned in 
the note in page 41. The necessity of other tables I 
have often had occasion to mention ; but I fear it will 
I be long before I shall be able to congratulate the pub- 
lic on this point. It consequently becomes the more 
necessary to have all those, which do exist, brought 
into one view, in order that they may be more con- 
veniently consulted. The Tables of the value of As- 
surances for Single and Joint Lives, according to the 
observations made by M. De Farcieux and in Sweden, 
have been calculated expressly for this workj and will 
be oftentimes found extremely useful. 

It now remains only to explain and to justify the 
method of notation adopted throughout the present 
work : and (since it is, for the most part, novel in Its 
nature) to obviate any objections that may be made to - 
its introduction into the analytical science. It is need- 
less for me, at the present day, to point out the great 
advantage attending a convenient and simple notation : 
since it is notorious to every one, conversant with ma- 
ttiemadcs, that some of the greatest improvements in 
the science (and in the most abstruse parts of it, too) 
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have arisen from this very source. The expressions 
for the probabilities of life, inserted in § 23, are an 
improvement on the method adopted by Mr. Simpson. 
For, he denotes the probabilities of the life A con- 
tmuing 1 , 2, S, &c, years, by the characters a, a, a, 
&c : whereas I make a, a, a, &c, to denote the num- 
ber of persons living at the end of those years, whereby 
the probabilities of the life A continuing 1,2,3, &C 

/ /; /// 

years, will be represented by the fractions — , , - * 
&c. This method of denoting those quantities keeps 
the several parts disiinct, which will be found of con- 
siderable use in many of the investigations which arise 
in the progress of the work. In the next place, I have 
selected the Greek characters a, /3, y, to denote the 
number of persons living at an age n i/ears older than 
A, B, C, respectiv ely ; whereby the solutions of all 
cases relative to Deferred or Temporary annuities are 
rendered extremely simple, and easily to be remem- 
bered : all the investigations of such cases, by pre- 
ceding authors, being rendered extremely confused 
and unscientific, for want of some general principle of 
this kind*. I cannot anticipate any objection to this 
measure. 

♦ See particularly the methodji pursued by Dr. Price and 
Mr. Morgau iii Ots. on Rtv. Pay. notes (B)^ (C) and (0). 

c2 



Throughout the whole of this work I hive unJ. 
formly represented the lives, which are the subject of 
discussion, by the Roman capitals A, B, G, &c ; re^ 
serving the Italic capitals -^, -B, C, &c, to denote the 
value of an annuity on those lives. This improve- 
ment, though apparently trifling, is however more cor- 
rect than the uniform practice, hitherto pursued, of 
making the same letters denote two diflferent quantities 
in the same investigation. Ihave also adopted a more 
accurate mode of expression, when speaking of the 
value of annuities on lives, than has hitherto beea 
followed by preceding authors. I never use the am- 
biguous phrase the value of a life^ when I mean tc^ 
express the value of an annuity on such life : neitherr 
do I, when speaking of more than one life, leave ii 
doubtful whether the expression alludes to ihejoim 
lives, or to the longest of such lives. These vagui 
and equivocal expressions ought to be banished froi 
all true science ; and, they would scarcely have bee: 
considered worthy of refutation, had they not bee 
so generally adopted by every author who has hitheri 
written on this subject (not excepting even the a 
curate Simpson himself) : whereby a vicious and c< 
rupt mode of expression has been introduced, witho 
any corresponding advantage to compensate for 
gross an error. 
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Since every series, which expresses the value of an 
•annuity on the whole continuance of life, may be di- 
vided into two parts, which (separately taken) denote 
the value of a Deferred and Temporary annuity, and 
since those cases are of frequent occurrence, it becomes 
exceedingly desirable to be enabled to express such 
partial series by some general character. The method 
which I have adopted has been to enclose, in a parent- 
thesis, the value of an annuity on the given lives ; and 
to affix the Roman letter d or t (according as the 
annuity is Deferred or Temporary), in order to show 
that the series, represented by the quantity within such 
parenthesis, is not complete. This plan I have found, 
in a variety of cases, extremely useful and convenient. 
See pages 43 and 45. 

In deducing the value of Deferred annuities, how- 
ever, in any practical questions, it is always requisite 
to know the value of similar annuities on the same 
number of lives older by the given term than such 
lives: it is therefore useful to be enabled also to de- 
note the value of such annuities by some convenient 
expression j as well in order to avoid circumlocution 
as to render the resulting formulae more simple and 
elegant. Such values I have, throughout the following 
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Work, denoted by affixing tiie small lullc letter ' to 
the characters denoting the value of annuities on 
the given lives. Whereby these new values may be 
easily distinguished from the values of annuities oi\ 
the original lives ; and their meaning may be easily 
retained in the memory. See page 43. 

With respect to the new characters introduced In 
the twenty-seventh and twenty-ninth Problems, (see 
pages 186, 189, 190, and 211) they are adopted 
more for the sake of a convenient reference than 
for any analytical purpose. With this view, I have, 
in the use of them, chosen such as will most readily 
assist the memory : the life on which the assurance is 
made being always expressed by the largest letter ; 
the smaller ones being added merely to denote the 
number and value of the lives on which the contin- 
gency depends. Thus, the value of an assurance on 
the hfe A, provided he dies the first of two lives A B, 
is denoted by ,//^ : but, if it depends on his dying the 
first of three lives ABC, it is denoted by .z^^*^. In 
like manner, the value of an assurance on the life B, 
provided he dies the first of two lives B C, is denoted 
by Ji'^ : but, if it depends on his dying the first of 
three lives ABC, it is denoted by iJ'*'^. For a 



similar reason also I have, ia ihe thirty-fifth Problem, 
(see page 240) denoted the value of an assurance on 
t!ie decease of A or B, provided Gither of them be the 
first that dies of three lives A B C, by the character 
,^^, It will be found that many of the problems in 
the eighth chapter may be expressed in a very simple 
manner by means of these symbols; which can be 
my only apology for introducing them. Mr. Morgan 
(who is the only person, besides myself, that has at- 
tempted to give correct solutions to such problems) 
has arbitrarily adapted, in his formulse, the unmeaning 
letters E, X, M, Q, &c, to denote the values here al- 
luded to. But, when compound quantities are repre- 
snited by more simple expressions, those characters 
ought to be preferred which will, most readily and. 
with the least effort of memory, bring to our recoU 
Ixtion the original quantity intended to be expressed*: 



• This principle has guided me in the choice of the character 
iiaeried in the Schormm to tlie first Lemma in the til'rh chapter 
(seepage 116). I meoiion these things merely to obviate the 
objCLtions of some hyper-critics, who may probably complain of 
Ihe work as being d^figured tjf Greek characleTs, and uncoitl^ 



- Si forte Decease est 



Iniliciis monstrare recentibu<i abdita rerum, 
Fingere cinctutis non exaudita Ceihegis 
Conlingel; dabtluri^ue liceniia sumta pudenler. 



and I shoul4 have been much better satisfied if I could 
have pursued the same plan in the thirty-ninth and 
subsequent Problems. 

Such is the nature of the present work, which will 
most probably terminate my labours on this subject. 
Much of my time is taken up in answering ques^- 
tions, which are laid before me for solution, rela- 
tive to Annuities and Assurances. Those solutions 
are oftentimes different from such as arise from the 
ordinary rules and methods laid down by preceding 
writers : and it is on this account that I have been 
more particular in my inquiries on this subject ; as 
well as desirous of explaining the cause of the difference, 
in order to remove any doubt as to their accuracy or 
propriety. The theorems, from which my practical 
rules are deduced, are strictly and mathematically 
demonstrated in the course of the present work : 
and in the numerical enunciation of those rules 
(when applied to the solution of such cases as are 
submitted to my consideration) I discard the m- 
discriminate use of the Life- Annuity Tables, deduced 
from the Northampton Observations ; so generally 
adopted by the different Assurance Offices, and so 
much recommended by their immediate supporters* 
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The motives, which have influenced me to this deter- 
mination, it is unnecessary here to enter into : since 
they are fully explained in the course of the present 
work. And I can only add that they will continue 
to be my rule of conduct, as long as I am appealed to, 
by the public, as an arbiter on these subjects. 



FRANCIS BAILY. 



Office, No, 13, AngeUCourt, 
Throgmor ton* Street, 
Feb. 12, 1810. 
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CHAPTER I. 

On the Laws of Chance; and the Probability of 

Human Life. 

5 1 . It is not my intention here to enter into a full 
investigation of the nature and laws of chance, but 
merely to explain those principles of the doctrine 
which are more essentially connected with the subject 
of the present work ; in order to prevent any mis- 
understanding in the terms which are occasionally 
made use of. 

§ 2. The probability of the happening of any 
event is to be understood as the ratio of the chances, 
by which that event may happen, to all the chances 
by which it may either happen or fail : and! it may be 
expressed by a fraction whose liumerator isthe number 
of chances whereby the event may happen, and whose 
denominator i$ the number of chances whereby it may 

B 
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either happen or fail. Thus, if there be a chances 
for the happening of any event, and b chances for its 
not happening; then will the probability of such 

event taking place be truly represented by -tj* 

§ S. In like manner, the probabrlity of any event 
failing (or of its not happening) may be expressed by 
a fraction whose numerator is the number of chances 
whereby it may fail, and whose denominator is, as 
before, the whole number of chances whereby it may 
either happen or fail. Thus, the probability of the 

above event failing will be truly expressed by —n^ 

§ 4. Since the sum of the two fractions, repre- 
senting the probabilities of the happening and of the 
failing of any event, is equal to unity; it follows that, 
one of them being given, the other may be found by 
subtraction. Thus, the probability of an event hap- 

.pening being denoted by ^-^ , the probability of the 

same event failing will be truly represented by 

1 7-7 == — r-7 ; and vice versd. 

5 ^* 1^9 upon the happening of an event, a persoa 
be entitlecl to a given sum of money, his expectation 
of receiving that sum has a determinate value before 
the happening of the event ; and such /value is ascer- 
tained by multiplying the preseAt. vaUie of, the sum 
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tepected by the fraction which represents the probabi- 
lity of obtaining it. Thus, if a person has a chances 
of obtaining, and b chances of losing a certain sum 
of money, the present value of which is equal to ^, 

then will s X ~t^ denote his expectation of receiving 

such sum, and will be the true value of his interest 
therein*. 

* These principles may be more familiarly explained by -the 
following example. Suppose that a person has 3 chances in 5 to 
obtain ;^100^ the present value of his expectatwn is the product of 
jf 100 by the fraction ^, and consequently it is worth £Q0. For, 
supposing that an event may equally happen to any one of 5 dif- 
ferent persons^ and that the person to whom it does happen should, 
in consequence of it^ obtain the sum of j^lOO, it is plain that the 
right which each of them in particular has upon the sum ex- 
pected is ^ of ^100; which right is founded on this principle> 
that if the 5 persons concerned in the happening of the event 
should agree not to stand the chance of it, but to divide the sum 
expected among themselves, then each of them must have ^ of 
^100 for his pretension. Now, whether they agree to divide that 
turn equally among themselves, or rather choose to stand the 
chance of the event, no one has thereby any advantage or disad- 
vantage, since they are all upon an equal footing: and consequently 
each person's expectation is worth -J- of ^100. Let us further 
suppose that two of the five persons concerned in the happenlng^ 
of the event, should be willing to resign their chance to one of 
the other three ; then the person to whom these two chances are 
tiius resigned has now 3 chances that favour him, and consequently 
he has now a right triple of what he had before, and therefore his 
expectation will in such case be worth ^ of £lOO. Now, if 
we consider that the fraction f expresses the probability of 
obtaining the sum oi £\O0, and that |- of 100 is the s^me as 
4 X 100^ weoMiftt naiutaUy fall into the conclusion laid down. 

B 2 
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. § 6. The probability of the happening of several 
events, that are independent of each other, is equal to' 
the product of the probabilities of the happenings of 
each event considered separately. Thus, if the pro- 
bability of the happening of the first of any number 

of independent events be denoted by -, ; that of the 

second, by — --, ; that of the third, by —7^.; &c, &c: 

then will ~^, X — t-j X -4-r X &c, denote the pro- 

bability of the happening of all those events. And 
this expression, multiplied by the present value of 
the given sum, will denote the value of the expecta^ 
tion of receiving such sum on the happening of all 

those events** 

ill the text, that the expectation of receiving any sum is detef^ 
mined by multiplying such sum by the probability of obtaining it : 
and though this method of reasoning is deduced from a particulat 
case, it will easily be perceived that it is general^ and applicable 
to any other case. See De Moivre's Doctrine of Chances, p. 3. 

* For example: Suppose that^ in order to obtain iClOO, two^ 
events must happen^ the first whereof has 3 chances to liappen. 
and 2 to fail» and the second whereof has 4 chances to happen> 
and 6 to fail : the value of the expectation will in such case be: 
^ X -^Q X 100 =: 24 pounds. The demonstration of which will 
be very easy if it be considered ihat^ supposing the first event htd 
happeped^ the expectation (then depending entirely upon the se- 
cond) would, before the determination of the second, be worth 
^^ X 100 = 40 pounds. We may therefore look upon the happening 
of the first as a condition of obtaining an expectation worth ;C40 : 
but, the probability of tlie first event happening has been sup^ 
jposed ^, wherefore the expectation sought for is to be estimate 
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§ 7, By a similar method of reasoning it will be 
evident that the probability of the failing of any numr 
ber of independent events is equal to the product of 
the probability of -the failing of each event considered 
separately. Thus, if the probability of the failing of 
the first of any number of independent events be 

denoted by — ^ ; that of the second, by — --, ; that 

dF the third, by -=7-.; fee, &c: then will -— > x -j-j 

X -~p X &x:, denote the probability of the failing 

of all those events. And this expression, multi- 
plied by the present value of the given sum, will de- 
note the value of the expectation of obtaining such 
§uin on the failing of all those events. 

§ 8. Moreover, the probability of the happening 
of eitlier of any number of independent events is de- 
noted by the diflference between unity and the ex- 
pression mentioned in the last article. For, since 

h d f 

771 X % X -—j^ X &c, denotes the probability that 

^y given number of events shall fail, it follows (from 

S 4) that 1 ^, X -^ X -~ X &c, will denote 

the probability that they shall not all fail ; but that 

by j^ X t^ = 100 3 that is, by the product of the two probabi- 
lities of happenings multiplied by the sum expected. The same 
method of reasoning may be applied to the happening of three^ 
or any other number of events^ as may be seen more at large in 
the authors who have treated on this subject. 
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some one or other of them will happen. And this 
expression, muhiplied by the present value of the 
given sum, will denote the value of the expectation 
of receiving such sum, on the happening of either of 
those events. 

§ 9. In like manner, if the expectation of re* 
ceiving any sum depends upon the happening of any 
number of independent events, and upon the failing 
of any number of other independent events, its value 
will be equal to the present value of such sum, multi- 
plied by the probability of all the former happening, 
and also by the probability of all the latter failing. 
And from these principles, we may determine the 
value of an expectation depending on the happening 
or failing of as many independent events as may be 
assigned, 

§ 10. Hitherto I have considered only such events 
as are independent of each other : but, if we wish to 
determine the probability of the happening of two 
events that are dependent on each other*, we must 
multiply the probability of the happening of one of 

* Two events are iqdependent^ wl^en tliey have no ponnectiQp 
with each other, and the happening of one neither forwards nor 
obstructs ihe happening of the other : as the continuance or failure 
of any given lives. On the other hand^ two events may be con- 
sidered as dependent, when the probability of either's happening 
is altered by the happening of the other 5 as tlie continuance 
or failure of the same life in different periods of its duration \ 
see § 2. 
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them, by the probability which the other will have of 
happening when the first is considered as hainng hap- 
pened : and the same rule will extend to the happen- 
ing of as many events as may be assigned. 

§ 11, If there are several expectations upon se- 
veral sums, it is evident that the expectation upon the 
whole will be equal to the sum of the expectations 
upon each. Bui if only one sum is to be received on 
the happening or failing of the given events, the me- 
thod of determining the value of the expectation will 
be somewhat altered. The process, however, which 
is to be pursued in such cases will be more fully ex- 
plained in the course of the present work: what has 
been already said being merely introductory to the 
various probabilities and contingencies that occur in 
the following sheets. 



§ 12. Now with respect to the probability that A 
person of a given age will or will not live to any other 
given age, or tilt a certain sum of money granted 
him becomes due, it is obviously in all cases a matter 
of very great uncertainty, and will be often very dif- 
ferent in different persons of the same age. The 
chance which a man of thirty years of age, who is in 
good health and lives a temperate and quiet life in 
the country, has to live twenty years, or till he is 
fifty years of age, is evidently much greater than that 
of another man of the same age, and of the same 
degree of health and vigour of body; who lives in a 
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great city and in scenes of riot and dissipation ; and 
it is likewise greater than that of another man pf the 
same age and of the same degree of health and vigour, 
but who is going into an unhealthy climate to. which 
he has not been accustomed : and still more evidently 
it is greater than that of another man of the same -age 
who is of a weak and sickly constitution, or who by 
his daily occupation is exposed to .many dangers of 
his life from which the generality of mankind is ei?- 
.empt ; as is the case with soldiers and sailors in tiine 
of war or actual service. These are circumstances 
beyond the reach of calculation } and* all that can be 
done by any general rules upon this subject is to esti- 
mate the degree of probability with which it may be 
reasonably expected that a person of any given age 
will live to any other given age, upon a suppoatior^ 
that he has neither a better nor a worse chance of so 
doing than the majority of other persons of the same 
age. This medium or average chance of living is 
determined by tables that exhibit the number of per- 
sons which, out of a certain number of children born 
(usually not less than a thousand), are found by a long 
series of observations to be- living at the end of every 
subsequent year of huina» life to its extreme period : 
which period in sonae of the tables is carried to 86j^ 
and in others to moife than 90 years, -f he instances 
of the prolongation of human life to 100 years,, or 
more, are so few that they are not thought to b^ 
worth attending to in forming any general rules 9i\ 
this subject. . 
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§ 13. Various observations on the mortality of 
human life have been ^lade by different persons, and 
in different places; and several tables of the kin4 
s^boye-mentioned have been calculated and formed by 
the different writiers on this subject, such as Dr. Halley, 
Mr. Thomas Simpson, M. Kersseboom, M. De Par^ 
cieu:$9 Dr* Price, M. Susmilch, M. Wargentin, M, 
Muret, and others. But the same table of the proba. 
bilities of life will not suit every place: for, long ex-r 
perience has shown that all places are not equally 
healthy; or that the number of persons who die 
annually is different in different places. Dr, Halley 
formed hi$ table from observations oq the births and 
burials of the inhabitants of the city of Breslaw (the 
capital of the duchy of Silesia in Germany), during a 
^ries of five years; viz. from 1687 to 1691, Mr. 
Thomas Simpson, from observations on the bills of 
inortaUty in London for ten years, from 1 728 to 1 737*. 
M. Kersseboom, from the registers of certain assignable 
^umuities for lives in Holland^ which had been kept 
fhere for one hundred and twenty-five years, and in 
which the ages of the several people dying in that 
period had been truly entered. M. De Parcieux, from 
9 si^ilc^r i^^e of the lists of the tontines in France^ 

. 

♦ In Table I, at the end of the present work, the column de- 
fioting the probabilities of life in London, is not the one here men- 
tioned; but a more correct one formed by Dr. Price, from the 
l>i]ls of mortality for ten years, from 1759 to J 768. The same 
author likewise formed ope from the bills of mortality for tei^ 
^eapi, from 1771 to 1760. 
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the numbers of which were verified by the Nccrologesj 
or mortuary registers, of seva^l religious houses of 
both sexes*. Dr. Price, from a register of mortality 
kept at Nortkampion, for forty-six years, from 1735 
to 1780: the same author has also formed a table 
from a similar register kept at Norwich for thirty years, 
from 1740 to 1769: another from a similar register 
kept by Mr, Gorsuch at HoIt/ Cross near Shrewbury, 
for thirty years from 1751 to 1780: another from a 
similar register kept by Dr. Aikin at Harrington in 
Lancashire, for nine years, from 1773 to 1781 : an- 
other from a similar list kept by Dr. Haygarth at 
Chester, for ten years, from 1772 to 1781 : another 
from the register of mortality at Vienna, for eight 
years : another from the register of mortality at jBer^ 
lirij for four years, from 1753 to 1755: another 
from a similar register at Brandenburgh, for fifty 
years, from 1710 to 1759: each of the last three 
being from tables given by M. Susmilch : also an- 
other from the tables of mortality at Stockholm, for 
nine years, from 1755 to 1763, as given by M. Wart 



* In the table alluded to in the last note, the column denoting 
the probabilities of lif^ in France, is not the one given by M. De 
Moivre and Mr. Ferguson ; but a more correct one. published by 
^I. Fiorcncourt at the end of his Treatise on Political Arithmetick. 
Referring however to the last note, it may be necessary here to 
remark that in Tables III and XLV I have preserved the original 
values as given by M. De Parcieux and Mr. Simpson ; because, 
the X^ife Annuity Tables beip^ deduced therefrom, 1 consider thens^ 
gs the most proper to be used in conjunction therewith. 
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gentin : and another from seven different enumerations 
of the whole population of the kingdom of Sweden^ 
each repeated at the end of three years, viz. in 1757, 
1760, 1763, 1766, 1769, 3772, and 1775. M-.| 
Muret formed his table from registers kept in forty- 
three parishes in the district of f-^aud in Switzerland, 
for ten years, from 17,56 to 1765. 

§ 14. All these tables differ from each other; and 
in many cases so materially as to leave us in great 
doubt wliethcr the subject has attained that degreel 
of accuracy and correctness to which it is capable of" 
being carried. It should be observed that there are 
iwo sorts of data for forming tables of the probability 
of the duration of human life: one is furnished by 
the registers, or bills of morlaUly, which show the 
nymbers dying at all ages ; the other, by the propor- 
tions of deaths at all ages to the numbers living at 
those ages, as discovered by surveys or enumerations. 
Those tables which aie deduced from the former of 
these data are correct only when there is no consider- 
able fluctuation among the inhabitants of a place, and 
when the births and burials are equal i for, when 
there are more removals _/}'om, than to a place, and the 
births exceed the burials (as is almost always the case 
in country parishes and villages) tables so fomied give 
the probabilities of living too low: and when the 
contrary happens (as is generally the case in cities and 
large towns) they give tlie probabilities of living too 
high. But tables formed from the latter ot ihesQ 
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data are subject to no errors : they must be correct 
whatever the fluctuations are in a place, and how great 
soever the inequalities may be between the births and 
tlie burials, 

§ 15, ' Most of the tables above-mentioned have 
been deduced from the former of these data ; and vti 
most of them due allowances have been made, as far 
as circumstances would admit, for the fluctuations 
;irising from emigration 3cc. But I believe there are 
no observations extant which will enable us to form 
tables from the latter of these data, except those 
published by M. Wargentin* of the population of the 
Itingdom of Sweden : and it is much to be regretted 
that similar observations are not made in otbei? 
countries. 

§ 16, It is a singular circumstance that not only 
Ao females live longer than mal^Sy but married womei\ 
live longer than single women. All the tables of ob- 
servations intimate this : but the fact has been more 
fully confirmed by the observations made by Dr. Aikin 
at IVarrington^ and by Dr. Haygarth at Chester ; each 
of whom kept distinct registers of the rate of mor- 
tality amongst males and females. Similar registers 
also were kept at Stockholm : and, in the enumeration 
of the whole population of the kingdom of Sweden^ 
this circumstance was particularly attended to. These 

* In the Memoirs of the Jfiadeniy of Sciences at StockholTn, in 
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ktter observations' therefore being formed on such 
unerring principles, furnish sufficient data for calcu- 
lating distinct tables of the value of annuities on ]ivt^ 
among ifiales and females, taken separately or con- 
junctly : and which tables might be applied with good 
effect in determining the value of annuities or assu«^ 
nmces where the lives of widotvs are concerned*. 

§ 1 7. The tables of observations most used in this 
country at present, are those which were formed by 
Dr. Price from the bills of mortality at Northampton : 
but they derive their importance principally from those 
numerous tables of the value of annuities on single 
and joint lives, which are computed therefrom ; and 
which aflford great facility to the solution of the va- 
rious cases connected with this subjectf. In every 
other point of view it must appear extremely incorrect 
to take the rate of mortality in one particular town, 
as a criterion for that of the whole country. The ob- 
servations ought to be made on the kingdom at large, 
in the same manner as in Sweden; more particularly 
as, in the real business of life, the calculations are 
general and uniform, and adapted to persons in every 
situation. But till the ^legislature thinks proper to 
adopt some efficient plan for furnishing these data J, 

* See Tables XIV to XXIV. 

+ Sec Tables XXV to XLIV. 

J By virtue of an Act of Parliament which passed in 1800, a 
survey was made of the population of this kingdom in the follow- 
ing year : but^ from the manner in which that survey was f<atoe3, 
and conducted^ it has afforded little or no Information respectJn^ 
cbe subject of the present work. 
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we must rest contented with the laudable exertions of 
public-spirired individuals ; and avail ourselves of the 
bi$t light which they afibrd us on this subject. 

§18. With respect to the several tables of mor- 
tality above-mentioned, I do not think that any of 
them (with the exception of those given by M. Kersse- 
boom, and M. UeParcieux) afford the proper grounds 
for calculating the value of ammities. For, it is evi- 
dent that no person, in an ill state of health, or who 
is conscious of any thing in his constitution that might 
tend to the shortening of life, would give that value 
for an annuity which the tables indicate : neither am 
I inclined to think that he would become u purchaser 
at all. The lives, therefore, of such persons as do 
become annuitants will consequently be good lives : or 
a certain part only of the general mass of mankind. 
The principles, upon which M. Kersseboom and 
M. De Parcieux have formed their tables, enable us to 
ascertain pretty accurately the rate of mortality among 
this class of people : and therefore form a proper basis 
for determining the value of anrmiiie^. 

§ 19. The same observations may be applied, with 
nearly the same propriety, to the method of computing 
the value of assurances*. For, it is well known that 

* Tbls fact is indubitable: for " during the last 33 years, from 
" January 1768 to January 1801, tiie nvitnber of assurances on 
•'Giogle lives [at die Equltiible Society] has been 83,201; of 
"wbich number sixty ihoU!>an<l live hundred and nioety-sevea 
" have been on the lives of persons under 50 years of age, among 
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the assurer endeavours to guard as much as possible 
against a had life: and the law of the land justly 
punishes any fraud in this respect. Nevertheless, as 
avarice or negligence may induce a relaxation of duty, 
the lives on which assurances are made are more liable 
to be mixed than those on which annuities are granted. 
In either case, however, we might often deduce a more 
correct value from knowing the situation of life, the re- 
sidence, and mode of living of the parties concerned. 

§ 20. But in many instances, both of annuities 
and assurances, the ages and conditions of the lives 
are so involved that we must proceed upon general 

•' whom the deaths have ho&ti fewer than those in the Northamp- 
«* ton table in the proportion of four to seven /'* (See Dr. Price'* 
Ols. on Rev, Pay. vol. ii. p. 443.) No fact can more clearly 
show the inaccuracy of those tables for general use ? and though 
it may be prudent for an Insurance company to adopt them, as 
well as to make use of the lowest rate of interest in calculating 
the values of annuities therefrom (whereby large profits are 
secured to the society) j yet the public, who have no interest 
tbereiiVi ^uid who occasionally seek for information on this head, 
should be cautious in using them, unless they appear to be appli«- 
cable to the case in question. The grounds^ on which the cal- 
culations are made^ ought to be as correct as the present state of 
information will allow, in order that the public may be satisfied 
with the accuracy of the result. The contrary , however is the fact : 
and Dr. Price himself has at length acknowledged it -, although in 
leather a surreptitious manner. He introduces M. Kersseboom^s 
sod M. De Parcieux's tables of observations in order '^ that nothing 
'* on this subject may be wanting/* as if it were a work of su- 
pererogation, and not one of the most essential as well as one of 
the most valuable parts of his treatise. ^ . 
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principles^ without reference to the particular situation 
of the parties: and therefore, were it on this ground 
only, it would be extremely desirable to ascertain the 
rate of mortality in the kingdom at large. It would 
enable us to determine how far the tables, now in use, 
might be depended upon ; and furnish the basb for 
others more numerous and comprehensive. 

§ 21. For the information of the reader I have 
insetted a comparative view of all the principal tables 
that have been given of the rate of mortality in dif- 
ferent parts of the world; being Table I. at the end 
of this work. The first column shows the ages, and 
the other columns the number of persons living at 
those ages, out of 1000 bom* at the different places 
mentioned at the head of each column: and these 
places are arranged according to their degree of mor- 
tality amongst them. London and other cities zxt 
therefore placed first ; and the rest in their order, as 



* The original tables commence with numbers difTering ^m 
each other 5 but are here reduced to the same number at the be- 
ginning, viz. 1000 : by which mean we are enabled, by in- 
spection, to compare the numbers together at any age, and imme- 
diately perceive the relative degrees of njortality at the "several 
places given. The reader will observe that I have given other 
tables of the probabilities of life for France, Sweden, Northampton 
and London, together with the decrements or number of persons 
dying annually; which, being on a more enlarged scale, may be 
used with greater accuracy in the solution of the several problenls 
which occur in the present work. These Tables are III> XIV, 
XXV,andXLV. 
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nearly as posable, to the most healthy, which are the 
country provinces. This table will consequently serve 
to illustrate, in a striking manner, the great difference 
between the duration of life in large cities and in the 
country : for it will be seen that, in proporrion as we 
ttcede from the former, tlie probability of life is greater, 
and the chance of arriving at old age is considerably 
increased. Thus, it appears that, out of a thousand 
persons bom at Vienna, not half of them live to be 
two years of age ; whereas at Norwich, that number 
will live to be eight years of age; and at Holy Cross, 
they live to be above twenty-seven years of age ; whilst 
in the province of Vaud in Switzerland, they live to be 
forty-one years old. It will also fully confirm the 
observation, which has been made in § 18, respecting 
the probability of living amongst those persons who 
purchase annuities on their own lives : for it appears 
front ihe observations of M. De Parcieux that the 
clumce of Uving amongst a set of goiemment an- 
nuilants is in almost every period of their existence 
much greater than amongst an equal number of indif- 
ferent persons Uviiig in ike most healthy part of the 
globe: and which consequently shows that the North- 
ampton tables are a very inaccurate index of the rate 
of mortality amongst a set of persons who purchase 
annuities on their own lives. 

5 22. But, however inaccurate these tables of ob- 
•ervations may be, or however inapplicable to existing 
circumstances, the subject of the present work is not 
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at all affected thereby. For, since the principles here 
laid down, and the rules thence deduced, are aU 
treated generally^ without allusion to any particular 
table of observations, the reader may apply them to 
any of the tables above mentioned ; or to any others 
which may be hereafter found tO: be more correct, or 
more suited to any given circumstances. 

§ 2S. In any table of observations, therefore, 
which expresses the number of persons living at every , 
age of human life, let the number of the living at the 
age of A be denoted by a ; and those answering to 

the next succeeding ages in the table, by a, a, a, &c, 
respectively. Further ; let the number of the living 
at the age of B be denoted by b ; and those answering 

to the next succeeding ages in the table, by i, A, 6, 
&c, respectively. Again ; let the number of the living 
at the age of C be denoted by c ; and those answer- 

turn 

ing to the next succeeding ages in the table, by c, c, c, 
&c, respectively. In like manner, let the number of 
persons living at the end of n years from the age of 
A be denoted by u \ and those answering to the next 

succeeding ages in the table, by ct^ a, a, &c. Also 
let the number of persons living at the end of n years 
from the age of B be denoted by ^ ; and those an- 
swering to the next succeeding ages in the table by 

j8, jS, i3, &c. Moreover, let the number of' persons 
living at the cad of n years from the age of C be 
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denoted by y j and those answering to the next suc- 

I ft III 
ceeding ages in the table by y, y, y, &c. And so on 

^ for any other lives. Then, considering that, out of 

a persons alive at the age of A, only a of them will 
be alive at the end of the year, it is evident that the 
number of chances for the life of A continuing one 

year will be a ; and that the whole number of chances 
for its living or dying will be a: consequently the 
probability that A will live to the end of the first year 



will be denoted by — . And by a similar method of 

reasoning it will be seen that the probability of his 
living to the end of the second year will be denoted 



a 



by — ; and of his living to the end of the third year. 






by — ; and so on : for, a, a, &c, will be respectively 

the number of chances for the life continuing 2, 3, 
&c, years, and a will still be the total number of 
chances for his living or dying in any year. In like 
manner, the probability of the life B continuing 1, 
2, 3, &c, years, will be respectively represented by 

'^ h % . i c 

T' T' T^ ^^* ^^^ ^^^^ ^^ ^^^ ^^^^ C, by —, — , 

Ml 
C 

-, &c, respectively : (See § 2). By a similar me- 
thod of reasoning it will be found that the probability 
of the life A continuiijg n, (w + 1 ), {n + 2), (n + S), 

&c, years will be respectively denoted by — , — , — , 

c 2 
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III 



— , &c: and that the probability of the life B con- 
tinuing the same periods will be respectively denoted 

B & S S 
by -J, ~y -y, y, &c: and that the probabUity of 

the life C <:ontimiing the same periods w3l be re- 

I K III 

spectively denoted by -^, — , — , -t*, &c. 

V *» » • 



S 24, Moreover, the probability of any two lives, 
A and B^ continuing in being together for 1^ 2, S, &c« 

' i "if T 

years, will be respectively denoted by —7-, — v 9 — j*, 

III nun* 

&c : and that of three lives A, B, C, by — ,— , — r—3 

HI ai lu 

— 7— 9 respectively : (See § 6). Further, the proba- 
bility of any two joint lives A and B continuing in 
bdng together for «, (n + 1), (n + 2), (n + S), &c, 

years, will be respectively denoted by ~, ^, ^, 

—j-y &c: and that of three lives A, B, C, for the 

I f I tf jt " '" ii' "' 

, apy apy apy aby . ^ 

same terms, by -^, -—-^ -7-^, -~^,&c.* 



^ I would here observe thai, when several lives are involved in 
a question, A is generally supposed (unless otherwise repressed) 
to be the youngest; B older than Aj C older than B5 and so on. 
This rule, however, is dispensed with in the fifth and eighth chap* 
ters of the present work. 
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5 25. This being premised, it is evident (from § ♦) 
that the probability of A dj/ing before the end of 

the first year will be denoted by 1 • For, since 

- denotes the prc^biUty of bis living to the end of 

that period, if we subtract this value from uiuty it will 
give the probability of his not living so long. And 
by a similar method of reasoning it will be found that 



(l ], (l — ^), &c, will denote the . probability 

of the same life dying before the end of the second, 
third, &c, year, respectively. In like manner the pro- 
baMlity of the life B or C failing in 1,2, 3, &c, 

years, will be respectively represented by (l — -7-)> 

0-t)' (1-1)' &^'- o^ (i-t)' (1-1)' 



(l— — ], &c. Moreover, the probability that either 
of two lives A, B, or of three lives A, B, C, will fail 

in 1, 2, 3, &c, years, will be denoted by (l— -r)> 

n U III lu I I / /; // II 

('-n).('-ii).*=>-C-.T:). ('-r-D. 



Ill HI III 



VI HI 

[I 7-), &c, respectively. And universally, if we 

wbtract from unity the probability of the lives conti- 
nuing together to the end of the given term, the re- 
mainder will express the probability that they shall not 
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all continue together to the end of that period ; but 
that one or other of them will die previous thereto. 



§ 26. But, the probability that all the lives A, B, 
C, &c, shall fail in one year will (by § 6) be denoted 

^v (i-|) X (^-t) X (^""t) X*^^5 '''^'' 

II f u 

years, by (l--^) X (l— j) X (1-7) X &cj 

/// /W I// 

in three years, by (l--J) X (l-y) X (l— 7) 

X &c, &c. And the probability that this event shalj 
not happen, but that some one pr other of the lives 
shall continue in being to the end of the first, se- 
cond, third, &c, year, will (by § 8) be represented 

b,,-{,-|.)x(i-j)x(i4)x&c, 1- 

(»-:)x('-j)x (1-1) x&=. •-(>-!) 

X (1 — ^ ) X (1 — -f) X &c, &c, respectively. 

§ 27. Hitherto, in deducing the probability of s^ 
life failing in any given time, I have had regard only 
to such event taking place at any time before the end 
. of that period : but if we wish to determine the pro- 
bability of the life failing in any particular year the 
exegesis 'will be materially different. The probability 
that A will die in the second ye^r, after having Plit-» 
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1/ 



lived the first year, is evidently equal to 1 p = 



in II 



—7- J because -y will tfien denote the probability of 

a a 

its living to the end of that year, and this value, being 
subtracted from unity, will give the probability of its 
then dying in that year : but since this event now de- 
pends upon its living through the preceding year (the 

probability of which is — ) the value above found 

« 

must be multiplied by such probability, in order to give 
its true value : whence, the present value of the pro- 
bability that the life A will fail in the second year, is 



n I I II 



truly denoted by —j- X — = • In like manner 

a 

the probability of its failing in the third year is ex- 

n HI II II III 

pressed by -^ x — = — —^ and so on to the n^^ 

a 

{n-\-\y\ (w + 2)"^ (w + sy^ &c, years; when the 
probabilities of the given life A failing in those years 

1^1 II V III 

•II • • I OL — OL ex. — a a— a a— -a « 1 

Will be respecavely ■ — , , , , &c: and 

where a denotes the number of persons living at the 

end of »— 1 years from the age of A. The same ob- 
servations will apply to the case of any number of joint 
lives: for, by pursuing the same method of reasoning, 
it will be found that the present probability of either of 
the three lives A, B, C, failing in the second year will 
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t J t II u It f 1 1 i t t nn a 

be denoted by — X ~.~=ar ~. — ^: m 

^ Li L ^f>c abc ' 

II I II Iff mm II n n ii it ii mnim 

the third year, by „„, X ^^^ = — ^ j— > 

abc 

and so on to the n***, (n + J .•*, (n + 2;*^, (« + S )"*» 
&c, year ; when the probabilities of the lives failing 

in those years respectively will be " * , ^ apy--^py^ 

I L 1 u u II V ji It mm lu 

ttLzlh-^ -MzJttt^ ^c: and where «/3y de. 

abc ' abc ^ tt. . ^ r-/- 

note the number of persons living at the end of nr- ) 
years from the ages of A^ B, C^ resp^tiyel^. 
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CHAPTER a 
0» Lj/e jinnuities in generaL 

5 28. JL HE method of determining the present value 
of any annuity is, to find the present value of each 
year's rent as it becomes due; and the sum of all these 
will be the total present value of the annuity required. 
Such value will in all cases depend on the annual rate 
of interest concerned ; and throughout the whole of 
the present work I have denoted this annual rate by 
f* : consequently the amount of ^1 at the end of a 
year will be denoted by (1 + f); and the present 
value of c£l certain to be received at the end of 1,2, 
3y &c, years will be respectively denoted by (l +f)"**, 
(1 + f)"*% (1 + f )"% $cc.i The sum of which con- 

* The annual rate should, in all cases of compoun4 interest; 
l>e carefully distinguished from the nominal rate : but« such annual 
rate may always be expressed in tenns of the nominal rate, as I 
bave distinctly shown in another work. See J)ocirine of Interest 

• • • • 

fgnd AnnuUies, p. l6. 

"I- As we shall often have occasion in the course of this treatise 
to find the present value of ^l certain to be received at the end of 
any number of years, and also the present value of ;^1 per annum for 
^ny number of years, at different rates of interest; I have (in order 
to avoid the necessity of referring to any other work) inserted at 
|iie end, two tables, which show the valued here alluded to ^ beins^ 
Tfbles LViU and UX, at the end of tliis work. 
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tinued to n terms, or (1 + f)"' + (1 + e)'* + (^ + f^"^ 



— n 



+ (1 + e)"""= iziO±i)_, will denote the 

present value of an annuity of ^1 per annum for n 
years : and if this series be continued to infinity, the 

sum of it, or — , will express the present value of the 

perpetuity of the same annuity. The principles, on 
which these observations are founded, have been fully 
explained in my treatise on the Doctrine of fnterest 
and Annuities ; but I have thought it necessary to 
mention them here, in order to prevent circumlocution 
in the investigation of the following problems. 



§ 29. In life annuities, however, the rent of each 
year is to be received only on certain contingencies ; 
consequently the present values above mentioned must 
be diminished in proportion to the probability of re- 
ceiving them : and the sum of such values, for each 
successive year, will be the total present value of the, 
life annuity required. Throughout the whole of this 
work I have supposed the annuity to be ^1 per annum ; 
in which case, the present value deduced will denote 
the numher of years purchase that such annuity is 
worth: and which, being multiplied by any other an- 
nuity, will give the present value of such other annuity 
accordingly. 
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PROBLEM I. 

§ SO*. To find the valuef of an annuity granted 
upon any number of lives ; that is, for as long as they 
^all all continue in being together. 



SOLUTION. 

Let A, B, C, &c, be the lives upon which the an- 
nuity is granted ; and let the probability of each life 
(:ontinuing 1,2, 3, &c, years, be as denoted in § 23: 
then it will follow, from what has been said in § 24, 
that the probability of all the lives continuing to the 

end of the first year will be -r — ^, : which, being 

* This fundamental proposition, upon which the whole doctrine 
of annuities in a great measure depends, may be found in most 
authors who have treated on this subject. In the investigation of 
the subsequent Problems and their Corollaries, I shall refer to the 
similar propositions in the works of the five following authors : 
▼iz. Simpson's Doclrine of Annuities and Reversions, 1 77^ ', and 
his Supplement to the same, 1 79 1. De Moivre s Doctrine of 
Chances, 3rd edit. 175^. Dodson's' Mathematical Repository. 
Dr. Price's Observations on Reversionary Payments, 6ihedit. 1803. 
Morgan's Doctrine of /Immities and Assurances, 1779' and his 
papers in the Philosophical Transactions for 1788, 17^9, i79h 
1794, and 1800. Whereby the reader may tjie more readily 
compare tliem together, and judge of the respective merits of the 
rtiles which they have given tor tlie solution of the same. 

f By the term value, 1 mean the number of years pvlrchase 
that the annuity is worth, agreeably to what I have just observed. 
This mode of expression will be used throughout the present 
vork. 
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multiplied by (l + f)'"^ or the present value of ,£l 
certain to be received at the end of one year, will 

produce v \ ^ for the present value of the first 

year's rent; or the expectation* of receiving such 
sum on the contingency that all the lives continue 
to the end of the first year. In like manner, since the 
probability that all the lives will continue to the end 

of the second year is -r — 13- , if this expression be 

multiplied by (1 + f)"*? or the present value of <£l 
certain to be received at the end of two years, it will 

produce /. » v T a ^ ^^^ ^^ present value of the 

second year's rent ; or the expectation of receiving 
such sum on the contingency that all the lives 
will continue to the end of the second year. By 
the same method of reasoning it will be found that 



mm III 
be Cffc 



' t \9 L f^ wi'l denote the present value of the 

third year's rent j or the expectation of receiving such' 
sum on the contingency that all the lives will continue 
to the end of the third year. And in this mannev 
we must proceed for all the subsequent years of hu* 

man life, the sum of 2^11 which termsf, or , ^^ X 
' *' abc cFc 

* See Ch. 1. § 5 and 6. 

f When the sum of this series is to be determined in numbers, 
the terms of it must be carried to the extinction of the oldest life 
C^ involved in the combinatbn; at which period all thesubse^i 

quent terms vanish because y, y, ^c, become equal to nothing. 
Tliis observatipn will apply to all cases of combined lives. 
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\ ao c(S^c .abc &c ^^ao c (Sfc ^^ ajSyWc*! ... 

L'(r+ f ) + (T+'f)* "•■ oT f )' "•■ ^T^ J "^'^ 

be the total present value of the annuity: where n 
in this case denotes the number of years between the 
age of the oldest of the given lives, and the age of 
the oldest life in the table of observations. 



COROLLARY I. 



come 



S SI. Now, when only one life A is concerned, this 

seriesvriUbecomei-L^^ + ^.+ ^,+ &cj 
when two lives, A and B are concerned, it will be- 

if we make the italic capitals j4^ jB, C, &c, to denote 
the value of an annuity on any single life A, B, C, 
&c ; and j4B, AC^ BC^ &c, to denote the value of 
an annuity on any two joint lives AB, AC, BC, &c j 
and ABC J &c, to denote the value of an annuity on 
any three joint lives ABC, &c : then in the case of a 
single life, we shall have 

t[(IT? + (TTJ- + (T^- ■^- ^*^] == ^ 

&c &c &c &c t 
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and in the case of two joint lives, we shall have 

rt I n u mill "n 

&c &c &c &c: 

and in the case of three joint lives, we shall have 

fill II ," I' HI linn ""I 

I ahc , avc , abc . ^ ^ryn 

&c &c &c &c. 
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« 

§ 32. Although there is no method of summing up 
these terms, or of abridging the general expression above 
given for finding the valiie of annuities on single and 
joint lives, but each respective term must be actually 
reduced to numbers, and the whole of them added 
together in order to determine the total value of the 
annuity ; yet in finding the value of annuities on a 
number of single or joint lives, that is on lives of 
several successive ages, the process may be consider- 
ably abridged by deducing, the value of an annuity 
on the next younger life from the value of an annuity 
on a life or Hves each one year older. For, let ABC 
denote the value oi- an annuity on any number of joint 
lives A, B, C* j and ABC the value of an annuity 



/ / 



* In the investigation I shall confine the case to three joint 
lives: but it is easy to see that the method is general, whatever 
nuiiber be taken. 
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on the same number of joint lives each one year 

younger than A, B, C ; and let a ^ c &c be the num- 

I t I 

ber of persons living at the ages of those younger 

lives, as found in any table of observations : then, for 

r" / / / //// // 

the very same reason that —, r + -. r^ + 



+ &c = -^£C, we shall have -,177-7- 



., . V, + /, . xa + &c = ABC. Wherefore, mul- 

liplying the first equation by abcy and the latter by 
(1 + f) aic, we have 



/ 1 1 



I J I nun 

abc , a c , - vr>/^ 7 

whence ^flC (1 + e) "^^ "" ^^^ = ^jBC x abc. 

ill ^ I t I 

Consequently ^B6' = (l+^BC) X „ j^(l + e)"^- 

whence the following rule for finding the value of an 
annuity on any single life, the principle of which it is 
easy to apply to the case of any joint lives. Begin 
with the oldest life in the table of observations ; add 
unity to the value of an annuity on that life (usually 
equal to O) and multiply the sum by the expectation 
of a life one year younger receiving j£l at the end of 
a year ; the product will be the value of an annuity 
on the life one year younger: this value being sub- 
stituted for the value of an annuity on the oldest life, 
and tfa^ process repeated, will give the value of an 
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annuity on the next youngest life: and so on till we 
come to the age of the given life. Now, though the 
method of deducing the value of an annuity on any 
given life by means of this formula is rather more la- 
borious than finding the numerical value of each term 
of the series given in the last corollary ; yet the pre- 
sent formula has this advantage, that the several steps 
of the process give the values of annuities on livee of 
all the ages between the given life and the oldest life 
in the table of observations : whence, the calculation 
of the value of an annuity on lives of all those ages 
becomes scarcely more troublesome than the calcula- 
tion of the value of an annuity on the youngest life. 

§ 33. Example 1 . Let it be required to find the 
Value of an annuity on a life aged 90 years, allowing 
interest at the rate of 5 per cent per annum, and ac- 
cording to the probabilities of life in general as ob- 
served in Sweden. 

The value of an annuity on a life aged 96 is evi- 
dently equal to : 

aged 95, = (l+O) X y X -9524 = -4762 
94, = (1 + -4762) X -| X -9524 = -5624 
93, = (I + -5624) X -- X -9524 = -6764 
92, = (I + -6764) X l\ X -9524 = -8365 
91, = (1 + -8S63) X ^ X •9524 = ril2» 

33 

90, = (1 + 1-1129) X ^ X •9524=:1*"4129 
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whence it appears that the value required is equal 
to 1-41 29*. 



* § S4. Example 2. What is the value of aXi an- 
Buity on the joint lives of a man aged 90, and a wo-* 
man aged 84; reckoning interest at 4 per cent and 
the probabilities of living, among males and females 
iispectively J as observed in Sweden? 

By beginning with the oldest life in the table of 
observations, joined to another whose difference of 
age is 6 years, it will be found that the value of an 
annuity on two similar joint lives aged 95 and 8d is 
equal to O: 

94 and 88= (l + O) X ^-^-^X '9615=== -1845 
98and87= (1+'1845)X jq^ 12^ X'9615=*3496 

92and 86 = (1 + -3496) X !!^ !!? X *9615='5827 

^ '' 17 X 109 

91 and 85= (1+-5827)X ~^X •96l5=-75(y7 

90and84= (1+-7507)X §~~X -9615 = -8629 

Whence, the value of the annuity required is equal 
to -8629.1 

* Dr. Price has given incorrect values for annuities on lives in 

general, according to the table of observations fox Sweden. See 

Ohs, on Rev. Pay, vol. ii. p. 422. He has taken a wean between 

Cbe value of annuities on male and female lives^ which is evidently 

erroneous. 

t 'n Tables XVII to XXIV at the end of this work, the valuei 
are deduced frcHn the probabilities of living amongst males and 
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§ 35. But the best mode of computing the values 

of annuities is by means- of logarithms : and the mt* 

thod of doing this will be sufficiently evident from an 

^ inspection of the formula in page 3 1 , and from the 

principles which have been just laid. down. For, since 

^BC =(l + ^BC)x -r- (I + ey\ it is manifest 

/ / / 

that Log. jiB C = Log. a + Log. b + Lpg. c + Logt 

( l + i)^' + Log. ( 1 + ^fi C) - [Log. a '+ Log. h + 

L^g- ^]- whence the calculations, which appear sq 

laborious and intricate when 2 or 3 joint lives are in- 
volved, are reduced to the simple operations of add}? 
4on and subtraction. 

§ 36. In calculating the values of annuities acr 
cording to. this method, the following directions should 
be observed. Begin with the oldest life, C ; and 
write down horizoataHy on a paper (divided into co- 
lumns as in the annexed specimen) the logarithms of 
the number of persons living at the end of w, (ji rr^.l ), 
(/i— 2), &c, years froni birth ; n denoting the numbe|r 
of years between birth and the age of the oldest life in 
the table of observations. Then, proceeding to the next 
oldest life B, write down in ^ similar manner, und^ the 
former, the logarithms of the number pf persons living 

femles coUeetwely: but it would be very desirable to have tablet 
of the values of annuities on joint lives^ where the ages of the 
two sexes are kept distinct fcom each other. See the note to th« 
lecond example in Question IV, Chapter XII. 
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at the end of (n— A), (n— A— l), (n — A— 2), &c, 
years from birth : A denoting the diflference of age 
between B and C. And so on to the next oldest life, 
according to the number of joint lives required. Add 
these several perpendicular values together, and write 
down under each of them the logarithm of (i + ?)"*• 
This being dcme, the subsequent operations become 
extremdy easy, as will sufficiently appear from the fol- 
lowing specimen, which shows the method of obtain- 
ing the values of annuities on two joint lives of all 
ages whose difference of age is IG years ; reckoning 
interest at 4 per cent, and the probabilities of living as 
at Nortkampion. 
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$ S7. In taking out these logarithms from the 
Tables, the decimal parts only are to be retained : and 
the same observation will apply to the addition and 
subtraction of the logarithms in the specimen. No 
enror is likely to arise from thus omitting the index, 
because in the last logarithms resulting from the pro^ 
PSSB (and which are the logarithms of the values of* 
die annuity required in line L) the index when posi^i^ 
tive never exceeds 1 ; and when negative it cannot 
well be mistaken. 

In every column, the numbers in the lines D, E, F^ 

G, H, I, K, L, show the process for finding the value 

of the annuity : and are all that are required for that 

purpose. The last line L shows the logarithms of 

$uch values t and the natural numbers corresponding 

to those logarithms (that is, the true values of the 

annuity required) are set down in the line S. The 

reason for their being thus kept detached will appeal* 

in the sequel ; when I come to notice the subsequent 

lilies M, N, O, P, Q, R : and which, for the present^ 

^t must suppose not to be in existence* 

S 38. This specimen may be accommodated to 
the calculation of the values of annuities on sirigle 
lives, by striking out the logarithms in the line E and 
?• Or, it may be accommodated to the calculation 
of the values of annuities on any three joint lives 
ABC, if to the logarithms in the lines D and E we 
»dd (in order to obtain the line F) the logarithms of 
^e number of persotis living at the end of (n— S)^ 
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» 

(n— S — 1), (n— S — 2), &c years from birth: J de- 
noting the diflference between the age of A and C 
Hence it is evident that, by this method, the compu- 
tations of the values of annuities on any two^ three^ 
ox four joint lives, are nearly as easy as the computa^ 
tions of the values of annuities on any singly lives : 
and that the principal labour will consist in taking out 
the logarithms of the number of persons living at the 
respective ages; and in finding the natural numbers 
corresponding to the values in the line L. 

5 39. It is obvious that an error in any one of 
the numbers will cause an error in all the subsequent 
numbers: and therefore, since the detection of an 
error at the end of the process might be attended 
with infinite trouble, it would be a great satisfaction 
to be enabled to prove the accuracy of the numbers 
in each column, as we go on. A method of doing 
this has been pointed out by Mr. Morgan, in his 
Doctrine of Annuities^ ®c, page 58 j from which I 
have deduced the following rule. 

§ 40. In the horizontal line M ^rite down the 
logarithms of (1 + f)-('*-^-^>, (I + p)-<""-*-^>, 

( 1 + f)*" , &c*: S denoting the difference of 

* The best ancl most expeditious metliod of finding the subse- 
• quent logarithms of tliese quantities^ after having obtained the lo- 
garithm of (I 4- p)-("-^0, is ta add theteto the logarithm 
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age betweefh the oldest and the youngest life involved. 
Add these to the logarithms in the line K and set down 
the sum of them in the line N : add them also to the 
logarithms in the line I, and set down the sum of 
these in the line O. Next take out the natural num- 
hers^ to the logarithms thus set down in the lines N 
and O } and place these in the lines P and Q respec* 
tivel^. Then if the natural number in the line Q, in 
any column, is equal to the sum of the natural num- 
bers in the lines P and Qi in the preceding column, 
all the values thus far have been correctly determined. 
But, if the first 5 or 6 figures of such number in Q 
do not agree with the first 5 or 6 figures of the num- 
ber in the line R, in the preceding column^ it will 
show that there is some inaccuracy in the numbers 
employed since the last proof: and consequently, a 
revision of the process from that point becomes ne- 
cessary.f 

of (l + f ) for each ^dceeding yedf . Thus, in tb6 preceding 

tpecimen, the logarithm of (1 + f)~^'*'"^~*^ or ( 1 04)-»y 
is equal to '5521661 5 and the logarithm of r04 is equal to 
•0170333 ; therefore -0170333 added continually to '552166*1, will 
give all thd subsequent values in; tlie line M. 

* In order to take out these logarithms m a pro|)er manner, 
it might seem necessaxy to retain the indices of the logarithms 
t&roQghout the whole procfess: but/ after a short trial, the com-' 
pUtist will find that he is not likely to be led into any error by 
omitting them, and that it will save much time and labour if 
ht object them altogether. 

f In revising the process here alluded to, it Avill be necessary 
W examioo the aumbdrs in the lines N, P^ B,, S, in the precwiing . 
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§ 41. Now, though the labour of computiiig thfe 
values of annuities on any lives is somewhat increased 
by this method of proceeding, yet the additional trOubile 
is more than compensated by the satisfaction which 
results from a knowledge of the adcuracy of the valued 
obtained ; as well as by the time and labour which tatTt 
saved in consequence of detecting evjery error as k 
arises. 

§ 42. I have entered thus fully into the bc^ 
method of deducing the values of annuities on singte 
^and joint lives, because we are still in want of many 
accurate tables upon this subject, not only to complete 
those we are already possessed of; but more particu- 
larly some new ones founded on the probabilities of 
•life in thi^ country as observed amongst annuitants 
•on/j/, and also on the probabilities of life as observed 
in the kingdom at large. Such tables would be ex- 
tremely valuable for general use ; but the trouble of 
calculating them, even with the aid of logarithms, is 

column; the numbers in the lines D, E, F, in the sulsequeni 
column; and the numbers in the lines G, H, I, K, L, M, O, Q> 
in the column where the proof is found to fail. 

Dr. Price observes {Obs. on Rev, Pay. vol.i. p. 218) that in 
calculating the last value (that is^ when we come to the age of the 
youngest life in the table of observations) this proof will change 
hitoa new proof, verifying all the preceding, values. This> how^ 
ever, is not the case: the rule which he has given for this purpose 
is still the same proof differently worded; and, in common with 
each proof in rtsf r«spective column, verii&es all the preceding, 
values* .- . . i.: 
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SO great that few individuals (were ihey possessed of 
sufficient data, whereon to proceed) would be dis- 
posed to undertake so laborious a task : and it unfor- 
tunately happens that those Socielies, whose province 
it seems more peculiarly to be to patronize an under- 
taking of that kind, would find little interest in giving 
itie public any additional information on this subject. 

5 43, At the end of the present work I have m- 
lerted a collection of all the tables of the values of 
annuities on single and joint lives, that have hitherto 
been published* : from which, the computist may 
select such as appear to relate more particularly to 
the cases laid before him. Or^ he may occasionally 
make use of them all, according to the condition, 
utoation, and circumstances of the parties concerned. 
The use and application of these tables will be more 
fully explained in the last chapter. 

COaOLLARY ni.| 

S 14. By means of the general expression in the 
ftoblemj for finding the value of an annuity on any 

• Tables V to XtU are (by peraiissiDii of Earon Magerea) 
''ten from his valuable Trratisi on Annuities: Tables XVI lo 
XXIV, and from XXVII lo XLIV are taken from Dr. Price's Ob- 
mamtmReo. pay. vol.ii. edit. 1803 ; TablesXLVIIand XLVIII 
>re taken from Mr. Simpfion's Treatise on Annuities. Table XLIX 
K taken from Mr. Dndscii's Mathematical. Repository, vol. ii: and 
Wile t. is taken from Dr. Price's work above meiitioiied. 

t Price, Note (B). Simpsoiri Sup. Ptob. 13. 
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m 

given Kves, we may determine the* value of a Deferred 
■life annuity; that is, of an annuity which is not to 
commence till the end of a given number of years 
(=n) provided the given lives are then in being, and 
to continue from that period to the extinction of such 
given lives. For, let A, B, C, &c, be the given lives; 

I 11 m 9 n III I n m 

and let a, a, a, a, &c ; /3, jS, j8, jS, &c ; y, y, y, y, &c ; &c 
denote the number of persons living, according to any 
table of observations, at the end o£ n, (n + l)y(n + 2), 
(n+S), &c, years, from the several ages of A, B, C, 
&c, respectively, as explained in § 23: then will the 
value of an annuity on the live? ABC&c, be ex- 
pressed by the following series, , ^ X "TTirT^ 



+ 



(r+7)^ "^^ 0+7? + (i+j)»*''^(i + j)»*« 

« » w 

+ ^^^-^^ — ^ + &c I ; where the first part is to be 

.0 + f)" J 

continued to n terms, and where the latter part (or 

that which is deferred) is to be continued to the ut- 
most extent of human life. Consequently this latter 

part, or the series , . . X — ^-^ — r A ^--^ — s + 

— ^^T^ + &c will express the value of an annuity 
to be entered on* at the end of n years j and the sum 

♦Tlie first pajment of which, however, will not take place till 
the end of the (n -f 1)*^ year. See my Doctrine of Intertst qmA 
Annuities, p. 65, note. 
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of which I shall denote by {ABCkc) .* Now, if 
we have tables of the values of annuities on single 
and joint lives of all ages, we may easily deduce the 
value of this series ( without the actual calculation of 
each separate term) from the value of an annuity on 
the same number of lives each n years older than the 
given lives. For, if this latter value be denoted by 
A'B'C'&cCyf we shall have, according to the prin- 

* Care ishould be taken not to mistake the new character^ here 
introdticed, for the index of the quantity within the vincuium. 
In the doctrine of annuities^ the notation is, in several instances, 
dififerent from that of the common analysis of quantities : for in- 
itance^ the juxtaposition of the letters jiBC Sec, does not denote 
the multiplication of the quantities represented by those letters^ 
because those letters jointly represent but one quantity ; neither 

does A , as used by Mr. Morgan, denote the xth power of an 
annuity on the life of A. These new methods of notation, after 
1 proper explanation, do not cause any ambiguity; as will be 
readily felt by those who are acquainted with the Difierential and 
Integral Calculus : and with respect to the symbol here intro- 
. doced, I would observe that (similar to the like character in the 
Differential Calculus) it does not altogether represent a quantity, 
but merely an operation. This operation consists in substituting, 
for the value of an annuity on the given lives within the vinculum, 
the value of an annuity on the same number of Jives each older 
by the given term, and in multiplying the same by the expectation 
that the original lives will receive ;^l at the end of that term. 

f I would here observe that I denote the value of nn annuity on 
a life n years older than A, B, C, &c, by the characters jf, B", C% 
&c: and on two joint lives, each n years older than AB, AC, BC, 
&c; by the characters J'B', A'C, B'C, &c: and on three joii^ 
lives, each n years older than AUC, &c, by A'B'C^ &lc. 
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dples laid down in the proWem, A'BCiic s=r 

_J__ afiy^c a$ybfc. ecPybft ■ ^ I 

therefore, multiplying both sides of this equatioB 
by ^7^(l+e)""*» ^e produce jfB^C&c X 

^|2^(l+^)-» = (^BC&c)'*: whence the fol- 
lowing general rule. 

« 

§ 45. i^mrf iAe va/we o/*an annuity on the same 
number of lives^ each as many years older than the 
given lives as are equal to the number of years dz^ 
ring which the annuity is deferred; Jind also the ea?- 
pectation* of the given lives receiving £\ at the end 
of that term: the product of these two quantities will 
he the value required.^ 

* Th& expectation of receiving any sum of money at the end. 
of any given term is equal to the present value of such sum mul* 
tiplied by the probability that the given lives will continue in being 

BO long : that is, equal to ■ j c^ ~ X (1 + f ) . See Chap. I, 

§ 5 and 6. 

f The periods for which any annuity may be deferred, and the 
variety of ages with which the same may be combined, would 
render it an endless labour to compute a table of the value of de« 
ferred life annuities to suit everv case. Mr. Baron Maseres bat 
given a partial table of this kind, which shows the present value 
of annuities, on single lives, to commence at the end of thirty 
years, adapted to every age from 3 to 64 years, founded on 
M. De Parcieux*s tables of observations, and at the several rates of 
3^, 4, 4|, and 5 per cent interest. See his Doctrine ofAnnuitia^ 
p. 283 to 2817. 
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For examples of the use and, appHcatioh of this co- 
rollary, see Question VI in Chapter XII. 



COROLLARY IV.* 



' S 46. By the help of the series in the last corollary 
we may determine the value of a Temporary life 
annuity ; that is, of an annuity which is to commence 
immediately, but to continue only for a given number 
of yeao^ ( ^==^ ^ ) which is less than that to which it is 
possible that the given life or lives may extendf, and 
then to cease. For, supposing every thing to remain 
win the last corollary, it is evident that the first n 

terms of the series there given, or , -, X ttxt + 

tlj^ g-hc^c ft£yi£in will be the 

value of the temporary annuity required, and which 
I shall denote by (jiBCho) .\ Now by means of 

* Simpson's Sup. Prob. 6, De Moivre, Prob. 26, Morgan, 
hob. 4. Dodson^ voL iii. Ques. 2, J, and 10. 

t This is always understood in cases of this kind : and it may- 
be here useful to remark that the term during which it is possible 
tt/giren life maybe prolonged is equal to the difference betweea 
4e age of that life, and the age of the oldest life in the table of 
^ibeeivations. In the case of joint lives, it is equal to the difference 
ketweon the oldeBt of such joint lives, and the age of the oldeit 
He in thtt table of observations. 

X Agreeably to what has been said in the note in page 43, the 
ttader must be careful not to mistake this character for the index 
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the tables above mentioned, we may easily deduce the 
value of this series without the actual enumeraticm of 
Its several terms : for, it is evident on inspection that 
the value of the first n terms of the series in the last 
corollary is equal to the value of the whole series 
minus the sum of all the terms after the n* temu 
But the sum of all the terms after the n^ term has 
been found, by the last corollary, lo be equal to 

(ABCkc) : consequently the sum of the first n terms 

is equal to jiBC&cc'—{j4BC&cc) j whence the fol- 
lowing rule. 

§ 47. Find the value of an annuity on the givef$ 
lives deferred during the given period^ and deduct 
this value from the volume of an annuity on the given 
lives: the difference will be the value required. 

For examples of the use and application of this 
corollary, see Question VII in Chapter XII. 

COROLLARY V. 

§ 48. By a similar method of reasoning we may 
find the value of a Deferred and Temporary life an* 
nuity; that is, of an annuity which is not to com- 
mence till the end of a given number of years (=n), 

of the quantity within the vinculum. For, the symbol here intro« 
duced denotes 'also rather an operation to be performed : and 
which operation consists in substituting^ for the original quanti^^ 
the difference between such quantity and the nevtr one found by 
(he znetjiod laid down hi the note above alluded to. 
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jmd then to continue only durmg another period ( = v\ 
which is less than that to which it is possible the given 
fi?C8 may then be prolonged. And, from what has 
been said in the third corollary, the truth of the fol- 
lowing rule will be evident. 

5 49. From the value of an annuity on ike given 
/p;^, deferred for the term n, subtract the value of 
the same annuity on such lives^ deferred for the term 
(n + y) : the difference mil be the sum of the required 
f terms of the series^ or the value of the annuity 
proposed* 



COROLLAiLT VI,* 

§ 50. If the annuity is to be enjoyed for a term cer-* 
tain ( = n), and after that during the continuance of 
any given lives, its value wilf be expressed by the foV 

lowing series ^-ji:^+^+^+ -1-^+ 

But, the first n terms of this series, or ^, . ^ 4-: : 



— n 



+(4??+ •....• -^,> are equal to '—^^'■^, or 

to the present value of an annuity of c£l per annum 
for 7} years j and the remaining part of tUe series is, 

* Morgan^ Prob. 25. 
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by the third corollary, equal to (^ABChc) : whence 
th^ following rule. 

§ 51. 7b the present value of an annuity certain 
for the given term^ add the value of an annuity on the 
given lives deferred for that term : the sum will be 
the answer required. 

For examples of the use and application of this co^ 
roUary, see Question XXII in Chapter XII. 
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§ 52, If, in the general expression for the valut 
of an annuity on a single life A, we suppose ^ to 
vanish, or that money does not bear any interest; 
then will such expression be reduced to the series 

—(a '^a'\'a'\' &c), ana which is the value of an an^ 

nnity on the life A considered as a yearly anAuiUKit 
without interest of money : whence the following rule. 
Divide the sum of all the living, at every age after the 
age of the given life, by the number of persons living 
at that age} and the quotient will be the value re^ 
quired. 

In a subsequent chapter I shall show that we must 
add ^ or 4 to the value thus found, in order to obtain 
the value of a similar annuity on the life A considered 
^ % half yearly or quarterly annuitant*; but when 



t))e life U ecntstderetf as a Momienih/ lTtR\iitm\tr ^f& 
must a^ ^ {o such rali»& In this last case- che re 
quired rstue csHieides widit rhe sams of the pTobabiu 
iities that such life will attain to the end of the V, 2"% 
3^, Sic, moments from the i>res^nt time to the end of 
JB possible existence: and is the same with what is 
denominated, by writers on tliis subject, the E:tpecta- 
tioho/Life; or the number of years which, taking 
lives of the same age one with another, any ene of 
those lives may be considered as sure of enjoying j 
those who live beyond that period, enjoying as much 
wore in proportion to their number, as those 'v^ho fall 
thort of it enjoy less. Coilsequently the rule for 
finding the Expectation of Life will be as follows. 

5 53, Divide tfie sum of alt the living, at every 
^ after tha age ef tha gwen UfSy iy tha. numhar ^ 
Ptruns living at that age.' half unity added to the 
'fSoiiwf ivilt be ibx value ret^ired. 

% 54. As we ma^i soraetimes hfwe oecasion to detep- 
>un this value in order to compare theprobabilitiesof 
Kb, Of rha values of anfluiti«% aoroHlti^ to diSeraat 
tables of observations, as well as for various purposes of 
■ppFUiicnalion to be explained her-eafcer, f have hcre,iu« 
wwed (he rale for findinj^ such values- aocording to any 
'Jible of observations. But in Table li at the end q& 
"le present treatise, f have piven the Expectation of 
Life ioi every Jiflk year as deduced fVom the several' 
tibles of observalioija meniionrti in page 9 : and in 



so ON LIFE ANNUITIES. CA. 2". 

Tables IV, XV, XXVI and XLVI, I have given the 
[ Expectations of Life for erery year, as deduced from 
I the tables of observations immediately preceding". 

PROBLEM n.t 
§ 5S. To find the value of an annuity granted 
ppon the longest of any number of lives j that is, for 

as long as any one of them is in esiatence. 

SOLUTION, 

Let A, B, C, &c, be the lives upon which the an- 
nuity is granted, and let the probability of each life 
continuing 1, 2, 3, &c, years, be as denoted in § 23 : 
then, the probability that some one or other of these 
will live to the end of the first year will (by § 26) be 

expressed by i — (i — 5j x (i _i.] x (l-y) x &c 

a , I , c , . at ac he g , rh t , 

a ' b ' e ' ab ac he * »be * 

&c ; which, being multiplied by ( 1 + f )~ ', or the pre- 
senr value of ^1 certain to be received at the end of 
one year, will give the present value of the first year's 
rent, or the expectation of receiving such sum on the 

• I would here observe that, accnrding to llie hypotieais of 
M. Dc Moivre, which will be explained hereafter, the expeciitioi> 
of any single life is equal to half the complement of that life: con- 
(equeuily the Complement of any life ii equal to twic« tlie Expec- 
tation of that life. TIiIa mode of expression is someiimes used, 
tvea *heti speaking of values dediKtdJTom Teal olienmtions. 

t Simpson, Prob. 2. De Moivre, Prob, 4aad5. 'Doiton, 
vcl. iJ, Qiica. rfi to 86 : vol. iii. Q.wi. 14. 



ON LIFE ANNUITIES. 

contingency that Any one of the lives continues to the 
fend of the first year. In like manner, since the pro- 
bability that soms one or other of the lives will live 

to [he end of the second year is 1 — (l ]X (l — i ) 

x(.-j)x&c=|+j+l + &c-f|-ff-|i 

^ &c + -^-7-^ 4- &c ; it follows that if this expression 
be mulfiplied by ( 1 + f )"', or the present value of ^£1 
certain to be received at the end of two years, it wilt 
give the present value of the second year's rent, or the 
expectation of receiving such sum on the contingency 
that some one or other of the lives will live to the end 
of the second year. By the same method of reason- 
ing It will be found that 1— (l— — ) X [l — t) ^ 

{!--) X &c=:-+4- + --|-&c-^- — — ^ 
* c^ a'fi't' abac be 

— &C+— T-+&C, being multiplied by (l + f)~', 
will give the pftsent value of the third year's rent, or 
the expecialion of receiving such sum on the contin- 
gency that some one or other of the lives will live to 
-the end of the third year. And so on for ail the sub- 
sequent years, to the utmost extent of human life : 
the sum of all which expectations," or the series 

" When the ages of the given lives differ, Ihe number of term* 
composing ihose gevera! series will also ditfer; but, I would here 
-obseire, once for all, that in ccery case of ctimbined jives iho 
ternit cniut ht continued to ihe entinclion ef tb« oldest life in- 



J 



I fl , » , c , -^ ao ac Jbe ^ i «^<^ i «,^ I 



.p / /; /I p Jl III! ini tiflU "^ 

r" /// w /// m f'l HI. Ill mm mm in '"n 

otF.Lv+T+7+«'=-:-:-:-:-n-«''+iTr+«-J+ 

will be the jtQtal present v^i^ oi the ^outty i;equ|recU 

i 

-^ 56. But, Ae first colbterat iccdumn ki this ge- 
neral ^expressbn idenotes the vsrfue of an annuity cxti * 
'4he life A ; *he second denotes the iraliie of an as- 
>nuky on -(fhe life B ; Ae third denotes the value of ah 
annuity on-tl>e Ufe C ; &c. In like manner, the fourtij, 
-filth and sixth coilateral columns denote the values, of 
^ annuixy OA the ^t Ji^rep A^9 A€> PC, ^ W- 
spectiyeiy : and so on. Whence^ if we substitute for 
/these j-eapectivf v^ues the ci]^cacters j;n$pt^oned \vfi 
Prob. I, cor» 1 , the whole expression, or jt^e sum of all 
. the t^ms \n the ^bove s^^ries, >^1 heop^ equal tio 

j5fic : ,Qopse(}ueritjy, the value of an aimwy, ip jCOfifiiwiy 
sis \q^^ as aj?y ojrie of the giyea Uvje§ i? i^ e^pirtei?^, ji$- 
p^ual to Jthp s»fli pf xhje valu^ of ^ ^n^ty m aP 
tH? §U3gJe rliy^s, mm^ i^ ?wpi ^f ;the yaUie^ <>f 9iaL 
annuity oji ^ |jh« Jgont liT?p ^onjbifl^^ two 9^ tw<v 

. ff^ti, VBL ^ .4;(^*^ic^i ^ ysmfpm^Jf 0fyA 4Bn08 iiiiust be 
ljfoptin]4|^ till t\^ tptq^pys^u\fih, ^hiok wH ba|ipQii ivbfa >ekt)er •£ 
;j^ lives 'WY/i^iim^ H^ t»P.b mw b^WP[iy$i Ht th^^trjOi^aitf ^ 



phs the $um of th€ values of an annuity! on" all the 
'joint Uvea combined three and three, minus thfe sura 
or the values of an annuity oil all the j.oint lived co«i- 
"fcined' fouir andf. four ;. and- soon. ThereC)i'i&, . wheni 
the values of an annuity on' the single and joiiit lives 
ane givenv the value 6f an annuity on the lotig^t Ii& 
raay be very easily determined : and, for tlie sake of 
a more convenient reference, I shall taJke L to denote 
the .value found by this rule ; the number of lives, 
which it is intended to represent, being always ex-, 
l^laihed when the character is used« 

For exaoi^es. oB the use cmd applieaiion of thj$^ 
problem,, see Quesdons' VIII and IK ifi> Chapter XIL 
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■ 

§^ Sf* If the lives, are all equali or of ,t!ie same 
age A, and their number be represented* by n ; then 
ikii prbbability that^ soitie* one or'otH^ of strrfi' lives 
will continue w the* end of* thfe firsr, s«:ond,^ tHirtf, 
&c, years respectively, will be severally denoted by 

I-(I-V)"' I-(I-t)"' l-'('l-l)"'^- Let 
these qjuaiJtities be severally expanded by means of the 
binomial' theorem, in order to reduce them to simple 
terms, and then be respectively multiplied into the 
present value of <£l duefat the: end ofuhose^ yearn; 
Ito «Hn»o£*th«!^ or the- series* 
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1 r c «■(«-!);; B.(«-l)_n-3l^_ I. 

vill be the total present value of the annuity required* 

§ 58. Whence (if we take ^.4, Aj4J, &c, to de- 
note the value of an annuity on two, three, &c, equal 
joint lives) it is manifest that the value of an annuity 
on the longest of any number of lives, all equal to ^, 



will be n^— 



«.(g-i) 



A4 + 



■■(a- 1) B-2 



AAA -tee: 



Therefore, if the number of lives be two, this ext 
pression will become 2 A — AA-, if three, it will be? 
come 3A—sAA-\-AAA; if four, it will becofne 
4A—6AA+iAAA—AAAA; and so on. 

For examples of the use and application of thi^ q<^ 
rollary, see Question VIII in Chapter 511. 
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§ 59. If we wish to determine the value of ah aa- • 
nuity on the longest of any number of Hvesf, Deferred 

* Docbon, vol. ill Ques. 13 and 15. 

+ The investigations ic the present corollary are (unfinecl to. 
tbe C3M of tbiec lives; but it ii easy to apply the same nieth 
reasoning, uihulever be the number of livee involved. 
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' ■ • : . . 

for a given term (= w), it will be evident (from 
what has been said in Prob. I, cor. 3) that the several 
perpendicular series in page 52 must not commence 
till after the rfi^ term ; and thence be continued to the 
utmost extent of human life. Consequently, the re- 
ijuired value of such deferred annuity will be equal to 

' ^ABC) : an expression which f shall, for the sake of 

a more convenient reference, denote by (Z/) . Now, 
if for each of these several quantities we substitute its 
corresponding value, agreeably to the principles laid 

down in page 44, the formula denoted by {L) will be- 
come equal to ^ X | (1 +er" + ^ X -fc 1 +e) """+ 

C'x^(i + er"-^5'x^(i+er"-^c> 



41C 



(i+e) -^^x Y,i^+s)+^B'Cx ^ 



— « 



(l + p) • which Js an expression more convenient 
for practice; and from either of which we deduce the 
following rule. 

§ 60. SubsLituU the values of deferred annnilies 
on the sifigle and joint lives^ in the general rule in 
the problem^ instead of the values of annuities on t/ie 
whole continuance of those lives ; and proceed with 
these substituted values according to the directio }s 
given in such rule: ike result will be the answer re^ 
quired. 



*6 m *«» >NiyfjjTi«, fhit. 

JFf>r (fwMnplfl^ of |Jie u^ 994 9§p)4c^tIoii of l^tn 
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^61. If an annuity on thf longest of any piiAy 
"ber ct lives, deferped for any given lerm, depends en * 
f^ jid/»f f^QBtinu^ncf ^f gU thos# livies to the eni ^ * 
thaj ter|^; the value of it will be ecjual to L'X 

^^Cl^ef^'* tb&i is, i?i:ju5J to ibiP yaly^ pf a» aifc. 

iiuity OR the {oagesC of the ^pO£ number of lives, mA 
.pldpr ty the given t^rm tHn the given liye$.,* tpwIHt 
pljuB^ by the expectatipn that the joint lives shall rer . 
ceive £l at the end of that term : and this case ma^f 
|)e carefully di^tingmshed frp»i t^e of^ jiieiitia^e^ 19 
tlje preceding corollary. 

* Upon the same principle that I have taken (A^C^c) and 

{ABBiSfc) , \n Prob. I, cor. 8 and 4> to denote the value of fi dfefap- 
jpsd aiid temporary annuity on the jidnt Iwas ABC^p^ I filial^ tak^ 

(L) and (L) as the expressions for the value pf 9 d^f^e^ Wtf 
temporary annuity on the longest of those lives. Slaving also taken 
A^lE?0^c to denote the value of an annuity on the same number 
of joint lives, each older by the given term than the lives ABC &c, 
I shall in like manner taki^ 1/ as the exp^essioa fot th% value €>£ 

a mmht mmliy pn the Iqfwst qf ^uch Uv«t. T\^}» lapt^o^ qf 

aotatioi^ will be found very ponvenient in Vf\wy of the $pb$eque^t 
problems : and, being very simple in its prinpiple, will not cause 
any cpnfusjon or intricacy from its novelty. The numher of lives 
denoted by L will be always mentioned whenever the character is 
psed: as I have already observed in page 53, 
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For examples of the use and application of this co- 
rollary, see the Schplium to Question XI in Chapter 
XII. 



COROLLARY IV. 

§ 62. Having found, by means of the second co- 
rollary here given, the value of a deferred annuity oa 
ihe Ituigest of any number of lives, we may easily de- 
lerinina the value of a Temporary* annuity on the 
loiigeGt of such lives: it being nothing more than the 
difference between the value of such deferred annuity 
and the value of a similar annuity on the whole con- 
tinuaace t>S the lives, as found by the problem. That 
i(,t1ie formula L — (Z) will in all cases denote the 
wlao of such lemporary annuity ■- similar to whan takes 
pbce with respect to joint lives, aa already explained 
IB page t6, 

Bor examples of the use and application of this 
cwillary^ see Question XII in Chapter XII. 

* Ttal Ib. of an annuity Th?ch ia to commence imme^ately, 
kqt b) (ontiuuB otily duFiiii; a given oumbec ot )»ear&(^ n) wbich 
li ItiB ihan tlial ie> which it ie possible either of the given lives may 
tV^i. Theti;t'(>ca aucH term kium iiot Ut i^calec tluni (lieiCIti 
fer«ce between the age of the yuungest life involved, an J the age 
rf lh» olideii I'tfiJ \a iIm tah!* of oWervMiuns ; loi, io sueb case, 
1^ vtlua K> fcvuui hy lb« Prutiktn. S^ii what ba^ bceu a»d r«- 
l|fW)Ng ungie «fl<l joiM %va u Ui* low in paj* 44. 
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■' PROBLEM III.* 

§ 63, To find the value of an annuity grante4 
upon any number of lives, but to continue only as 
long as any number (= n) of them are in being to* 
geti.er. 

SOLUTION. , ^' 

Let the lives bn- which the annuity is granted be 
A, B, G, &c : and th& prbbability of each life cottJ 
tinning 1, 2, S, &c, years be as denoted m % 23. Now 
if we confine this case to thaf of an annuity grameS 
tipoa three lives, and to continue as long as any twi 
of them (viz. AB, AC^ or BC) are in being togetheifj 
it is evident that the chance of the annuity being i»t 
ceived in any one year will depend upon either of 
these four different events : 1^ that all the lives con^ 
tinue in being together to the end of that year, the 

probability of which in the first year is— 7—: 2-^ tfiat 
A and B are then alive and C dead, the probability 

ah * * 

of which in the s^me year is -^X (l.—A ): 3^ that 
A and C are then alive and B dead, the probability 

tA which in the same year is— x(l — 7-): 4^ that 



* Simpsdn/Prob.S. Morgan, Prob. 7. Dod^on, vol. ii. Ghies.B?. 

f AJl the cases of two Hve«; and likewite fh^ remtuniHg cdsei 

•f three lives, may be solved i^/ means of the preceding problmns; 
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I 

B and C are th^ alive and A dead, the probability 
of which in the eame year is -^x (l-"—-)- T^^. 

sum of all these chances, therefore, or %-^+^X 

(>4)4:xe4)+r:x("-4)=^+i+ 

^ —^^ being multiplied by (l + f)""* will give the 

'present value of the first year's rent, or the expecta^ 
tian of receiving such sum on the contingency that 
any two of the original lives will outlive the first year. 
By a similar method of reasoning it will be found that 

ijut present value of the second year's rent, or the 
l^pectation of receiving such sum on the contingency 
that any two of the original lives will outlive the se- 

UIU UtHt Will 1111^111 

cond ypar. Also that ?^+?f +^-.2±^, multiplied 

^y (l+fT^^ ^^'^ 8^^^ ^^^ present value of the third 
year's rent ; and so on, for all the subsequent years to 
the utmost extremity of human life i the sum of all 
vhich expectadonis^ pr the series 

r" n II II II II II u n /y~i 

&c &c 

^?li Ire the total present value of the annuity required^' 



+ 



+ 
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5 64. Biit, if we take tlie value of each perpeit* ' 
dicular series, as in the last problem, and subslltule 
the characters given in Prob. I, cor. 1, the above ex- 
pression will become JB + AC-\-BC~2^BCi. 
whence the following rule far this particular case. 
From the sum of the taluts of an anauity cEn; eadL paid 
of joint Kves, take twice the value of an annuity oa 
jhe three joint lives j the difference wlU- be tbc icw 
quired value of an annuity to. contioue as long a& aoy 
two of the lives are in being together. 

For examples of the use and application of thi» 
problem, see Question S in Chapter XIL 

I 8J, By a siiRilar nwtliod of peaceetiing vxe. ttaght^ 
aseert^n the \talue ©f an annuicy granted on four Kvn^ 
but to continue only as long as any tioo or ukrae 0$ 
theoi are in being togecha' (the other eases af swriV 
lives being ah^ady solved by tlie two preceding pro- 
blems); and, in general^, the value of an annuity oa 
any number of lives, to continue only as long as any" 
number of them are in being ttpgeiher. As it rarely- 
happens, however, that more than- three lives are con-, 
cemed in any practical cases, I shall nor treubfe' tli(^ 
reader with the steps of the pnocess, but shall merely 
Btate the result of the investigation in one generajk 
formula, which will comprehend in one view- dil the 
possible cases m^itioned in the three problems here 
given*. Let tha suta of the wduea of! aa annuilyi on 

* It will be readily seen thai Probk'm I and II are only parti. 
CuIbc cases of this tbird pToblem. '^ 
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^ery n joiiit lives be denoted by S ; g« every (n + 1 ) 
^ewit Tivee, by 5; on every (n + S) joint lives, by S ; 
on every {•n-{'3) joint lives, by S; &c:* then will 
the value of an annuity granted upon any number of 
Kves, to continue only as long as any n of them are in 
being together, becspressed byS— w-S+y-^^ — S 
^ —.S-f&c. 



COKOLLAJtV I, 

S 6G. If the annuity is not to continue during the 
^hole period of the given liveg, but is either Deferred 
pr Tevtporprj/y we must pijrsue the same method of 
feasoning which has been adopted in Prob. II> cor. S 
uid 4 : whereby it will appear that the value of a de- 
ferred annuity, to continue as long as any two out of 
three given lives are in being, will be expressed by 
Wfi)'^+ (^C)'^+ (BC/ - 2{JBCy'^, Therefore 
if We substitute the values of deferred annuities on 
the given lives {in the formula in § 64) instead of the 
'allies of annuities on the whole continuance of those 
"ves, we shall obtain the value of the deferred annuity 
''T>ending on the contingency alluded to in the pro- 

* That It, on every combination which can be made of the 
Siven lives, by combining u, (n + l). (n+2), (n4-3), kc.HvM 
*^'&etbcr at a time. 



Aiid this value, bang subtracted from the value of" 
a similar annuity on the whole continuance of tb9 
lives, will give the value of a similar Temporary an* 
nuity on any two out of three lives. 



GOiU>LLARY 11. 

§ 6?. if suich defended amiuity however deptodtf 
on the joint continuance of all the given lives to the 
end of the given term, the value of it. will be equal to 
the value of a similar annuity on the same number oi 
lives each older by the given term than such lives^ 
multiplied by the expectation that the j dint lites sfaalf 
receive <£l a€ the end of that term: and this case miifiC 
be carefully distinguished from that mentioned in tli^ 
first part of the preceding corollai^^ - • 
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CHAPTER m. 



On Reversions. 



^ 68. A REVERSIONARY life annuity is a term ap« 
plied to such periodical sums of money, depending on 
any given lives, as are not payable till after a given 
term, or till after the extinction of any other given 
fives. Of the former kind are all deferred life an- 
touitieSi mentioned in Prob. I, cor. S; but it is my in- 
tention now to treat only of the latter kind : and I 
would here observe, that I shall continue to designate 
the former by the title of Deferred life annuities, ap- 
plying the term Reversionary life annuities to such 
fife annuities only as are not to be enjoyed tilt after 
the extinction of some other life. The several casea 
relating to this subject may be comprised in the four 
following problems. 



PROBLEM IV.* 

^ 69. To find the value of an annuity depending 
on any number of joint lives ABC &c, after the ex- 
tinction of any number of other joint lives P Q R Sect 

* Simpson^ Prob. 5. 

t The lives P,Q,R, are said to be in possession ^ in opposltios 
^^ K B^ C. which are said to b« in reversion. 
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^OtUTION* 

let th4 probability of the joint lives A B C^ coiM 
tinuing 1 y 2, 3, &c, yearsj be respectively denoted by 

J J , n ft II III in iif 

-,-» — r^5 -T-» &c, as in § 24} and let the proba^* 
faiUty of the joint 1)V«b P Q R continuing 1 9 ^^ 3, ijLO^ 

years be denoted by —-^ ~- , ~^,&c, respectively. 

Now the chance, which the joint lives A jB C have of 
receiving the annuity in any one yeiir> will depend 
upon their living to the end of that year aod on tbi 
joint livQ$ P Q R becoming extinct before the end of 

that period. The probability of this event h^k^peoiaf 

/ / / hit 

in the first year is •~T-(l""i^)5 which being muI-> 

liplied by (l+f)"^ will give the present value of tlui 
firstyear^s rent, or the expectation of receivkig socb sub^ 
at the end of the first year. By a simile BaeUi^Q4 

ft QH M II u 

of reasoning it will be found that -^-T-fi — ^^^i 

° abc \ pq f/' 

inuldplied by (1 + ^y^ will denote the present value 

' /// fll HI III III III 

of the second year's rent ; and that ^-r^( I — ^^-^It 

* In the solution of this and the foUowing problems^ I shaft 
confine the case to three lives only, in order to avoid confusioli by 
the constant repetition of the character kc. From what has pre« 
ceded, it will plainly appear that the conclusions which are dra\^ 
from this assumption will be true^ whatever be the narabeo of 
lives involved in the procesf • > 
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multiplied by ( 1 + f )"*, \nll denote the present value 
of the third year's rent ; and so on for all the subse- 
quent years to the utmost extent of human lifei the 
sum of all which terms, or the series 

1 I aic ahcpqr I 
(1+f) La^c ahcpqr^ 

r^ uti n n r ft If ti //*n 
1 jaoc ab cpqr | , 

{\'^{^\^abc'^ tibcpqtj^'^ 

r" /// /// ni m ni iti ui w //rt 
1 I abc i^bcpqr \ , 

(l-|-f)*La bc"^ abcpqr^'^ 

&c &c^ 

will be the total present value of the annuity required. 
But the sum of these two perpendicular series is evi« 
dently equal to ABC^-ABCPqR. 

% 70. Whence it follows that if we subtract the 
value of an annuity on all the joint lives, from the 
Talue of ah annuity on the joint lives in reveraon; 
die remainder will be the value of the reversionary 
annuity required. 



PROBLEM V.» 

$71. To find the value of an annuity depending 
^ any number of joint lives ABC &c, after the ex- 
tinction of the longest of any number of other lives 
P> Q, R. &c. 

* SimpsoDj Prob. 0. 
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SOLUTION. 

Let the probabilities of the given lives continuing 
3 , 2, 3, &c, years be denoted by the same characters 
as in the last problem. Now the chance, which the 
joint lives ABC have of receiving the annuity at the 
end of any one year, will depend upon their living to 
the end of that year, and on 2^11 the lives P, Q, R, be- 
coming extinct before the end pf that period. The 
probability of this event happening in the first year is 

^(l-|) X (l-.i-)X (1-1)*, which being 
multiplied by (1 + p)"' will give the present value of 

// n n n 

the first year's rent. In like maimer, ^-7^ ( ^ "" ^ ) ^ 

// H 

(l-^)x(l-^) multiplied by (1 + ^)"% and 

fiiinm m in /;/ 

H7{l-|-)x(l-f)x(l-^) multiplied by 

(l + f)~% will give the present value of the second 
and third year's rents respectively: and so on for all 
the subsequent years, to the utmost extent of human 
life ; the sum of all which terms will be the present 

value of the annuity required. But these expressions^ 
reduced to their simplest terms, are equal to the series 



/ / / r" / / III II II / /. /"n 

'(^+f)L P y r^^pq^'pr^qr P^^J 

// // n r~ It II n II II II II II II II H //~1 

■(1 + ?)'L P 9 r'^pq'^pr'^qr p q rj* 

r' III III HI /// /// /// /// /// /// /// /// /«"n 

}^t^i.^LA.Pl^PljLlL^P_91 I 

[^ p q r pq pT qr py^J 



&c &c &c, 

* See Chapter l, § 9. 
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the sum of which is evidently equal to ABC^ 

ABCP-^ABCq^ABCR+JBCPq+ABCPR-Y 
ABCQR^ABCPQR. 

S 72. Whence it follows that the value of a rever- 
sionary annuity on any number of joint lives ABC &c, 
after the extinction of the longest of any number of 
other lives P, Q, R, &c, is equal to the value of axi 
annuity on all the joint lives in reversion; minus the 
sum of the values of an annuity on all the joint lives, 
arising from the combination of all the joint lives in 
reversion with each one of the other lives ; plus the 
sum of the values of an annuity on all the joint lives, 
arising from the combination of all the joint lives in 
reversion with each two of the other lives ; minus the 
sum of the values of an annuity on all the joint lives, 
arising from the combination of all the joint lives in 
reversion with each three of the other lives j and 
so on. 



PROBLEM VI.* 

§ 73. To find the value of an annuity on the 
longest of any number of lives A, B, C, &c, after the 
extinction of any number of joint lives P Q R &c. 

SOLUTION. 

Let the probabilities of the given lives continuing 
1, 2, 3, &c, years be denoted by the same characters 

* Simpson, Prob. ?• 
V2 
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as in the preceding problems. Now, the chance which 
any one of the lives A, B, C, has of receiving the an- 
nuity at the end of any one year, will depend- upon 
either of them living to the end of that year, and on 
the extinction of the joint lives P Q R before the end of 
that period. The probability of this happening in the 

firsfyear is [i- (i-±)x (l-A) x (l-|)]x 

I I I 

(l — ^^], which being multiplied by (l + f)"* will 
give the present value of the first year's rent. In like 

r " l 

?rit will be found that I 1- (l-^) X (l-y) 
and that [l-ll-^jX (1-4) X(l-|)jx 



manner 
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(l— ^-?-^) multiplied by {i + f>y\ will give the pre- 
sent value of the second and third year's rents re- 
spectively ; and so on for all the subsequent years, to 
the utmost extent of human life: the. sum of all 
which terms will be the total present value of the 
annuity required. But these annual expectations be- 
ing reduced to their simplest terms, and arranged 
under each other as in the preceding problems, will 
form fourteen collateral series, the sum of all which 
will be found equal to ^+B+C-^fi-.>/C-5C+ 
^BC ^ PQRJ - PQRB-^ PQRC + PQR^B + 
PQRJC+PQRBC-^PQRJBa 
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- S 74. Whence it follows that the value of a re-^ 
▼eTsionary annuity, on the longest of any number of 
lives after any number of joint lives, is equal to the 
value of an annuity on the longest of all the lives in 
reversion; minus the sum of the values of an annuity 
on all the joint lives arising from the combination of 
all the joint lives in possession with each one of the 
other lives ; plus the sum of the values of an annuity 
on all the joint lives arising from the combination of 
all the joint lives in possession with each two. of the 
other lives ; minus the sum of the values of an an- 
nuity on all the joint lives arising from the combina- 
tion of all the joint lives in possession with each 
Three of the other lives; and so on» 



PROBLEM VII.* 



§ 75. To find the value of an annuity on the 
longest of any number of lives A, B, C, &c, after the 
^3ctinction of the longest of any number of other lives 

SOLUTION. 

From what has been already said in the preceding 
I>"rx)blems, it will be evident that the annuity, here al- 
■-^-^ded to, is to continue during the longest of all the 

ven lives A, B, G, P, Q, R ; and such would be the 

* Simpson^ Prob. 4. 
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value of it, were the lives A, B, C, to come into pos- 
session immediately. But as they are to receive no^ 
thing during the existence of any one of the lives 
P, Q, R ; the value of an annuity on the longest of 
their lives must consequently be subtracted. 

Whence it follows that, if we subtract the value of 
an annuity on the longest of the lives in possession 
from the value of an annuity on the longest of all the 
lives concerned, the remainder will be the value of 
the reversionary annuity required. 



SCHOLIUM. 



§ 76. By the help of these four problems may all 
the various cases in reversionary annuities be solved. 
They have been stated at length, in order to. give a 
general view of the subject: but it will readily appear 
that the combinations of lives, thence arising, are much 
more numerous than occur in any practical cases; 
and a ready solution may therefore not immediately 
present itself amidst the multiplicity of symbols. It 
rarely happens that more than three lives are involved 
in any questions of this kind: and in order to pre- 
vent any difficulty or confusion in referring to the pro- 
blems for a solution of such questions, I have selected, 
all the possible cases in which not more than three live^ 
are concerned ; to which I have added the algebraic 
solution of the same: where -^, JS, P, Q, denote the 
same as in the preceding problems. These cases are 
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five in number:* viz. to find the value of an annuity 
1® On a single life A aftera nother single life P : 
in which case the value of the reversionary annuity is 
equal to A—AF. 

2° On a single life A after the longest of two 
lives P, Q, in which case the value of the reversionary 
annuity is equal to A-^-AP-'AQ + APQ. 

3° On the longest of two lives A, B, after a single 
life P: in which case the value of the reversionary an- 
nuity is equal to A+B^AB--AP^BP+ABP. 

4?° On a single life A after two joint lives PQ : 
in which case the value of the reversionary annuity is 
equal to ^—//PQ. .m 

3^ On two joint lives AB after a single life P: 
m which case the value of the reversionary annuity is 
equal to AB-^ABP. 

Tor examples of these several cases, see Questions 
XIXII to XVII in Chapter XII. 



COROLLARY I. 

§ 77. If the contingency of receiving the annuity 
^ not to continue during the whole period of the given 
^^'Ves, but is either Deferred^ or Temporary^ we must 
^"^vert to what has been said in Prob. I, cor, 3 and 4, 
d substitute the values of such deferred and tem- 



* Simpson, Prob. 13 to 17 5 and his Sup, Prob. 15 to I95 
odson, voL ii. Ques. 94, 95, 97, 99, and 101 j and vol. iii. 
ues. 20, 27. 28 and 29. Also De Moivre, Pxob. 7 and 8, for 
\ie first and second cases. 
t Price, Note (D). 
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porary anouities, deduced from the rules there given^ 
instead of the values of annuities on the whole con* 
tinuance of those lives : whence by proceeding with 
these substituted values according to the rules abov* 
stated^ we shall obtain the required value of the re- 
versionary annuity accordingly. 

But this rule may be rendered more convenient fot 
practice by adopting the principles laid down in Prob.II, 
cpr. a and 4, Thus, in the first case given in the 
Scholium, if the contingency is deferred for n years, 

the value of the reversionary annuity wjll be (^j4) -t 

And this value subtracted from A-^-AP will give the 
value of a similar temporary reversionary annuity. 
The same method of solution will apply to the rer 
maining cases given in the jScholium. 

For examples of the use and application of this co- 
roUary, see Questions XVIII and ]^IX in Chapter XII. 



COROLLARY U.\ 

§ 78. If a reversionary annuity, the contingency 
of enjoying which is deferred for any number of years, 
depends on the joint continuance of all the lives to 

* From the method of notation adopted throughout th^ present 
work it will readily appear that it denotes in this case the number 
of persons living at an age n years older than P. 

+ Price, Note (C). 
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the end of that term ; the value of it will be equal to 

the value of a reversionary annuity depending on the 

same number of Uyes each older by the given term 

than the given lives, multiplied by the probability 

that all the joint lives shall continue so long, and 

also by the present yalue of £ I due at the end of that 

term. And this case should be carefully distinguished 

from the deferred reversionary annuity mentioned in 

f he preceding corollary. 

For examples of the use and application of this co- 
rollary, see the Scholium to Question XIX in Chap- 
ter XU. 
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CHAPTER IV. 



On Survivorships. 

§ 79. In the preceding chapters I have considered 
the value of annuities as depending on the continuance 
of any number of lives, out of any number of given 
lives ; and also the value of reversionary annuities on 
any number of lives, after the extinction of any num- 
ber of other lives. I come now to questions of a 
mixed nature, where the value of the annuity not only 
depends on the continuance of the given lives, but 
also on any survivorship be;tween them. In cases of 
this kind the annuity is frequently enjoyed in different 
proportions by the persons on whose lives the same is 
granted ; and therefore they are capable of great va- 
riety. The nature and extent of such questions will 
best appear from the following problems. 



PROBLEM VIIL* 

§ 80. A, B and C agree amongst themselves to 
purchase an annuity on the longest of their lives, 

* Simpson, Prob. 20; also his Sup, Prob. 23. De Moivre, 
Prob. 9. Dodison, vol. iii. Ques. 73. 
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which is to be equally divided between them whilst 
they are all living j but on the decease of either of 
them it is to be equally divided between the two sur- 
vivors, during their joint lives; and then to belong 
entirely to the last survivor for his life : To find the 
value of their respective shares, or the proportion 
which each person ought to contribute towards the 
purchase. 

SOLUTION. 

Let the probabilities of the given lives continuing 
^2, 3, &C5 years be severally denoted by the same 
characters as in § 23: and let us first detenmine the 
share of A. Now the expectation of A, on what he 
Way happen to receive at tlie end of any one year, 
ttiay be considered in four parts, as depending on so 
many difterent events: 1° A, B and C may be all 

living, the probability of which at the end of the first 

/ / / 

year is — ,- , in which case he will receive h of th6 

abc 

annuity, or ^ (l + e)~'5 therefore (1 + p)"' X £^ 

^iil be the value of this expectation: 2^ A and B 
^^y be living and C dead, the probability of which 

ab c 

^^ tine end of the first year is -7 X ( 1 ) ? in which 

^^ he will receive ^ the annuity, or ^ (I + ^)~^; 

i^^irehre(l + ^y'X~x{l~) will be the value 
of this expectation : 3° A and C may be living and 
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B dead, the probability of which at the end of the 

first year is — x(l — r-), in which case he will 

likewise receive ^ the annuity, or ^(1 +f)'"'; therefore 

ac i 

(l+f)"' X ~:X (l— y) will be the value of this 

expectation : 4° A may be the only person living, the 
probability of which at the end of the first year is — X 

(l — T-) X (l jj in which case he comes in for the 

whole annuity, therefore (l + f)""' X — X (l — -v-) X 

I 
(l j will be the value of this expectation. And 

a ai 
the sum of all these values, or (l+f)"' X ( ~-r 

— :: — I-T-7-) will be the total value of the expec- 

2ac Zabcf ^ 

tation of A, on what he may happen to receive at the 
end of the first year. 

By pursuing the same steps it will be found that 

(1+er X [t- ti-^c-^J^) ^i» denote the va. 
lue of his expectation on what he may happen 
to receive at the end of the second year; and that 

/// //'/'/ Mill III III III 

(l+e)-'x(--."7-^+^) wi» denote the 

value of his expectation on what he may happen to 
receive at the end of the third year: and so on to the 
utmost extent of human life. The sum of all which 
terms, or the series 
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a ah ac ^^ avc I 
^ "" 2^^ "" 2^"*" 37^ J 

T~ « III lU III III III i« HI ~1 

/ 1 _i_ V» I * " ac f^ a be I 

(.1 + e; ^|_7~2a^~2;^+37^J 



+ 



+ 

^ *^ ^ J 

&c &c 

will be the total value of his interest in the annuity, or 
the share which he ought to contribute towards the 
purchase. But the sum of these several perpendicular 
series is equal to ^— ^.^fJS— J^C+ J^JSC. 

§ 81. As to the share of B, or C, it is evident 
that their expectation of receiving the annuity in any 
one year, will depend on the same events, mutatis 
mutandis, as that of A: whence it follows that by 
substituting the values, thence arising, in the general 
expression above given, we shall have -B— ^.^B— 
^BC+^ABC for the value of B's share; and C— 
IaC^^BC+^JBC for the value of C's share in 
the given annuity: whence the following rule for 
either case. 

S 82. From the value of an annuity on the given 
^if^ subtract half the sum of the values of an annuity 
^ hith the joint lives arising from the combination 
tfthe given life with each one of the other ; and to 
^he remainder add one third of the value of an' an-' 
'^ity on the three joint lives : the sum will be the 
answer required. 
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§ 83. Example, Suppose the three lives to be 
aged 20, 30, and 40 ; the rate of interest to be 4 per 
cent, and the probabilities of living as at Northampton. 
Then by referring to the Tables at the end of this work 
it will be found that the value of the share of each 
person in this annuity will be as under : viz. that of 

A=16-033 — i(l 1-873+ 10-924)4- 4- X 8-986 = 7:630 
B=14-781— 1^(1 l*873-fl0'49O)4-jX 8-9 86 = 6*595 
C = 13-197—klO-924+10-490)+4x 8-986 = 5-485 



and the sum of all these respective shares, or 19'710 
is the value of the annuity on the longest of the three 
lives 'y or the total value of the purchase. 

COROLLARY I.* 

§ 84. If only two lives, A and B, are concerned 
in the purchase, (during whose joint continuance the 
annuity is to be enjoyed equally between them, but on 
the decease of either of them it is to belong wholly 
to the survivor) the value of the share of A will be 
A'-'lAB'y and that of B will be B-^-^AB: whence 
the following rule for two lives. 

§ S5, From the value of an annuity on the given 
Ijfej subtract half the value of an annuity on the 
two joint lives : the remainder will be the share of the 
given life required. 

* Simpson, Prob. 18, and his Sup. Prob. 21, Dodson^ vol. ill. 
Ques. 72. 
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For examples of the use and application of this co- 
ToUary, see Question XX in Chapter XII. 



COROLLARY II. 

§ 86. On the other hand, let the number of lives 
concerned in the purchase be ever so great, the share 
of any given life may be readily determined, provided 
the annuity be always equally divided among the sur- 
viving lives. For, let G denote the value of an an- 
nuity on the given life ; G the sum of the values of 
an annuity on all the joint lives arising from combining 

the given life with each one of the others ; G the sum 
of the values of an annuity on all the joint lives 
arising from combining the given life with each two 

in 

of the others ; G the sum of the values of an annuity 
on all the joint lives arising from combining the given 
Kfr with each three of the others ; and so on. Then 

will G— JG+JG— ^G+&c denote the share of the 
given life, or the value which he ought to contribute 
towards the purchase. 



PROBLEM IX.* 

S 87. A, B and C agree to purchase an annuity 
®^ the longest of their lives, which is to be divided 
^Qiongst them in the following manner: A and B are 
^Q enjoy it equally during their joint lives ; but on the 

* Dodson^ vol. ili, Ques, 75, 
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decease of either of them it is to be equally dividedl 
between A and C, or B and C, the two remaining 
persons ; and lastly, to be enjoyed wholly by the sur- 
vivor : To find the value of their respective shares. 



SOLUTION. 

The expectation of A on what he may happen td 
receive at the end of any one year, may be*considere2l 
in three parts, as depending on so many different 
events: 1^ A and B may be both alive, the proba» 

Li 
bility of which at the end of the first year is -r, itt 

which case he will receive ^ the annuity: 2® A and 
C may be living and B dead, the probability of which* 

ac i 

at the end of the first year is— x(l — r-) in which 

case he will also receive ^ the annuity: 3° A may 
be the only person living, the probability of which at 

the end of the first year is — X (l — -r) X (l — -'^jf 

in which case he will come in for the whole annuity. 
Now, the sum of all these values, being multiplied by 

(i+,r «mgi,e(.+e)- X (A-A|-i^+^) 

for the total value of the expectation of A on what 
he may happen to receive at the end of the first yean ' 

By a similar process we may find the value of his 
expectation on what he may happen to receive at the 
end of the second, third, and every subsequent year^ 



N 
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to t|)e utmost extent of human life. The sum of all 
ihich t(enn$, or the series 

r a ai ac a'^'cl 



[■* // II It u II II II II "n 

a ah ac.ahc 

r~ III III III III III iiimiii'~\ 

fi_\ \-3 I * "■'' a c .a c I 



.+ 



+ 



&c &c, 

irill denote the total value of his interest in the an- 
nuity. But, the sum of these several perpendicular 
^esis evidently equal to A-^-^AB—^JC+j^jiBC: 
whence we have the following rule. 

S 88. From the value of an annuity on the lijh 
A, subtract half the sum of the values of an annuity 
on the joint lives AB, and AC ; to the remainder 
tM half the value of an annuity on the three joint 
lives ABC : the sum will be the share which A ought 
(p contribute towards the purchase. 

S 89. With respect to the value of B*s interest, it 
is arident that his expectation of receiving the annuity 
in any one year will depend on the same events, 
mutatis mutandis^ as th?it of A : wherefore by sub- 
stituting the values,, thence arising, in the general ex- 
jprespion above given, we shall have £— ^^i?— ^£0+ 
^ABC for the value of B's interest: whence the 
^bllowing rule. 

G 
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§ 90. From the value of an annuity on the life B 
subtract half the sum of the valued of an annuity on 
the joint lives AB, and BC ; to the remainder add 
half the value qf an annuity on the three joint lives 
ABC; the sum will he the share which B ought to 
contribute towards the purchase. 

§ 91. But with respect to C*8 interest, it will ap* 
pear that his expects^tion of recjeiving the annuity in 
any one year* may be considered in the three following 
points, as depending on so many different events: 1* A 
and C may be living and B dead, the probability of 

ac i 

which at the end of the first year is — x(l — r-), in 

which case he will receive ^ the annuity: 2® B and 
C may be living and A dead, the probability of which 

he a . . 

at the end of the first year is |^x(l — — ), in which 

case he will receive also ^ the annuity : 3® C may be the 
only person living, the probability of which at the end 

of the first year is — x(l — ^)X (l — r), in whidi 

case he will receive the whole annuity. The sum of 
these values therefore, being multiplied by(l+p)""% 

will give (1 + er'X (7-£^-2^) ^^^ *« total va- 
lue of the expectation of C on what he may happen 
to receive at the end of the first year. 

By pursuing the same steps, we may find the value 
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of his expectation on what he may happen to receive 
at the end of the second, third sLnd every subsequent 
year to the utmost extent of human life. The sum of 
all which terms will be the total value of his interest 
in the aimuity; and will be evidently equal to C— 
^AC'^^BCi whence the following rule* 

S 92. From the value of an annuity on the life 
C, subtract half the sum of the values of an annuity 
on the joint lives AC, and BC; the remainder will be 
the share which C ought to contribute toivards the 
purchase. 

§ 93. Example. Let the three lives be aged 20, 
SO, and 40; the rate of interest 4 per cent, and the 
probabilities of living as at Northampton. The value 
of the share of each person in this annuity will be as 
under: viz. that of 

A=l6-033— -(11-873+ 10-924)+i^X 8-986 = 9-127 
B=14-781 — ^(11-873+ 10'490)+ix 8-986 = 8-093 

C=lS'197—-klO'924+ 10-490) =2-490 

And the sum of all these values is the value of an an- 
nuity on the longest of the three lives. 



PROBLEM X.* 
§ 94. A, B and C agree to purchase an annuity 

* Simpson^ Prob. ig. Dodson^ vol. ili. dues. ^4. 

g2 
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on the longest of their lives, to be divided amongst 
them in the following manner : A and B are to enjoy 
it equally during their joint lives ; if A dies first, dien 
B and C are to enjoy it equally during their joint 
lives, and the survivor of them is to bave the whole; 
but if B dies first, then A is to enjoy the whole dii* 
ring his life, and after his decease it is to devolve 
wholly to C ; To find the value qf their respective 
shares, 

SOLUTION. 

The expectation of A, on what he may happen to 
receive at the end of any one year, may be considered 
in' two points, as depending on so many different 
events; 1° A and B may be both alive, the proba^ 

bility of which at the end of the first year is rr , in 

which case he will receive ^ the annuity: 2° A may 
be living ajid B dead, the probability of which at 

the end of the first year is — X ( 1 — T ) > ^^ which 

case he will enjoy the whole annuity. The sum oT 
these two values being multiplied by (i +f)""" ^ill giVei 

(l + f)-' X (-7"-^) for the total value of the ex- 
pectation of A on what he may happen to receive atJ 
the end of the first year. 

' By a similar process we may find the value of his 
expectation on what he may happen to receive at tb^ 
end of the second^ third, and every subsequent yearr 



I 
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to the utmost extent of human life. The sum of all 
which terms will be the total value of his interest ia 
the annuity; and will be evidently equal to A-^^AB : 
whence we have the following rule. 

§ 95, From the value qf an annuity on the life 
A, subtract half the value of an annuity on the 
joint Iwes AB: the remainder will be the value which 
A ought to contribute towards the purchase. 

§ 96. In ofdei \o determine the share of B, it 
fihould be observed that his expectation on what ha 
fijay happen to receive at the end of any one year 
biay be considered in three points, as depending on so 
bany diflferent events : 1°* A sind B may be both 
alive, the probability of which at the end of the first 

year is -7, in which case he will receive ^ the an- 

tmtj: 2° B and C may be alive and A dead, the pro* 

ic 
babiHty of which at the end of the first year is t- X 

f 1 — ^), in which case also he will receive ^ the 

annuity: 3® B may be the only person living, the pro- 

i 
bability of which at the end of the first year is -r X 



(1— — )x(l — ^)>in which case he will enjoy the 
vrhole annuity. And the sum of all these values, being 

muldpUed by (1+f)-, will give (i+f)-'(i—A«_ 
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on the longest of their lives, to be divided amongst 
them in the following manner : A and B are to enjoy 
it equally during their joint lives ; if A dies first, thai 
B and C are to enjoy it equally during their jcnnt 
lives, and the survivor of them is to tiave the whole; 
but if B dies first, then A is to enjoy the whole du- 
ring his life, and after his decease it is to devolve 
wholly to C ; To find the value of their respective 
shares, 

SOLUTION, 

The expectation of A, on what he may happen to 
receive at the end of any one year, may be considered 
in' two points, as depending on so many different 
events; 1° A and B may be both alive, the probftp 

bility of which at the end of the first year is -r , in 

which case he will receive ^ the annuity: 2° A may 
be living apd B dead, the probability of which at 

the end of the first year is~-x(l — r-), in which 

case he will enjoy the whole annuity. The sum of 
these two values being multiplied by (i +f)'"' will give 

(l + f)*' X (— — ^) for the total value of the ex^ 

pectation of A on what he may happen to receive at 
the end of the first year, 

* By a similar process we may find the value of his 
expectation on what he may happen to receive at the 
end of the second^ third, and every subsequent year. 



/ 
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( 1 — y ) , in which case he will enjoy the whole annuity. 
And the sum of these two values, being multiplied 

by (i+er-, will give (1+e)- X ( j - ^: - if +■ 

aVc 

—7—) f^^ ^^ ^°^ value of the expectation of C, on 

what he may happen to receive at the end of the first 
year. 

By a similar method of proceeding we may find the 
value of his expectation for the second^ third, and 
every subsequent year to the utmost extent of human 
life. The sum of all which terms will express the 
total value of his interest in the annuity; and will be 
Evidently equal to C-^jiC—^BC-^^ABC: whence 
the following rule. 

§ 99. From the value of an annuity on the life 
C, subtract the value of an annuity on the joint lives 
AC, and also half the value of an annuity on th^ 
joint lives BC ; to the remainder add half the value 
of an annuity on the joint lives ABC : the sum wilt 
be the share which C ought to contribute towards the 
purchase. 

§ lOO* Example. Suppose the three lives to be 
aged 20, 30, and 40 ; the rate of interest 4 per cent, 
and the probabilities of living as at Northampton, 
The value of the share of each person in this annuity 
will be as under : viz. that of 
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— .-+T-r-) for the total value of the expectation of 

B, on what he may happen to receive at the end of 
the first year. 

By a similar process we may find the value of his 
expectation for the second, third and every subsequent 
year, to the utmost extent of human life. The sum of 
all which terms will be the total value of his interest 
in the annuity; and will be evidently equal to B— 
^AB-^^BC-^-^ABC : whence the following rule. 

§ 97. From the value of an annuity on the life 
B, subtract half the sum of the values of an annuitjf 
on the joint lives AB, and BC ; to the remainder add 
half the value of an annuity on the three joint lives 
ABC: the sum will be the value which B ought to 
contribute towards the purchase.* 

§ 98. It remains now to determine the value of 
the share of C, whose expectation of receiving the 
annuity in any one year may be considered in two 
points: 1^ B and C may be both alive and A dead^ 
the probability of which at the end of the first year i 



j-x(i )y in which case he will receive ^ the 

annuity: 2° C only may be living, the probability of 

which at the end of the first year is -x(l )X 



^ The value of B's interest in this annuity is the same as that 
in the preceding Problem. 



/ 
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( 1 — y ) , in which case he will enjoy the whole annuity. 
And the sum of these two values, being multiplied 

by (i+er-, will give (1+e)-' X (I - ^i - ^: +■ 

aVc 

J-T-] for the total value of the expectation of C, on 

what he may happen to receive at the end of the first 
year. 

By a similar method of proceeding we may find the 
value of his expectation for the second^ third, and 
every subsequent year to the utmost extent of human 
life. The sum of all which terms will express the 
total value of his interest in the annuity; and will be 
evidently equal to C—AC—^BC+^ABC: whence 
the following rule. 

§ 99. From ike value of an annuity on the life 
C, subtract the value of an annuity on the joint lives 
ACj ctT^d also half the value of an annuity on th£ 
joint lives BC ; to the remainder add half the value 
of an annuity on the joint lives ABC : the sum will 
be the share which C ought to contribute towards the 
purchase. 

$ 100. Example. Suppose the three lives to be 
aged 20, 30, and 40 ; the rate of interest 4 per cent, 
and the probabilities of living as at Northampton, 
The value q£ the share of each person in this annuity 
will be as under : viz. that of 
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A=16-033— |X11*873 =alO-096 

B=14-781—^( 11-673 + 10-490)+^X 3-986=: S'O^S 
C=:13-I^7— 10-924— |X 10-490-f-^X 8-986=: V&il 

and the siitn of these three values is the value of aa 

annuity on the longest of the three lives. 



PROBLEM XL* 

5 101. A, B and C agree to purchase an annuity 
on the longest of their lives, to be divided amongst 
them in the following manner: A is to enjoy the whole 
annuity during his life; but after his decease it is to 
be divided equally between B and C during their joint 
Kves ; and the survivor of them is to have the whote; 
To find the value of their respective shares. 

SOLUTION. 

The value of A's interest in this annuity, or the 
sliare whicTi he ought to contribute towards the pur- 
chase, IS evidently equal to the value of an annuity oh 
his life : that is, equal to j4. 

§ 102. As to the share of B, the expectation on 
what he may happen to receive at the end of any one 
year may be considered in two points, as dependmg 
on so many different events : 1® B and C may be 
alive and A dead, the probability of which at the end 

* Simpson'8 Sup. Prob. 22. Dodson, vol. iii. Qties. 7^. 
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of the first year is -T— X ( 1 ), in which case he 

will receive |- the annuity: 2° B may be the only 
person living, the probability of which at the end of 

the first year is t- X ( 1 ) X ( 1 ), in which case 

he will enjoy the whole annuity. And the sum of 
these two values, being multiplied by(l+f)~^ will 

live (1+5)- x(|-i^-^+.^J for the total 

^^ue of the expectation of B on what he may happen 
to receive at the end of the first year. 

*38y a similar method of proceeding we may find the 

value of his e:S:pectation for the second, third and 

every subsequent year, to the utmost extent of human 

The sum of all which terms will be the total 

lue of his interest in the annuity ; and will be found 

ec^val XD B'-JB—^BC+^ABC : whence the fol- 

^^twng liile. 

§ 103. From the value of an annuity on the life 
subtract the value of an annuity on thejoifit lives 
, and also half the value of an annuity on the 
foint lives BC ; to the remainder add half the value 
^an annuity on the joint lives ABC : the sum ivill 
^^ the value which B ought to contribute towards the 
purchase. 

S 104. With respect to the share of C, it is eviv ^ 
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dent that his expectation of receiving the annuity at 
the end of any one year will depend on the same 
events, mutatis mutandis^ as that of B. Therefore, 
by pursuing the same steps, we shall find that the 
value of his interest in the annuity will be equal to 
C'-JC-^BC-\-^JBC : whence we have fhe fol- 
lowing rule^ 

§ 105. Fro7n the value of an annuity on the life 
C, subtract the value of an annuity on the joint lives- 
AC, and also half the value of an annuity on the 
joint lives BC ; to the remainder add half the value 
of an annuity on the joint lives ABC : the sum will 
he the value which C ought to contribute towards the 
purchase.^ 

§ 106. Example. Let the three lives be aged 20, 
30, and 40 ; the rate of interest 4 per cent, and the 
probabilities of living as at Northampton. The valoe 
of the share of each person in this annuity will be as 
under : viz. that of 

A=l6-033 =±16*0S3 

B= 14-781 — 1 1 873—1 X 10-490+^ X 8-986= 2-156 
€=13*^197— 10-924— ^X 10-490+^ X 8-986= 1-52J 

and the sum of these three values is the value of aa 

annuity on the longest of the three lives. 

* The value of C's interest in this annuity is the same as that te 
the preceding problem. 
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PROBLEM XIL 

§ 107. A, B and C agree to purchase an annuity 
on the longest of their lives, to be enjoyed wholly by 
each of them in succession: that is, A is to enjoy it 
first, for his life ; at his decease, B is to enter upon it 
next; and C, last: To find the value of their respec- 
tive shares. 

SOLUTION. 

The value of A's interest in this annuity, or the 
share which he ought to contribute towards the pur- 
chase, is evidently equal to the value pf an annuity 
on his life: that is, equal to A. 

% 108. The value of B's interest, or the share 
which he ought to contribute towards the purchase, is 
equal to the value of a reversionary annuity on his 
life after the decease of A: that is, (by the Scholium 
in page 70) equal to B-^AB. 

S 109. The value of C's interest, or the share 
^^hich he ought to contribute towards the purchase, is 
^ual to the value of a reversionary annuity on his 
'^ after the extinction of the longest of the two lives 
-A and B : that is, (by the same Scholium) equal to 
O^^C-BC+ABC. 

% 110. Example. Suppose the three lives to be 
^S^ 20, 30, and 40; the rate of interest 4 per cent. 
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and the probabilities of living as at Northampton. 

The value of the share of each person in this annuity 

will be as under : viz. that of 

A=16-033 4 , . . . i . =16-083 

B=:14-781 — 11-873 = 2-908 

C = 13-197— (10-924+10-49O)+8*986= '769 

and the sum of these thfee values will be the value 

of an annuity on the longest of the three lives. 



COROLLARY. 



§ 111<. If only two lives^ A and B^ are concerned 
in the purchase, the value of their respective shares 
will be the same as above given. 



PROBLEM XUL 

§ 1 1 2. A, B and C agree to purchase- an annuity, 
to continue as long as any two of their lives are in 
being ; and which is to be equally divided between 
them whilst they are all living; but on the deceate 
of either of them it is to be equally divided between 
the two survivors during their joint lives: To find the 
value of their respective shares. 

SOLUTION. 

The expectation of A, on what he may happen ta 
receive at the end of any one year, may Ijp considered 
in three parts, as depending on so many different 
events: 1^ A, B and C may be all living, in which 
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^&e he will receive J of the annuity : 2^ A and B may 
be living and C dead, in which case he will receive 
^ the annuity: 3® A and C may be living and B 
^iead, in which case he will receive also ^ the an- 
nuity. Therefore the sum of these expectations for 
ike firsts second, third, &c, years, continued to the 
utmost extent of hitman life, will be the total value of 
A's share in the annuity. But the value of these 
several expectations has been already found in the 
solution to Prob. VIII ; they being precisely the same 
as the first three which are there mentioned : and the 
sum of which, for every year of human life, will be 

found equal to ^AB+iAC-^^BC. 

§ 1 13. With respect to the share of B or C, their 
expectation of receiving the annuity in any one year 
will depend on the same events, mutatis mutandis, as 
that of A: whence it follows that by substituting the 
values, thence arising, in the geneial expression above 

given, we shall h^se iAB+^BC—^ABC, for the 

value of B's interest} and ^-'^C+^jBC-f^^C:, for 

the value of C's interest in the given annuity: whence 
die following rule for determining the value of the 
share of any given life iii the annuity. 

§ 114. Subtract two thirds of the value of an 

annuity on the three joint lives, from half the sum 

^ of the values of an annuity on both the joint lives 

arising from the combination of the given life with 
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each one of the others : the remainder will be the 
value of the share of such given life. 

§ 115. Example. Suppose the three lives to be 
aged 20, SO, and 40 ; interest 4 per cent, and the 
probabilities of living as at Northampton. The value 
of the share of each person will be as under: viz. 
that of 

A=Kl ^'873+10-924)— I- X8-986=5-408 
B=^(1 1 -873+ J0'490)— I X 8-986=5'l91 

C=|( 10-924+ 10-490)— I X8*986=4-716 

and the sum of these three values, or 15-315, is 
the value of an annuity on the three lives, to continue 
as long as any two of them are in being together. 



PROBLEM XIV. 

§ 1 1 6. A, B and C agree to purchase an annuity^ 
to continue as long as any two of their lives are in 
being; and which is to be divided amongst them in 
the following manner : A and B are to enjoy it equally 
during their joint lives j but on the death of either of 
them, it is to be equally divided between the two sur- 
vivors, for their joint lives : To find their respective 
shares. 

SOLUTION. 

The expectation of A on what he may happen to 
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receive at the end of any one year may be considered 
in two parts, as depending on so many different 
events: 1° A and B hiay be both alive, in which case 
he will receive ^ the annuity : 2° A and C may be 
living and B dead, in which case he will also receive 
J the annuity. Therefore the sum of these expecta- 
tions for the first, second, third, &c, years, to the 
utmost extent of human life will be the total value of 
A*s share in the annuity. But the value of these 
several expectations has been already found in the 
solution to Prob. IX j they being precisely the same 
as the first two there mentioned: and the sum of 
which, for every year of human life, will be found 
•equal to ^AB+^jiC-^^ABC : whence the following 
rule. 

§ 117. Subtract the value of an annuity on the 

joint lives ABC, from the sum of the values of an 

annuity on each of the joint lives AB and AC : half 

the remainder will be the value which A ought to 

contribute towards the purchase. 

§ 118. With respect to the share of B, it is evi- 
dent that his expectation of receiving the annuity at 
the end of any one year will depend on the same 
events, mutatis mutandis^ as that of A : wherefore 
by substituting the values, thence arising, in the general 
expression above giyen, we shall have ^^-6+^fiC— 
-^ABC for the value of B*§ interest in the annuity: 
whence the following rule. 
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§ 1 19. Subtract the value of an annuity on the joint 
lives ABC, from the sum of the values of an annuity 
on each of the joint lives AB and BC : half the re- 
mainder will he the value which B ought to contribute 
towards the purchase. 

§ 120. But with respect to the share of C, it will 
appear that his expectation of receiving the annuity at 
the end of any one year may be considered under the 
two following points, as depending on so many dif» 
ferent events : 1® A and C may be living and B dead, 
in which case he will receive ^ the annuity: 2® B and 
C may be living and A dead, in which case also he 
will receive ^ the annuity. Therefore the sum of 
these two expectations, for the first, second, third, &c, 
years to the utmost extent of human life, will be the 
total value of C*s interest in the annuity. But, the 
value of these expectations has been already fouild 
in the solution to Prob. IX ; they being precisely the 
same as the first two which are mentioned in the in- 
vestigation of C's share in that annuity: and the sum 
of which, for every year oF human life, will be found 
equal to ^^C+^jBC—-/^fiC: whence the following 
rule. 

§ 121. Subtract the value of an annuity on the 
joint lives ABC, from half the sum of the values qf 
an annuity on each of the joint lives AC and BC : 
the difference will be the share which C ought to ccm^ 
tribute towards the purchase. 
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$ 123. Example. Suppose the three lives to be 
aged 20, SO9 and 40 ; the rate of interest 4 per cent, 
and the probabilities of living as at Northampton. The 
value of the share of each person in this annuity will 
be as uiider : viz. that of 

A = i(l 1*873 -It 10-924 — 8'986) = 6*905 

B = i(ll*87S + 10-490 — 8-986) = 6-689 

C = 1(10-924 + 10-490)— 8-986 = 1721 

and the sum of these three values is the total value of 

the annuity on the three lives^ to continue as long as 

any two of them are in being together. 



PROBLEM XV. 

$ 123. Ay B and C agree to purchase an annuity 
to continue as long as any two of them are in bdng 
together; and which is to be divided between them 
ia the following manner: A and B are to enjoy it 
equally during their jcnnt fives ; if A dies first, then 
B and C are to enjoy it equally during their joint 
E?es J but if B dies first, then A is to enjoy the whole 
during the joint lives of A, and C : To find the valutt 
^f thdr respective shares. , 

SOLUTION. 

^Tbe expectation of A on what he may happen to 
f^^eiive at the end of any one year may be considered 
*^ tvro parts, as depending on so many different events: 
^ A and B may be both alive, the probftbility of 

H 
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which at the end of the first year is -7 , in which case 

he will receive ^ the annuity : 2^ A and C may be 
living and B dead, the probability of which at the 

end of the first year is— x(l — r)?*^ which case he 

will come in for the whole annuity. The sum of these 
two values, multiplied by (X + f)"', will give ( 1+f )*' 

ai ac ab' 

(^+— ~^y^) for the total value of the expectation 

of A on what he may happen to receive at the end of 
the first year. 

By a similar process we may find the value of his ex- 
pectation for the second, third, and every subsequent 
year to the utmost extent of human life : the sum of 
all which terms will be the total value of his inteviest 
in the annuity ; and will be found equal to ^AB'{% 
AC--:- ABC i whence the following rule. 

§ 124. Add half the valtce of an annuity on the 
joint lives AB, to the value of an anmiity* on the 
joint lives AC ; Jrom the sum^ subtract the value ^ 
an onnujilxf on the joint lives ABC : the remainder 
will be the value of the share of A. 

§ 125. The expectation of B on what he may 
happen to receive at the end of any one year may also 
be considered in two parts as depending on so manyz^ 
different events: 1^ A and B may be both alive^ the 
probability of which at the end of the first year is 
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^ , in which case he will recdve J the annuity : 2* 
B 9nd C may be alive and A dead, the probability of 

which at the end of the first year is r^X (l — ), in 

which case likewise he will receive ^ the annuity. The 
sum of these two values therefore being multiplied by 

O+er ^ give(l + erx (^+>^^-^J for 

the expectation of B on what he may happen to re- 
ceive at the end of the first year. 

By a am9ar process we may find the value of hit 
e3q>ectation on what he may happen to receive at the 
end of the second, third, and every subsequent year, 
to the utmost extent of human life : the sum of all 
which terms will be the total value of his interest in the 
annuity; and will be found equal to ^(JtB+BC-^ 
ABC): whence the following rule. 

§ 126. Subtract the value of an annuity on the 
three joint lives ABC^ from the sum of the values of an 
annuity on each of the joint lives AB and BC : half 
the remainder will be the value of the share of B.* 

S 127. With respect to the share of C, it is solely 
^ual to half the value of a reversionary annuity on 
tile joint lives BC, after the life of A ; which rever- 
®oiiary annuity is by the Scholium in page 70, ex- 

^ The value of B'l interest in this annuity is the same as that 
^ the preceding problem. 

h2 
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pressed by ^(^BC — ABC): whence the following 
rule. 

§ 1 28. Subtract tJie value of an annuity on the joint 
Uv€8 ABC, from the value of an annuity on the Joini 
lives BC : half the remainder will be the value of the 
s/iare ofQ. 

$ 129. Example. Suppose the three Hvcs to be 
aged 20, 30, and 40; interest 4 per cent, and the 
probabilities of living as at Northampton. The value 
of the sh^e of each person will be as under : viz. 
that of 

* ■ 

A=s ix ll*873+10*924--8'986 = 7-874. 
B sr 1(1 1-873 + 10-490 — 8-986)= 6*689 
C =si(l 0-490 — 8-986) . . . . = -752 

and the sum of all these three values will be the total. 

Talue given for the purchase. 

PROBLEM XVI.* 

§: ISO. D and his heirs, as soon as any two of 
three given Kves A,B,C, become extinct, are to ent^r 
upon an annuity in order to enjoy the same during the 
fife of the survivor : To find the value of his interest 
therein. 

SOLUTION. 

This annuity is evidently to continue during the 
longest of the three given lives ; and the value of the 

* jSitnpson'ft Sup. Prd>. 2d. DodsoD, vol. iii. Ques, 7g. 
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same without any restriction would be (by Prob. H) 
equal to A-\-B+C~JB—JC-BC-\-^BC: but 
ance D (or his heirs) is not to receive any thing du- 
ring the continuance of any two of these lives, the 
value of an annuity depending on this contingency 
must be subtracted from the pieceding expression ; . 
and which value is (by Prob. Ill) denoted by AB-{- j 
ACJrBC-2ABC. Therefore ^+iJ+C-2^fi- 
2-^C— 2iJC+3^BC will be the value required^] 
tvhence the following rule. 

§ ISt. From the sum of the values of an annuity ' 
o^a each of the single lives, subtract Itvice the sum 
*^^ tlie values of an annuity on each pair of joint 
*«;ej; to the remainder add thrice the value of an 
* -^nuity on the three joint lives : the sum tmll be the 
^'*^4.terest ofD in this annuity, or the value of the re- 
^^«rsion required, 

§ 132. Example. An estate is held on three 
^ 5ves whose ages are 20, 30, and 40, the income 
^af which, as soon as any two of these lives become 
^2Xtinct, is to belong to D and his heirs during the 
continuance of the third life : what is the interest of 
3) in this lease, reckoning the probabilities of living as 
at Northampton^ and the rate of interest 4 percent? 

The sum of the values of an annuity on each of the 
single lives is !6-Ol)3+ 14-781 + 13-]y7 = 44-011 ; 
the sum of the values of an annuity on each pair of 
joint lives is 11-373 + 10924+ 10'4L10=33-287; 
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and the value of ala annuity on the three joint Ihres 
is 8-986, Therefore 44-011 — 2 X 33-287 + 3 X 
8*986=4*395 will be the value required. 



PROBLEM XVn.» 

5 133. D and his heksy as soon as any ime of 
three given lives, A^ B, C^ becomes extinct, are to 
enter upon an annuity in order to enjoy the same 
during the continuance of the longest of the remaiUi* 
ing lives ; To find the value of his interest therein. 

SOLUTION. 

It is evident in this case also that the annuity is to 
continue during the longest of the three given lives ; 
and such would be the value of it to D (or his heirs) 
were he to enter upon it immediately: but since he is 
not to receive any thing during the continuance of all 
the joint lives, the value of an annuity on those joint 
lives must be subtracted from the value of an annuity 
on the longest of the three lives, in ord^r to obtain 
.the required value. Wherefore, ^+J5+C— ^J5-^ 
AC ^ BC + JBC'-'jiBC=ji + B + C-'jiB^ 
AC-^BC will be the value of his interest in the an«» 
nuity : whence the following rule. 

S 1 34. From the sum of the values of an annuity 
on each of the single livesy subtract the sum of the 

* Dodson, vol, ill, Ques. 78. 
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values of an annuity on each pair of joint lives: the 
-remainder- will be the interest of D in this annuity^ 
or the value of the reversion required^ 

5 135. Example. Suppose the lives to be aged 
2O9 SO and 40 ; the rate of interest 4 per cent, and 
the probabilities of living as at Northampton. In 
-which case the value required would be 16'0SS4- 
I4*781 + 13197 — (11-873+ 10*924+ 10-490)= 
10-724. 

COROLLARY, ^ 

5 136. Had two lives only^ A and B, been con* 
earned in this question, the value of the interest of D 
m the annuity would (by the same method of rea- 
soning) become equal to ji'\-B'^2AB: whence the 
following rule. 

§ 137. From the sum of the values of an annuity 
on each single life^ subtract twice the value of an 
annuity on the two joint lives : the remainder will be 
the value required. 

For examples of the use and application of this co* 
rollary, see Question XXI in Chapter XII. 



/ 




PROBLEM XVIIL» 



S 138. D and his heirs, as soon as any one of 
three given lives A, B, C, becomes extinct, are to 

* DodsoD^ vol. ill. Quel. 80« 



<€nter upon an annuity in order to enjoy the same during 
the joint continuance of the survivors: To find tb« 
value of his interest therein. 



SOLUTION. 

In this ease, the aimuity k to continue only as imig 
as any two of the given lives are in being ; and such 
would be the value of it to D, were he to enter OQ 
it immediately: but since he is to receive nothing 
during the joint continuance of all the lives, the value 
of an annuity on those joint lives must be subtracted 
from the value of an annuity to continue as long as 
any twp olF them are in being together. Therefore 
j4B+j4C+JBC'-'2JBC-^BC-u4B+JC+BC 
— SABCj will be the value required: whence the 
following rule. 

5 189. From the sum of the values of an OTmuity 
on each pair of joint lives ^ subtract thrice the value 
of an annuity on the three joint lives: the remainder 
will be the valtie required. 

§ 140. Example. Suppose the lives to be aged 
20, 80 and 40 ; the rate of interest 4 per cent, and 
the probabilities of living as at Northampton. In 
which case the required value would be 11*873+ 
10-924+ 10-490— 3 X 8-986 =6-329. 
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SCHOLIUM. 

§ 141. The preceding problems contain some of 
the most general cases of survivorship, where not more 
than three lives are concerned ; they are by no means 
offered as the whole which may arise, since the con« 
ditions of the problems are capable of infinite variety : 
but) by an attention to the method of deducing the 
talues in the cases here given, it is presumed that no 
difficulty will be found in investigatmg any odier case 
mbkh siay present itself, 

5 148. I would here observe, however, that the 
^ues, in sdl these problems^ are deduced from the 
Vfhoh continuance of the lives on which the annuities 
depend s but if, &om the conditions of the problem, 
die contingaicies are Deferred or Temporary j then 
the annuities which result therefrom will be afiected 
in a similar manner. In such cases, therefore, we 
must substitute the value of such deferred or tem* 
porary annuities^ instead of annuities on. the whole 
continuance of the lives, and proceed with such sub- 
stituted values in the same manner as with the virhole 
Values of the annuities : agreeably to what I have al* 
ready mentioned in Prob. II, cor. 2 and 4 : and cor. 1 

the Scholium in page 70« 
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CHAPTER V. 

On Reversionary Annuities depending upon 
a particular Order of Survivorships . 

§ 143. Among the cases of reversionary annuities^ 
involving not more than three lives, and which are 
given in the Scholium at the end of the third Chapter,^ 
there are two which oftentimes involve a contingency 
for • which it is extremely difficult to find a correct 
algebraical solution fit fot general use. These are the 
second and fourth cases there mentioned; and the 
contingency^ alluded to, is that one of the two lives 
in particular;, P or Q, shall die before or after the 
Pthen 

As the investigations necessary to the solution of 
these cases will be of considerable importance in the 
further progress of this work, I shall devote a separate 
chapter to the examination of the subject. The sck- 
lution of the cases themselves will lead to that at 
some other questions in Survivorships which, for 
want thereof, could not be inserted in the preceding 
chapter. 

§ 144. Instead of the lives A, t*, Q, as given in 
the scholium above mentioned, let the lives be A, B^ 

* See page 71* 
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C! ; of vhichy the lives B and C are supposed to be 
in possessioTij and the life A in reversion. The value 
of a reversionary annuity on the life A after the joint 
lives B C, is equal to A--^ABC: but if A is not to 
enjoy the annuity unless B be the Jirst that dies, of 
the two joint lives B C, it is evident that the value of 
die annuity will be considerably affected by this re* 
ttnction. 

In like manner, the value of a reversionary annuity 
cm the life A after the longest of two lives B and C, 
is equal to A-^AB—AC+ABC: but if A is not 
to enjoy the annuity unless B be the last that dies, of 
the two lives BC, it is evident the A'alue of the an- 
nuity will in this case also be considerably affected by 
this restriction. 

\Vl)en the two lives in possession are of the same 

age, or nearly so, it will be an eqttal chance which of 

them dies before or after the other i but, as this is not. 

always the case, it would be extremely desirable to 

obtain an expression, fit for general use, which should 

express this probability ybr evety year of human life ; 

because the expectation of receiving each year's rent 

vdll depend on such contingency. Unfortunately, 

however, this probability cannot be denoted by a con- 

itant quandty dll after the extinction of the oldest 

of the two lives ; because the chance of survivorship 

varies in every succeeding year till that period : and 

even then we can only approximate to the true value* 

When the diffl^rence between the ages of the lives in, 

possesion is not very great, the error will be but tri« 
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Sing (26 1 bave just observed) by supposmg it to be aft 
eqiud chance which of those lires dies before or after 
the other, during the probable time of their joint con* 
dnuiiKe ; but when there is any considerable difference 
between the ages of the two lives, this cannot be an 
accurate method of proceeding, lifter that period, 
however, the contingency may in all cases be esqixeased 
^th a tolerable degree of correctness. But, previous 
to the iiyvestigation of any of the problems connected 
vnth this subject, it will be necessary to preihise the 
Ibllowing lemmata. 



LEMMA L» 

5 145. To determine the probability that, out of 
two given lives A and B^ one of them in particular, 
Af shall kll before the other* 



SOLUTION. 

It is evident that this circumstance may take plac^^ 
in any one year, 1^ by A dying in that year and 1^ 
surviving it ; 2^ by the extinction of both the lives Sf} 
the year, A having died first. The probability of tlrse 
first event happening in the first year is, by § 24 and 2 ^, 

^a^^ X J ; and the probability of the %econd evesnt 

* Phil. Trans. 1788, part II, page 332. Dodson, vol. ^ 
'Qnes. 21 « Simpson, page 100. De Moivre, Piob. 18. 
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Juppenisg in the same period is ■ X 7 X i^^ 

the sum of these two, therefore, or "^ Jl} > will 
denote the whole probability that A dies the first of 
Ae two lives in tbe^rj^ year* 

In like manner, the probability of the first event 

' \ ? 
happening in the second year is '^^ i and the pro- 
bability of the second event happening in the same 

period is A ^ ; therefore the sum of these 

* In all these annual cootiagencies I hate supposed it to bean 
^ptal chance that A dies before B« whatever may be tlie dlfTeDe&cv 
between tbe two ages : and though this is not strictly correct, 
except m tboae cases where the two lives are equal; yet as soch 
chance is in ^e present investigation confined to each particular 
j^ear, and, whqi applied practically^ is involved with other qvam* 
titles which very much dimhiish the error that would otherwise 
arise from this hypothesis,* it would be neediess to lender the ao* 
lotion more complicated and intricate by aiming at greater exact- 
ness. It will however apjlear from this remark that the i^sult^ 
herB obtained, is only an approxmmtUm to the true value : which 
it more and more conect, the farther v^ cootinoe tbe series. 

lArhen A is the youngest of the two lives, the fraction \ wiQ 

Exceed the chance that A dies before B; and consequently t2» 

Value of \f/, as found by the lemma, will exceed the true value of 

^litf* fneobalxlity- that A dies before B in any part of their co- 

^jcistence. On the other hand, when A is the oldest of the two 

^vea« the chance that A dies before B will be more than \ ^ asd 

^consequently ^ will in tins case fall short of the true value c^the 

{^obability that A dies before B in such period. Proper ^ 

lowances may be made in such case.^, when there is any materia 

<4itffi»ence in the ages of the two lives. 
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two, or^2rS^^i±£l, will denote the whole probflu 

bility that A dies the first of the tv^'o lives m the m» 
cond yean And, if this value be added to the one just 

found for the fin* year, it vdU giw te^i±->+ 

(^-'*')^^+^y fyt the probabiUty th^ A dies the fint 

of the two lives in two years. 

By a ^milar method of proceeding it will be ibund 

that ^"""'l^^^'*"^ wiU denote the whole probabi% 

that A dies the first of the two lives in the thtrdt 
year: which, being added to the value just found for 

two years, will give ^ •' -i ^ H 

' ^Jl r foj^ Ae probability that this event will 

happen in three years. 

And so on with respect to the values for all the 
subsequent years to the utmost extent of human life : 
and, if we make n equal to the difference between the 
age of the oldest of the given lives and that age in 
the table of observations at v^ch human life becomes 

extmct, we shall find that the series ^ ^ **" ^ -^ 
ji-iuiU) , (S-S)mM , («-»)x(p-f|8> 

2a* "" 2a* "*" 2a* 

will express the whole chance of A dying before B, 
during that period. But this series, reduced to more 
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dimple terms, is equal to -x^X K^— fl^) X (i+^) + 



n t ff a lit II m 



(a-a)X(i+^')+(«-a)X(^+*) («-«)X 

()8+/3) I » the sum of which I shall denote by i^ ; 

therefore ip will express the probability that A will die 
before B during the probable term of their joint con- 
dnuance : and its application will be shown in the so- 
lution of the subsequent problems. 

§ 146. In finding the numerical value of this 
series for lives of different ages^ but whose common 
difference of age is the same, it will be most con- 
venient to begin with the last term of it, or (a— a)x 
(j3+/3) y s^<^ ^o proceed up;(vards till we come to the 
ages of the given lives, as in finding the numerical 
value of Annuities : see Prob. I, cor. 2» By this me- 
thod, the process for finding the probability of sur- 
irivorship between two other lives, whose ages have 
the same common difference as the given lives, will be 

considerably abridged \ since the latter terms of the 

series will be common to both cases. 

5 147. Example. Let it be required to find the 
probability that A the youngest of two livips, whose 
difference of age is 10 years, shall die before B the 
widest J according to the probabilities of living as .ob- 
^^irved in Sweden^ amongst males and females coUec- 
^^'^ely. The process for finding such values, for"evefy 
y«ar of human Ufe, will best appear from the following 
^P^cimen. 
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By these examples it will be seen that the proba* 
bility, that a life aged 80 will die before another life 
aged 90, is expressed by the fraction *2999 ; where 
€€rtmniy is denoted by unity i: and that^if the two 
lives were 82 and 92, the probability would be ex- 
pressed by '2477. It will be seen also, on inspection^ 
that each year's series is for the most part composed 
of the terms which form the preceding series: and 
consequently that the finding the probability of sur- 
vivorship between lives of several ages, whose com** 
mon difference is the same, is not much more labo- 
rious than finding it for the youngest of those lives. 



§ 148k The above example relates to the proba;^ 
bilities of survivorship between the two lives as ob- 
served in Sweden amongst mankind nt latge : but if 
one of those lives be a male and the other a female 
the results will be materially different, as may be seen 
by the two following tables^ where the answer will vary 

according as the male or the female is the oldest of 

the two lives. 



Age of I 

A 
Male. 



87 
86 
85 
84 
83 
82 
81 
80 



Age of 

B 
Female. 



97 

96 
93 

94 
93 

92 
91 
90 



Probability 

that A 

dies first. 



I ■■ r < 



-1209 
•1956 

'2405 
'2811 
•3147 
•3342 
•3478 
•8534 



Age of 

A 
Female. 



immitm0trm 



87 

B§ 
85 
84 
63 
62 
81 
80 



Age of 1 Probability 



B 

Male. 



^Mb 



9T 
96 
9S 
9* 

92 
91 
90 



that A 
dies first. 



•0000 

•OOOQ 
•1228 

•1793 
'2045 

•2437 

•2678 

'2797 



€€ 
€€ 
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Two other tables likewise might be formed for the 
same ages; viz. for those cases where both the live^ 
are males^ and for those cases where both the livetf are 
females : and the results would in these cases also be 
different from those above adduced. But enough has 
been said to enable the reader to calculate the true 
probability of survivorship according to any case that 
may come before him.* 

• 

* Mv. Morgan lias g^en a " Table shewing the probabilities of 
** survivorship between ^o persons of all ages^ whose commoQ 

difference of age is not less than 10 years, compated firom the 

Northampton table of observations.** See Phil. Tram* vol . IxxviiL 
p. 337 : or Dr. Price's Oh$. on Rev. Pay» vol. i. p. 406. He says 
that the probabilities are very nearly the same from whatever table 
of observations they are computed: the accuracy of which remark 
may be best seen by a companson with the examples above given* 

The table, here alluded to, is the only one hitherto calculated 
for showing the probabilities of survivorship between any two 
lives. As that table however is applicable only to the valuaticHi of 
annuities as deduced firom the Northampton observations, and is 
moreover adapted to every decade only of human life, I shall point 
out an easy method whereby we may obtain a near value of such 
probability ; which, though not strictly true, will be sufficiently 
correct if the two lives are between 10 and 70 years of age: at 
least, till we are possessed of more enlarged tables on this subject 
Let the expectation of A's life, as found by Prob. I, cor. 7> be de- 
noted by e ; and let the expectation of B's life as found in the 

same manner be denoted by s : then will ^ = -— . . 

This formula i» deduQed from the assmnption that the decre- 
ments of life are equal and uniform at every age, agreeably to the 
principles of M. De Moivre which will be more fully explained in 
Chapter IX : and is one of the many instances of the utility and 
convemeuce of that celebrated hypothesis. The following ex- 
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COROLLARY I. 

'• 5 ^^* I^ ^^ ^^^ of ^^y number of terms of that 
series be subtracted from the probability of the failing 
of the joint lives in that term, the difference will de- 
note the probability that B will die before A in that 
time. Consequently (since it is certain that one or 
other of them will die before the end of n years) if 
the sum of the whole series be subtracted fh)m unity, 
the difference, or 1 — 1|/, will express the whole chance 
of B djiag before A during the probable term of their 
joint continuance. 



COROLLARY II. 

S 150. When the two lives are equal, the sum of 
the general series given in the problem is equal to ^ : 
that is, ip = ^« 

ampksjt deduced from the Northampton observations and com« 
pared with the values found hj the Lemma^ will show how far it 
QMj be relied oti. 



Age of 


Age of 


Value 


Value 


A. 


R 


by Hypothesis. 


by Lemma. 


20 


30 


•4228 


•4231 


20 


40 


•3452 


•3429 


' 20 


50 


•2(?92 


•2650 


20 


00 


1970 


•1931 


30 


40 


'4062 


•4094 


30 


50 


'3182 


•3170 


30 


60 


•2336 


•2302 


40 


50 


•3897 


•3933 


40 


60 


•2862 


•2882 


50 


60 


•3671 


•3756 



12 
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SCHOLItJM. 

S 151. Since A and B may denote lives of any 
ages, and^ therefore the series given in the problem 
Extends to all cases ; whereby i|; becomes a general 
expression for the probability of survivorship between 
any two lives : yet, as different probabilities may here- 
after arise in the Same problem, and as much confa- 
tton may be created by the use of the same character 
to express different quantities, I here take the oppor- 
tunity of observing that I shall denote the several pro- 
babilities of survivorship that may take place between 
any two of the three lives A, B, C, by the following 
isymbdls : viz. 

A dying before B = ip 

A • • • • Ci ^!!s Tsr 

B C = ^ 

whence it follows, by Cor. 1 , that the probability of 

B dying before A = 1 — ip 

v^ . • • • A 2z; 1 — ^zaT 

C . . . . B= 1 — ^ 



LEMMA II.» 

§ 152. To determine the probability that, out ol 
two given liveis A and B, one of them in particular, A- 
shall die after the other. 

* Phil. Trans, 1 794, part II, page 334, Dodson, vol. iii. 
dues. ip. 
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SOLUTION. 



It is manifest that this circumstance can take place in 
the first year only by the extinction of both the lives^ 

having died last ; the,probability of which is, "*— X 



. X i »* an expression which, few: reasons that 



«— a 



*mll hereafter appear, I shall m^ke equal to 

But in the second and following years, the event 
viay take place^ 1^ by the extinction of both the lives 
sn th6 year, A having died last } 2^ by the decease 
of A in the year, B having died in either of the pre- 
ceding years. The probability of the first of these 

evaits happening in the second year is ^^ ^ ^ 9 

and the probability of the second event happening in 

the same period is '^"" X ( 1 — -r) : the sum of thes^ 

two, therefore, or ^-*? — 2^ — > will denote th? 

whole probability that A dies after B in the second 
year; and which expression, being added to the value 

ju&t found for the first year, will give ^SLZl --, 

^; — 2S^ — +—^ ssj — ' f^^ *« P^^t^^- 

Uty that A dies after B in two years. 

* See thp note in pag« 109. 
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In like manner, the probability of the first event 

happening in the third year is og/ ' ^ ' ^^ ^^ 

probability of the second event happening in the same 

period is SiZl^x (i~t)} ^^^ sum of which, or 

^"^ 2^ > ^^ ^^^""^^ *^ ^'^''^^ probaM. 
lity of A dying after B in the third year: and which 
expression, being added to the value just found for 

two years, wjU give -^-^ ^^^ +-j- - 

(a.a)^h ^ ) _^a:^_ ^a-a)^M) ^ for the probabi. 

lity that A dies after B in three years. 

And so on with respect to the values for every subr 
sequent year: and if we make n equal to the di£* 
ference between the age of the oldest of the given 
lives and that age in the table of observations ai which 
human life becomes extinct*^ we shall find that the 



* Mr. Morgan has taken this term equal only to the 
between the age of the oldest of the given lives and the age <^ the 
oldest life in the table of observations: whereby he hasomitiel 
the chance of one life dying after the other in the last year of their 
joint existence. The reader must bear this in mind when oooot^ 
paring the values^ deduced by this rule, with the values dedooed 
from the rule given by Mr. Morgan. I would here observe^ that 
the formula above given is not only the most correct of the two^ 
but also renders the several expressions, in which it is afterwanli 
used, much more simple than those which are deduced acoording 
to Mr. Morgan's f^sumption. And, agreeably to these principlei, 
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I in fi in a-^c^ 
o-a _j_ £-« _j_ «-« _j_ 



25 + ^b + 2i* ■*" ••• 



(«^a)x(/3 + /3) 



- I will express the whole chance 



2ab 

of A dying after B during that period ; that is, during 
t:he probable term of thdr jomt continuance. 



IT 



But the first part of this series, or f- j- 

^^+ ' — J IS evidently equal to -^^ = 

(l — — ]; that is, equal to the probability that the life 

A shall fail in that period ; and the latter part of the 
series, which is to be subtracted, is (by the preceding 
Lemma) equal to ip : consequently the total required 

value for n years will be denoted by (l — -^) — iJ/» 

k will be found that the table which Mr. Morgan has given, of the 
piobabilities of one life dying after the other^ is totally useless: 
since its application may always be avoided in practice ; as will be 
evident from the method pursued in the investigation of the pro^ 
Uems in this, and in the eighth Chapter of the present work. 

Should the reader be desirous of knowing the probability that A 
will die after B during the period of their joint continuance, oc- 
cording to Mr. Morgan's assumption, he will find that it is denoted 

bj ( ^'*'^) *~^ • ^^ ^'> ^7 substituting a for x in the formula 

which I have given in the text. In like manner the probability 
of B dying after A in that period will, upon the same assumption^ 

"be denoted by by ^ — ^ : that is, by substituting /3 for j3 in the 
formula sivan in the iclioUum. And so of the other quantities 
there adduced. 
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COROI.LARY I. 



§ 153. If the sum of any number of terms in the 

•above series be subtracted from the probabflity of both 

the lives failing in that time^ the difference will ,d«-» 

note the probability that B will die after A during thai 

period. Consequently if the sum of the whole series; 

above given be subtracted from (l ^ ~) X (l — -r-)=s 

I ' — -y,* (or the probability that both the Uvea 

fail in that period) the difference, or (l — — — f")*" 
(l — "•"■4^) = 4^"""T^ "^ill express the chance of B 
^ying after A in that period. 



COROLl^ARY lU 



S 1 54. When the. two lives are both of the sana© 
age, ip becomes equal to f ;, as already mentioned ia 
the second corollary to the preceding Lemma : conse^* 
quently the sum of the series in the present Lem^ia 
|)ecomes also, equal to ^. 



SCHOLIUM. 

§ J 55. In OTder to prevent the confusion of qu^- 
titles alluded to in the Scholium given in page 116, 1 
shall here denote the several probabilities of survivor* 

* Since It is certain that one or other of the lives will be extiQCt 
at the end of n years^ it fdlows that the quantity •—, whiclit 
y ises from this product^ will vanish altogether* 
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ttbip, which have been the subject of this Lemma, and 
hich may arise between any two of three lives A, B^ 
; by the following symbols : viz, 

A dying after B=l — ij; 

a 

B . • . • C=l— (p— -|. 
wheace it follows by Cor. 1 , that the probability of' 
. B dying after A ==r J;—- ^ 

C . . • . A=«ir*--21 

€ 

C . , . . B = 0— -^ 

§ 156. It should here be remarked that the above 

expressions denote the respective probabilities of sur- 

"Vivorship for n years only, or during the probable time 

f)f the joint continuance of the two lives; and that 

the values are deduped without any regard to seniority. 

Therefore, when A is the oldest of the two lives the 

general expression in the Lemma will become 1 — ip ; 

because u becomes equal to O, and consequently the 

fraction — vanishes altogether. But, when A is the 

youngest of the two lives, that expression will not de^ 

note the whole probability of A dying after B, since 

there is a further chance of A dying, after having 

survived B. In order to determine this probability 

(or the subsequent years, the series in the Lemma must 

b^ continued till the e:^tinctioA of A's life : whence iik 



. \ 
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Hvill be found that the probability of A dying after B 
m (w+l), (w+2), (w+3), &c, years will be respec* 

lively denoted by 1— -ip , 1— ij/ ,1~4; — 

* — , &c ; to the utmost extent of A*s life, at which 

period the expression becomea 1 -r-ip. . 

In like manner, when B is the oldest of the two fireSy 
the probability that B will die after A becomes equal to 
4^: but^ if B be younger than A, the general expressioii 

above given, ip—y 9 denotes the probability of that 
event taking place during n years only, or during the 
probable time of their joint continuance. And the 
probability of the same event taking place in (n+lX 
(»+2), (n+3), &c, years will be respectively denote4 

} & s 

by ij/— y, C'—yj 4^~"ri &c j to the utmost extent 
of B's life, when the expression at length become^ 
equal to ip. The same observations will apjJy to the 
pther quantities above ^vep. 



PROBLEM XIX.* 

§ 157* To find the value of a reversionary an* 
nuity on the life A, after the longest of two lives B, 
and C^ on condition that B dies after C. 

* Simpson's Sup. Prob. 34. Oodson^ vol. iii. Ques. 30. Mor- 
pa, Prob. 27, cor. and in Phil. Trans, for 1794, page 24a 



80LUTI«K# 

The cfiance which A has of receiving this annuit]f 
at the end of any one year will depend on the con- 
linuance of his life to the end of such term, and oa 
die extincdon of both the lives B and C previous 
diCTCto; restnuned however to the contingency thaft 
B dies lasL It is this contingency which it is so dif- 
ficult to repiesent in such a manner as to be generally 
wmhL hi the short space of one year^ as I have be- 
fore observed (page 109), the enor is not material by 
taking one half the product of the probabilities that 
the two lives shall fail in that period. *^ But, whea 
^ the number ^f years and the difference between the 
^ ages of the two lives are considerable; those chances 
^< mufit vary in proportion ; and therefore unless the 
«< contingently is blended with another which shall 
-^ very mugh dimini^ the probability of the event, 
^* the solution, by thus indiscriminately suppoising the 
^ chances to be equal^ must be rendered extremehf 
** inaccurate *^^ 

% 158. If the probability of B dying after C in 
^^, twoj three^ &c, years (as found by the second 

X4emma) be severally denoted by y, y^ y^ &c, the ex<- 

'^ Theie ar^ Mr. Morgan*s own words when speaking of Mr. 
^^itipson's mediod of solution: see PhU, Trans. ]79l> page276« 
^^^ shall fiipd, in the seqnel^ that he has fallen into the same enor 
*^it3C|self. 
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pectation which A has of enjoying the annuity at the 
end of those years will be represented, with a sufE«i 

cient degree of accuracy,* by ^^, j^„ j^.. 

&c^ respectively. But, in this case the true value of 
the reversionary annuity could not be expressed hy 
less than n different aeries } and therefore would be 
wholly unfit for general use* 

§ 159. It appears, from what hast)een here said, 
that the chance of one life dying before or after u* 
other difiers in every year of their jomt existence ; and 
that it is not capable of bring represented by a eon* 
ttant quantity till the extinction of the oldest of such 
Kves. jifur that period, however, the expectatidH 
which A has of eiijoying liie annuity at the end of any 
subsequent year may be determined sufficiently neair— 
for any useful purpose by the help of the precedin|^ 
lemmata. Consequently, all that appears further ne-* 

* Mr. Morgan says {Phil. Tram, for 1794> p. 23S) tbat tbeie 
quantities would give the exact value of the reversionary annuity; 
but he asserts this on the presumption that the values deduced 
from the Lemma give the ttue probabilities of survivorship for ever^ 
year of human life. Whereasi those values approximate only m 
proportion to the length of the series ; and are incorrect in the fint 
terms of such series^ when there is any considerable inequality 
between the ages of the two Hves. Nevertheless^ if they could 
be at all rendered £t for pxactical purposes^ they would enable vut 
to approximate more neariy to the true value of the xeversioDaqr 
annuity than the inaccurate method hitherto ^^dopted. 
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cessary for the proper solution of the problem is such 
an expression as \^11 approximate to the value of the 
chance that B will die after C during the several years 
of their joint continuance. Let such expression be 
denoted by x, ; (the value of which will be the subject 
of a future inquiry, see ^ 1 73) : then will the value 
of the reversionary annuity, depending on the con- 
tingency mentioned in the problem, be determined in 
the following manner. 



5 16CL It is manifest that the payment of the aa- 
Quity in any one year depends on the continuance of 
the life A to the end of that year^ and on the extinc* 
tion of both the lives B and C previous thereto,' B 
having died last: the probabilities of which events 
for the first, second, third, &c, years are respectively 

**«»' ''y4(>-T)x('-7)x. j(>-T)x 



u m III III 

V 



(^-t)^'^(^""t) ^ i^-jh^^^' Consequently, 
^e sum of the expectations of receiving the annuity 
tt the end of those periods respectively will, for thie 
fi*^ n years,* be denoted by the folbwing series, 

* I would here observe, once for all, that in this and the two 
fQlMequent problems I take n to denote the number of years be* 
^^'eea the age of the oldest life involved in the question^ and that 
^S^ in the table of observations when human Hfe becomes extinct: 
^^^^tisequently the value of n will vary according to the three cases 
$W«n in these problems. 



i 
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5 161. Case 1. Let A be the oldest of the three 
lives. It is evident that in this case the series above 
given will denote the whole value of the reversionary 
annuity required: because in the Ji'** year the life A 
becomes extinct, and all the subsequent terms of ~ 
the series vanish. But the above series is equal to 
xl^—^B — JC-h^BC]- that is, equal to the 
value of a reversionary annuity on the life A after the 
longest of two lives B and C, multiplied by the chanc& 
that B dies after C* 

* According lo the method of solution adopted by Mr. SimpWD 
aod Mr. Morgan, the values (iti all those cases where A i« tlie 
oldest life) will be precisely the wme, whatever be the difference 
of i^e between B and C, whether the contingency depends 
dying after C, or C dying after B. Thus, the value of an annuity on 
alifeagedye to be entered upon at the extinction of two live* aged J 
15 aad 7^ (which is one of the cases given by Mr. Moi'gan) is the i 
iame whether the conlingency depends on the younger life d 
after ihe elder, or on the elder dying after the j'ounger. But il 
must be evident that an aonuicy depending on the former ci 
gency is worth more than a similar annuity depending on the li 
coQtiogenc)', For, the time of A's coming into possesEion ii 




§ 162. Ca^eQ. Let B be the oldest of the three 
lives. In this case, the above series will denote the 

same in both cases; viz. on the extinction of loth the lives: there* 
fore the value of the annuity will be affected only by the contin- 
gency of one life dying after the other. 

Mr. Morgan^ in attempting to give a more correct solution for 
the value of such annuities after the extinction of the oldest life» 
has overlooked the most material p^rt of the process^ which is to 
obtain a more accurate expression for the value of such annuities 
during ike joint continuance of all the lives. I am aware that Mr. 
Moi^gan asserts tbat^ by taking it as an equal chance whether B 
dies before or after C in any given period^ the value of the an* 
Doity which results firom this assumption will be sufficiently near 
the tme value for any useful purpose : and he has given some ex- 
amples with a view to prove the accuracy of his remark. I shall 
here^ however^ take the opportunity of observing that what he 
calb the true value is only an approximatum, which difiers most 
from the true value in those very cases where ii is most wanted at 
a test. He has deduced certain values from a false hypothesis 3 
and afterwards^ assuming these values as if correct, endeavours to 
prove that another method of approximation used by him is ac- 
curate because it agrees with these assumed values. Now^ from 
what has been said in the preceding pages^ I think it must be 
evident that^ when there is any considerable difference between the 
ages of the two lives^ the value of the probability deduced by the 
lemmata will not be the correct value for every year of human life: 
neither will the method of proceedings alluded to in § 158, enable 
us in such cases to obtain the true value of the reversionar}' annuity. 

These observations apply to the table inserted by Mr. Morgan in 
*lie Phil. Trans, for 1/94, page 234, and to the examples givea 
*^ him in page 239 of the same volume, Mr. Morgan says ** that 

Uie approximations and exact values do not differ much firom 

^ach other till the last years of the oldest life :'* but the fact is 
''^^t they differ nearly in the same ratio throughout the whole time 
^ the joint continuance of the two lives. His own remarks 
P^ove the inaccuracy of his method of reasoning, 



rr 
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talue of the reVerBionary annxiity for the first lk years 
(n now denoting the number of years between the 
age of B and that age in the table of observations when 
human life becomes extinct) : and the sum of it Will 

be found equal to x[(^)^-^5-(^C)^+^fiC]. 
For, the first and third of these perpendicular series 
being continued to n terms only, the sum of those 
terms will, by Prob. I, cor. 4, be accurately represented 
by the characters here given: and the second ,^d 
fourth perpendicular series evidently denote the whole 
value bf the annuities on those lives respectively j 
since in the\n*^ year the life B becomes extinct and 
all the subsequent terras of those series vanish. 

Now, in order to determine the expectation of re* 
ceiving the several rents in the remaining years of A't 
life, it should be observed that the payment of the an 
nuity in any one year depends on the continuance o; 
the life A to the end of that year, and on the proba 
bility that B dies after C previous thereto : but ' tb 




probability, that B will die after C In the (n+l)**an^»'d 
all the subsequent years, is (by the scholium to th-^cnc 
second Lemma) denoted by the constant quantitzi^rty 
(1— $).* Consequently the sum of the expectatioca^jtf 
of receiving the (^^+l)'^ («+2)°^, (w+^y^ & =atCt 

year's rents will be expressed by the series '^ ' — -. — -f 



* Because^ in the general expression there given, /3 
^ual to when B is the oldest life 3 and the fraction —- 

lequently vanishes. 
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ilZ=£)f^4._Llr£)fL+ &c : which, being continued 

for all the subsequent years of A's life, will show the 
true .value of all the rents to be received after n years. 
But the sum of this series is, by Prob. I, cor. 3, equal 

to(i— .^)X(^) ; and which, being added to the 
first n terms of the several collateral series above founds 
will make the total value of the annuity in this case 

equal to x[(^)^-^5-(^C)^+ ^jBC] + (l-(p) 

X{^)^. But, since (.^)^=^^(^)^, and (^C)*= 
-^C — (-^C) , as appears from Prob. I, cor. 4, it fol- 
lows that this value may be more conveniently ex- 
pressed by %[^- ^5-^C+^fiC]+ (1 -^- X) X 

S 1 63. Case 3. Let C be the oldest of the three 
**ves. The value of all the rents fot the first n years 
C^ now denoting the number of years between the 
^ge of C and that age in the table of observations 
^hen human life becomes extinct) may in this case, 

* I would here observe that the rule given by Mr. Simpson for 

^^ solution of this case is expressed by {A^2AB+j4BB)—-t 

^^l^cic f denotes the expectation of the life B as deduced from 
^Ue rule in page 49, and where n\ denotes the expectation of the 
'**fe C as deduced from the same rule. 

"When C is the oldest life, this value must be deducted from the 
^tole value of an annuity on the life A after the longest of the 

^^o iives B and C3 agreeably to the method which will b$ ex- 

plained in the note in page 140. 



\ 
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as in the last, be denoted by the first n terms of the 
series given in the Problem ; and the sum of which will 
now be equal to z [(^)'-(^-S)^-^C-f ^BC]. 
For, the fii^t and second of those perpendicular series 
being continued to n terms only, the sum of those 
terms will be truly denoted by the characters hera 
given ; but the last two perpendicular series evidently 
denote the value of annuities on the ivho/e continuance 
of those lives respectively; because in the w"" year the 
life C is extinct. 

Now in order to determine the expectation of re- 
ceiving the several rents in the remaining years of A'a 
life, it should be observed that the probability of B8 
^ dying after C in (i+I)j("+2), (n+3),Scc, years ia^ 
by the scholium to the second Lemma, respectively 

denoted by(l-f-4), (l-fi-l), (1_?-|). 
&c : consequently, since the payment of the annuity i 
in any one year depends on the continuance of A's 
life to the end of that year and on B having died after 
C previous thereto, it follows that if these values be 

severally multiplied by — , -,— , &c, (or the proba- 
bility that A will live («+'). (« + 2), (n + 3), &c, 
years respectively) the products thence arising will ex- 
press the whole chance of receiving each year's rent 
respectively. And these products, being again multi- 
plied by the present value of ^'l due at the end oi 
those respective periods, will give the expectations of 
"receiving such sum at the end of those yeai's : and 
which will be expressed by the following series. 
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(.+e)-<"+^>x[(i-«i-if]+ 

But the sum of these two perpendicular series, con« 
tinoed to the utmost extent of A's life, is by Prob. I, 

cor. 3, equal to (1— ^)x(^) — (^5)^j and which, 
being added to the first n terms of the several collar 
teral series above found, will make the total value of 

the annuity in this case equal to yVj^A)^ -^ {ASf -^ 

(^jB) : an expression which, from what has beea 
sauld in the last case, may be more conveniently de- 

x»ted by x[^--^^-^C+^^C]+(l-^-x)X 



COROLLARY. 

§ 164. If the two lives in possession are both of 
the same age, B, then ^ and X each become equal to 

^, and the quantities {AB) and (ACp vanish alto- 
gether : consequently the expression in each case bei- 
comes ^[A—2AB'\'ABBy, that is, equal to half 
die value of a reversionary annuity on the life A after 
the longest of two ecjual lives B and B« 

*X2 
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But, if the two lives in possession are of the same 
age with the lifp A in reversion, this expression will 
become ^ [-^— 2 J A + AAA']. 



PROBLEM XX.* 

§ 165. To find the value of a reversionary annuity 
on the life A, after two joint lives BC, on condition 
that B dies before C. 

SOLUTION. 

The payment of this annuity at the end of any one 
year depends, on the continuance of the life A to, ther 
end of that year, and on the extinction of the life J^ 
before C previous thereto. As this latter contingency 
cannot be conveniently represented with accuracy for 
every year of human life, it becomes necessary, as in 
the last problem, to have recourse to an approximation 
during the number of years that the lives have a 
chance of continuing together. Therefore let the 
same symbols be used as in that problem : and let us 
consider the payment of the annuity, during the first 
n years, as depending in each year on one or other 
of two events : 1° that A lives to the end of the year, 
and that B and C both fail previous thereto B hav- 
ing died first : 2° that only B dies previous thereto, 

* Simpson's Sup, Prob. 35. Dodson, vol. iii. Ques« 49. Mor- 
gan, Prob. 27 : and in Phil. Trans, for 1 794, page 235. 



will 
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and' that A and C both live. The probability of the 
happening of the first event in the first year is 

~(l — -|-)x(l — -^-)X(1 — %);* and the probability 

of the happening of the second event in the same- 

/ / / 

period is (l— j)x — - therefore the sum of these 

two, reduced to simple terms and multiplied by (1 4"er*> 

n i II I II II 

Ill give (1 + e) ^xL--^-(--^- - + 

—T-)x for the total value of the expectation of re- 
ceiving the first year's rent. By a similar method of 
reasoning we may find the expectation of receiving the 
second, third, &c, yearns rents: and the s^m of all 
these expectations for the first n years, will be de^ 
noted by the following series, 

pi I J i , f ri w ' n 

r" // // // // // II II II II II II ~n 

/* f N-« \ o, ab fa ab ac , abc \ , 

(1 + ?) xLa— aT-(a-«T-a7 + -^)'^J + 

r" /// /// III lit III III III If I III ni HI "n 
r. . N_s <* ^*f ,a ab ac , a b c \ I , 

ti+e) 'xL^- , ~(^-,*— .7+ 7T7)^J+ 

§ 166. Case. 1. Let A be the oldest of the three 
lives. It is evident that in this case the series above 

* Since % denotes the chance that B will die after C in every 
year of their joint existence, it follows that \—x will denote the 
chance that B will die before C in the sanGie periods. 
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given will express the whole value of the reversioiarf 
annuity required : because in the rfi^ year the life A 
becomes extinct^ and all the subsequent terms of the 
series vanish. But the above series is in such case 
evidently equal to ud?— -^B— %[^— -d^B— ^C + 

§ 167. Case 2. Let B be the oldest of the three 
lives. In this case, the above series will denote the 
value of the reversionary annuity for the first n years, 

and the sum of it will be found to be (A)^ — AB — 
5^ ^Af —AB— {ACf + ABC\ • In the subsequent 
years, the chance of receiving the annuity will depend 
on the continuance of the life A, and on the proba* 
bility of B dying before C : therefore the value of 
the annuity for the remaining years will be denoted 



// 



by the sum of the series — ^^^^ H ^—zi + 

a(i+f) a(i+f) 

— ^i?L_-}- &c = ^(^) . Consequently the total 
value of the required annuity will be -^ — AB -r- 

X(,AC)\ 



§ 168. Case 3. Let C be the oldest of the three 
lives. In this case, the above series will also denote 
the value of the reversionary annuity for the first n 
years; the sum of which will now become equal to 

i4f-{ABf^x[iiAf-(,ABf--AP'^ ABCy 
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^tnd the value of the annuity for the rem^iaiqg yeans 

VfiM be truly expressed, as in the last case, by ^ (^ •. 
Consequently the total value of the annuity required 
wai be ji^^B'-^xl^-JB^JC+JlBC2'^ 
(l-^--%)X(^)^+(l-X)X(^5)^. 



COROIiLARY. 

§ 169. If the two lives in possession are both of 
the same age B, then (f) and % will each (as in the 
corollary to the last problem) become equal to ^, and 

the quantities (^B) and (^C)^ vanish altogether: 
consequently the value of the reversionary annuity in 
each case is expressed by |^[-^— ^fi-fij. 

But whai the two lives in possession are of the 
tame age as the life A in reversion, this expression 
will become equal to ^C-^^- AAA\ 



SCHOLIUM. 



§ 170. If the value found according to either of 
the three cases in this problem be added to the vjilue 
found according to the corresponding cas,e in the pre- 
ceding problem, their sum will be equal to A-^AB. 
Cpnsequently, if the value of the annuity in either 
case of the preceding problem be once determined, 
the value of the same annuity according to the cor- 
responding case in the present problem may be easily 
found (provided tb? ages of the thre^ lives A, B, C^ 
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are the same in both instances) by subtracting the fof- 
mer value from A-r^^* and i;fce versd. 

This is almost self-evident: for, taking the contin- 
geiicies of both /problems, it is manifest that the an- 
nuity is certain tp be enjoye4 by A ^fter the decease 
of B, provided he lives so long. Consequently the 
sum of the values found by both problems must ii^ 
each case be equal to the value of a reversionary an^ 
nujty on the life A after the decease of B. The 
truth of this scholium is indeed evident on inspectioni 



PROBLEM XXL* 

§ 171. B and G possess an annuity between them} 
which, if B survives C, is afterwards to be equally di- 
vided between A and B during their joint existence, 
and then is to go entirely to the survivor for his life ; 
To find tjie value of tl?e share of A in thi^ annuity. 



SOLUTION. 



Since A is not to receive any thing if C survives B> 
it is evident that he is entitled to half the value of a 
reversionary annuity op the joint liyes AB after thp 
extinction of the life C ; and also to the whole value 
of a reversionary annuity on his own life after the ex- 
tinction of the life B, provided B dies after C. The 

f Simpson, Prob. 29, and Sup. Pfob, 36. 
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former value is, by the scholium in page 70, equal to 
\(^^B'^ABC)\ and the latter value may be found 
by Problem XIX, according as A, B, or C, is the oldegt 
of the three lives : whence, the following values may 
be readily deduced, for the three cases there men- 
tioxied. 

That is, when A is the oldest of the three lives, the 
required value wjlji be eqijal to x(-if'— ^C) + (^— %) 
K (JB-^JBC)* When B is the oldest of the 

* If we take x *® denote | (that is, if we suppose with Mr. 
Morgan indiscriminately that it is an even chance whether B dies 
before or after C in any period of their joint existence, whatever 
l>c thedilFerence of age between the two lives) then will thi? far^ 
mula become equal to ^(A-^JC) ' and this is the methbd of so- 
lution adopted also by Mr. Simpson. Mr. Morgan, however, in 
his hurry to attack M. De Moivre's hypothesis, has inadvertent^ 
^led this formula an absurd one; and says that the error arises 
from tv^r. Simpson's having been misled by that hypothesis la 
fctermining the probability of onp life dying after the other : see 
?hil. Trans, vol. Ixxxi, page 276. The present investigation,yro»t 
^he real probabilities of life, will show that accusation to be un- 
founded. Mr. Morgan has wholly mistated the case, as he will 
readily perceive on re-perusing what he has there written : he has 
^Qfounded Mr. Simpson's 34^** and 3&^ problems together 5 and 
thereby brought an unmerited censure upon that author. The 
^J^r does not arise from the use of De Moivre's hypothesis, (as he 
^ould wish lis to believe) but from the inaccurate method which 
•^^j in common with Mr. Morgan^ has adopted in order to express the 
^ance of one life dying before or after the other during the pro- 
"*ble time of their joint cpntjnuance : and the same absurd for- 
^^la "(if I may retort the self confuting charge) will equally arise, 
^ I^have above observed, even according to Mr, Morgan's own 
***ethod of solution. 



three lives, it will be equal to %(^ — . jiC) 4- (i"^ll) 

X {^B --JBC) + (1 ^(^-%) X {Jf + X(i#C)*. 
When C is the oldest of the three lives, it will be 
equal to x{A — AC)x (^-x) X^yiB-^ABO)^ 

(l-(p-%)X(^)^-(l-%)X(^^A When the 
two lives in possession are of the same age B, it will 
be equal to ^{A—AB).* And when all the lives arc 
of the same age A, it will be equal to ^(-/f— -Af).t 



GENERAL SCHOLIUM. 



§ 17^. It now remains only to determine the ¥akM 
of X in order to obtain the proper solution of these 
three problems; and, if the chance of one life dying 
hefore or after another in every year of thw j<M»t 
existence were in a constant ratio, we should $n4 SO 
dif&culty therein. But since (in computing from the 
real probabilities of jife) this chance is continually 
varying, we must have recourse to an approximatioa 
towards the mean value of such r^tio. 

§ 17S. Now I have founds from a ntm^r ci f»- 



* This formula will not differ much from the true value^ 
the two lives in possession are nearly of the same age. 

f Many other cases of survivorship might be prodOGMl^ wbkB 
involve the contingencies mentioned in Problems XIX and 
and which are solved by the help of those problems in the 
ner here stated. Eut, after this investigation, I presume the 
der will not find any difficulty in the solution of any Other 
tions of this kind that may occur in practice. 
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peated trials, that the value of^Cmay, when ^B is the 
youngest of the two lives B and C, be safely expressed 
by - — ~^s — J and that when C is the youngest of 
tile two lives B and C it may be safely expressed by 
^^ — ^ -: which, though not in all cases strictly cor- 
l-ecc,* will come nearer to express the true value of 
the reversionary annuity than by making z indiscri- 
ininately equal to ^, whatever be the ages of B and 
C J and may be used till its true value be more cor- 
rectly determined. But, should a more accurate ex- 
pression for the value of X be hereafter found, the 
general solution of the three problems will not be at 
all affected thereby, since we may give to x all posei- 
Me values. 

I shall now insert a few examples, in order to show 
ihe use and application of these several formula:. 

§ 174. Example 1. What is the value of an 
Annuity on the life of A aged 60 after B aged 40, pro- 
^><ied B dies after another life C aged 20: interest 
"eing reckoned at 4 per cent, and the probabilities of 
'•^'ing as at Nortliampton ? 

Here we shall have ^=9-039, ^B=7-4.90, AC= 
"^-995, ^BC=6'722, and x='S'd5: consequently 
•^oe value of the reversionary annuity required will in 
*His case be equal to -276 X -agj^'ioy. But, if B 

" It cannot bft strictly correct, because the (rue valae of p can- 
**M be deduced by the method pursued in the lemmata ; as I have 
*^JKid)f «b>erved in the note io page lOp. 
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had been 20 and C 40 years of age, we should hav< 
% i= -605 : consequently the value of the reversionar] 
annuity would in this case be equal to '276 X '605= 

•167. 

In like manner, if A had been 20, B 60, and C 4( 
years of age, we should have ^= 16*033, ^B=T995 
-^C= 10-924, ABC=6'122, n=37, X =-354, an( 
^=•7118: consequently the value of the reversionar 
annuity would in this case be equal to 3*836 X •354— 
•067 + -026 = 1-317. But, if B had been 40 and ( 
60 years of age, the value would in such case com 
out equal to 2*519.* 

S 175/ Example 2. What is the value of ^ 
annuity on the life of A aged 60 after B aged 4=* 
provided B dies before another life C aged 20: S 
terest at 4 per cent, and the probabilities of living 
at Northampton ? 

* It may here be useful to remark that, if the value of the atz 
nuity on the life A after the longest of the two lives B and C (pre 
vided B dies after C) be once found, we may readily determin 
the value of the same annuity, on the contingency that C dies 
after B, by subtracting the value, thus found, from the 'viiioli 
value of the reversionary annuity on the life A after the longer 
<^ the two lives B and C. Thus, the value found by the example 
given in the text being equal to 1*317, and the latter value hen 
alluded to being equal to 3-836, it follows that 3-836— 1-317= 
2*519 will be the value required. 

In order that the reader may see the difference in the resdlts 
according to Mr. Morgan's formulaR and those which are her 
given, 1 shall insert tlie following comparative values of annuitie 
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Here we shall have J^— ^jB=90S9 — 7*490=: 
1*549: consequently 1'549— •109= 1*440 \vill (agree- 
ably to what, has been said in the scholium in page 
1 35 ) be the value of the reversionary annuity in this 
case required. But if A had been 20 and C 60 years 
of age the value of the reversionary would in such 
case be equal to 5109 — 2-5I9 = 2-590. 

on the life A after B^ provided B dies afler C, deduced from the 
Northampton tables^ and reckoning interest at 4 per cent: which 
difierence arises from the inaccurate method^ adopted bj Mr. 
Mozgan^ of taking it as an equal chance in all cases that B will 
die after C^ whatever be their difierence of age. 



Age of 


Age of 


Age of 


Value by 


Value by 


A. 


B. 


C. 


Baily. 


Morgan. 


60 


40 


20 


•109 


•138 


60 


20 


40 


•167 


•138 


20 


(50 


40 


1-317 


1717 


20 


40 


60 


2-519 


2* 120 


40 


60 


20 


•519 


•716 


40 


20 


60 


986 


•789 



^ 



I4t ON AS8URAKCB8* C!lLC. 



CHAPTER VI. 



On ^isurance^. 

§ 176. In the preceding chapters I have con$id^red 
the present value of sums of money as depending oql 
the existmce of any given lives, or on any particular 
survivCTsbip between them; and, in the solution cS 
the different problems relative thereto, have had r& 
gard only to the probability of the Uving of those per* 
sons on whom the annuity was considered as depend- 
ing. I come now, however, to treat of those cases 
where it is required to find the value of annuities, or 
of sums of money> depending on the extinction of 
any lives ; or, in other words, to treat of the value of 
Assurantes on livet:^ a term applied to that com- 

* The term Assitrance is usually applied only to the valine of 
annuities or suais of money to be paid ajler ike extincium of aoy 
given lives: but, it may, with equal propriety, be applied to die 
value of those annuities which are paid during the existence of aby 
given lives 5 and which have been the subject of the preceding 
chapters. For, if I give a sum of money for the grant of ah tfl* 
nuity during the continuance of any given lives, I give such sum 
in order to have the annuity assured to me; which, without tbil 
warrantry would be precarious and uncertain. As I am ignoraiit 
of any other word, but such as would be equally ambiguous and 
indefinite, I have used the term assurance, in its most common IK* 
qeptation, to express the values treated of in the present chapter. 
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pact whereby security is granted for the payment of 
an annuity or sum of money on the expiration of the 
lives on which the grant is made, in consideration of 
such a previous payment made to the assurer, as is 
accounted a sufficient compensation for the chance of 
I068 to which he exposes himself* The value of this 
payment (commonly called the Premium), in all the 
principal cases which arise out of this subject, it k my 
object in the present chapter to determine. 

S 1 77. It may here, however, be necessary pre- 
viously to observe that the method to be pursued, for 
determining the value of any sum depending on the 
extinction of any given lives, will be materially different 
from that which is pursued for determining the value 
of any annuity under the same circumstances. In the 
latter case, the expectant is to receive several yearly 
rents, the expectation of receiving each of which is 
independent of his expectation of receiving any ether 
of th^ih. But, in reversionary sums the case is very 
Aitrent: fel*, here, tmly one gross sum is to be re* 
cdved at the extinction of the given lives j and there- 
lore the expectation of receiving it at the end of any 
Ale yeiu: will depend CNa its not having; been received 
ib aAy preceding year: or, which is the same thing; 
the chance of receiving the sum at the end of any 
year will be compounded of the probability of the 
^ven lives failing m that year, and of their having 
continued through all the prececteig years. Tbis^ 
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howeyer^ will mdre fully appear in the foilowing ia- 

vestigarions. 

PROBLEM XXIL* 

§ 178. To determine the present value of a ghrea 
sum payable at the end of the year in which my 
number of lives become extinct. 



SOLUTION. 

Let us in the present investigation confine the 
to three joint lives ABC, whose probabilities of con- 
tinuing 1 , 2, 3, &c, years are as expressed iii § 24 : 
and let the given sum be denoted by s. Now, the 
present value of such sum, certain to be received ait 
the end of one year, is equal to ^(1 +^)~' : but, as the 
chance of receiving this sum, at the end of the first 
year, depends on the joint lives failing in that year; the 

probability of which is — ^ , we must multiply- the 

present value of the sum above mentioned by this pro- 

babilityj which will give ^(1+f)"' X — t * for 

* Simpson, Prob. 21, and Sup. Prob. 26. De Moivre, Prob;l6. 
Dodson, vol. ii. Ques. 89. Morgan, Prob. 8. Price, Note (E). 
On referring, however, to the first three authors, here alluded to, , 
it win be found that their investigations ate erroneous ; in as much^ 
as they consider a given sum as equivalent to the perpetuity of 1 
annuity (commencing immediately) equal to the interest of 
sum. See the Scholium in § ig^. 



Pr.22, 
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the true value of the first year's expectation, or of the 
cViance of rec«ving silch sum at the end of the first 
year. 

In like manner, the present value of the given sura, », 
certain to be received at the end of two years, is equal , 
to jr(l+^)"*: but, as the chance of receiving such 
im at the end of the second year depends on the 
Jcjiot lives failing in that year, the probability of 

*which (by § 27) is —-r-. — , we must multiply the 
^>Tesent value of the sum above mentioned by this pro 

bability; which will give s(l+^)~'x ; for the 

t»ue value of the expectation of receiving such sum 
^■t the end of the second year. 

And by a similar method of proceeding it will be 
"OUnd that, since the chance of receiving the given 
feum at the end of the third year depends on the joint 
lives failing in that year, the probability of which i^s 

• fie — a he lilt / , , \_5 H^c — aoc f. 
T , we shall have s(l+f; x 7 for 

*te true value of the expectation of receiving such 

*um at the end of the third year. And so on for 

*very subsequent year of human life: the sum of all 

^'hich values will be the required present value of th» 

given sum. 

§ 179. But the sum of these quantities, reduced 
*o their simplest terms, is equal to the two following 



L series; 



Bic(l+f)| 



['"'+(i)+<^-+(§l-.+^0 
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\ 



f / / / It tjit ' iHifim ' **! 

^1 ahc , avc , a be ,«|^i_r r 

~ «rcL(rT7)+(I+7?+(M:7P+^^J'- *«f°'-'^«'-of 

which is equal to tyttiC^^"-^^^)? ^^ ^^^ ''^^^'"^ 
which is to be subtracted, is equal to ^ X ^BC. Con- 
sequently the total present value required becomes 

case is confined to three lives, yet it is easy to see tha€ ^ 
the method of solution is general, and will apply t» 
any other number of lives; whence the following 
rule. 

§ 1 80. Multiply the value of an anymity on ik^ 
given lives by the rate of interest, and subtract tf^^.. 
product from unity; divide the remainder by iFi.^ 
amount of £,1 in one year^ and the quotient multiplied 
by the given sum will be the value required. 

For examples of the use and application of this prc^* 
blem, see Question XXVII in Chapter XII. 



COROLLARY I. 



§181. In this problem I have considered the 
sent value of the jfeversionary sum as depending 
the extinction of the given lives in tvhatever year 
may happen during the probability of their joint c 
tinuance : but, if this contingency is Deferred for 
number (5f years (=7z); that is, if we wish to asc 
tiin the present value of a given sum payable on 
failure of such lives, provided that shall happen a/^^^ 
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ie giveh period, the formula will be maltferiaUy,altered. 
I&or, by pursuing the same steps as iii the problem, it 
'^mll be fouiid that the expectation of receiving the 
^▼en sum, at the end of the (n+O^^ (w+2)"^, 
Qn +3)'^j &c, years, to the utmost extent of hdmaa 

J, will be denoted by the series s X ,, , v^*-f \ "** 
conveniently divided into the two following series. 



r" / ' / fi ii " "' f'l Hi -n 

The latter of these is, by Prob. I, cor* 3, equal 
to — j(^J5C)^; a[nd the fofm6r is equal to ^x 

*"" oXl " consequently the required pref- 

^iit value of the deferred assurance will be equal to 

^ ^ — ' 7^ ' — ^ — ; and whende the fallowing 

nxh* 

-» Sinpe (ABC) is, by Frob. I, cor. 3, equal to J'B'C' x 
"^ ic ^^ ■*" ^ 5 it is obvious that the present value, in tlie case 
^^ singU or joint lives, might 6e more conveniently expressed hy 

' >^ ., . . X -V-(l + p) : and it is' from this formula 

«at I have deduced the rule in Question XXVIII, Chapter Xli. 
•nt that rule will not extend to all case^. 

h 2 
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§ 182. Multiply the value of a Deferred armuity 
on the given lives, by the rate of interest ^ subtract 
the product from the expectation that the given lives 
shall receive £l at the end of the given term ; arid 
divide the difference by the amount of £\ in a year : 
the quotient thence arising^ being multiplied by the 
given sum^ will produce the value required. 

For examples of the use and application of this 
rollary, see Question XXVIII in Chapter XIL 



COROX^I^RY IX. 



5 183. But, if the contingency is Temporary •, 
that is, if we \vish to ascertdn the value of a giv^^sA 
6um payable on the &ilure of ^uch lives, provided tl^—'alt 
shall happen within a given term (=n), it will ^■)e 
found by taking the first n terms of the series gii^ -en 
in the problem* Whence, such present value will in 

this case be denoted by the series * X I ^ ^ * * ' 



f ti nun a nit in in uf aB'V— aB 

aOc--^ abc .abc-^abc , 77f ^ 



which may be more conveniently divided into the 

I J I nun 

lae « av€ 



•} 



+ ...\«j + 



(i+f) ' (i+f) 



Mowing ones j ^j—j^ [ abc + 



II fj II III miff 



a 



tj // 'iinirti 

he abc apy I ^ ^ 



(r+f)*' (i + f) 
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first of these is equal to ^ X /. . { — ;* and the 
second} which is to be subtracted, is evidently equal 
to s{^ABC)^i consequently the required value of the 
assurance ybr the given term might be denoted by the 

Put, sinc^ {ABC)^"^ + ""^^ ^ is equal to 
{ABCfy\ whereby (^ABC)^'^^ becomes equal to 

cor. 4, iABCf is equal to ABC-(JBC)^; we 
xaay rend^ the above formuU more convenient for 
general use by substituting such value therein instead 

of (^ABC)^: whereby it will become equal to ^ X 

(i + f) 
following rule« 



; and whence the 



§ 184. From ilie present value of the assurance 
of the given $um payable on the extinction of the 

♦ The new character {A$C) " denotes the value of a tenj- 

»rary annuity on the joint lives ABC for n— l years only, and is 

xoduced here nnerely to show the steps of the process; and be- 

ise the rules, given by Mr, Morgan, for the solution of this and 

er 8i^lilar questions, are founded on one of these incomplete 

«• See Price's Ohs* an Rev. Pay, vol. i. p, 53, note X) and 

I4 jpote e. 

As is evident by continuing the series which this quantity ex- 
es. 
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^iven lives, subtract tlie present value of the same as-^^ ^ 
surance Deferred for the given terra: the difference^, ^^ 
will be the value required,* 

For examples of the use and application of this .cg^^;^ 
roHary, see Question XXIX in Chapter XIL 



* We may ofteijtimes obtain 9 near value of an assurance for 

give term (particularly when only one life. A, is concerned) 

the following simple method. The series expressing such value 

^ II n m 

by the corollary, equal to — x •; — '• — r- -h z rj + •: -75 



y 




now, if we suppose the decrem^ :^nif8 



of life to be equal and uniform throughout the givien term (wl^ lcl> 
18 usually the case in the middle ages of life, particularly if ^lie 
Korthampton tables are made tise of), and if such decrem^^x^tf 

s'r ^ 

be denoted by $1 then '^ilJ this series become — I :- — - -4- 



<«•••• 



(i+iY ' (i + e)' '•• ( 



i+e)"J 



— n 



i. ^ -J^ ■ . But, since ^ should in all those cases where ^le 
S 

4ecrements are not exactly uniform be taken equal to , rliis 

lormula may be more conveniently expressed by j x — x 

an. 

•-= -^ — : whence the following rule. 

Divide the prolalility that the life shall Jail in the given term ^ 
the number of years; multiply the quotient by the present vabte^^^^f 
an annuity for the given term, and also by the given sum : thepi^^- ^^^ 
duct tvill be the value required. 

It will readily appear ti^at, if the given term is wholly with^cr^'o 
the limjts of equal decrements, the, above formula will give tK — ^® 
exact value of the assurance for such term : and that if the decr^ ^ 
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COROLLARY III.* 

§ 185. Though in this problem the investigation 
is confined to the case of three joint lives, yet it is 
.easy to apply the same method of reasoning to the 
case of any single life, or to any number of joint lives, 
•or to the longest of any number of lives, or to any 
number of lives out of any other number of lives, &c. 
And it will be found that by substituting the value of 
an annuity on such single life, on such joint lives, on 
.such longest lives, &c, &c, instead of the quantity de» 
noted by ABC in the given formula in § 179, we 
shall obtain the true values in such cases accordingly. . 

• 

§ 186. The same remark will also apply to the 
two preceding corollaries, if (in addition to the sub- 
stitution above alluded to) we also substitute the value 
of similar annuities Deferred for the given term, ia- 

stead of. the quantity (^ABC)- in either formula in 

ments are not exactly uniform, but nearly so^ it will not materially 

dialer from the true value of such assurance. The formuJa, how- 

ever^ must always be used with proper caution; and with reference 

to the table of observations employed; as i( Is not suited to every 

.Case. ■ ' ^ 

The saipe observations will apply to the c^e of joint livps, if h 

Cfce taken equal to h-: but we are not so likely, inpractiqe, 

n 

^tf) meet with cases of assurances on joint lives for terms, where 
B^ch terms fall within the limits of equal decrements. 

* Simpson, Prob. 22, and Sup. Prob. 27. Morgan, Prpb, 8, 

'. and Prob. ^^ cor. 
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S 181 or 1S3. But here it should be particularly ob- 
served that, when a Deferred or Temporary assurance 
depends on the longest of any number of lives, the 
quantity -^^(1+ ^)~ in the given formula will denote 
the expectation that the longest of such lives will re- 
ceive c£l at the end of the given term : and thai, 
when such assurance depends on the extinction of any 
two out of three lives, the same quantity will denote 
the expectation that any two out of three lives will re- 
ceive £,1 at the end of the given term : &c. &c. 

For examples of the use and application of this co- 
rollary, see Questions XXVII, XXVIII and XXIX ia 
Chapter XII. 

PROBLEM XXin.* 



S 1 87. To find the value of an annuity to com- J 
mence at the end of the yearf in which any number 
of lives become extinct. 



Let us, as in the preceding problem, confine th« 
case to three joint lives ABC, whose probabilities of 
continuing 1,2,- 3, &c, years are as denoted in § 24: 
and let the annuity be a perpetuity, or estate in fee. 
Now, the chance which the heir of this estate has of 
receiving the rent at the end of any one year will de- 

* De Moivre, Prob. 6 and 29, Podson, vol. ii. Ques, 88, 

"t That is, the Jirtt payment of the annuity is to be then madv. 
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ftettd fiiltx>g€9lier on the joint %Ye$ becoming extinct 
iMjkve the end of that yeaa*. The probability of this 
9^etit hat3)>enitig before the el^Ml ^of ^ ^t year si 

(l— ^^), which being multiplied by (1 + p)""' will 

i^ye &e value pf his expectation of receiving the first 
year's rent. In ll^e manner, the probability of the 
loiht lives failing before the end of the second year i^ 



an If 



(l— -—7-), which being n^ultiplied by {1+f)"' wil| 
give the value of his expectation of receiving the se^ 
p/ad year's rent. By a similar method of reasoning it 

4U mill 

will be found that (l-^^j^) multiplied by ^1+^)"^ 
will give the value of his expectation of receiving the 
third year's rent. And so on, ad infinitum : for, sinc^ 
the estate must eventually reyert tp the heir, his ex? 
pectation wiU never cease. Consequently the sum of 
;ill those values continued to infinity will be the total 
present value of the estate to be enjoyed aftef the ex- 
tinction of the joint lives ABC : or, in other M^qrds, it 
trill be that sum which a person ought to give to have 
jt assored tq him after the extinction of those Uv^ 

§ 188. But the sum of the above tienns is equal 
to tbetwo following series; .^+^ji~+^-i__+ 

,..,,,.. ad infinitum ---X L^^+^,+ 

10 "1 

^s + &c I. The former of these is equal to i. 



pr the present value of the perpetuity of an anniuty of 
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£\ peraniium: but the latter, which is to be' sub- 
tracted, will cease on the extinction of the oldest life, 
and is therefore equal to the value of an annuity on 
the joint lives ABC. Consequently the total value of 

the reversionary annuity becomes equal to -- — ABC: 

and though this case is confined to that of three joint 
lives, yet it is easy to see that the method of solution 
will equally apply to that of any other number of lives; 
whence the following rule. 

§ 189. Subtract the value of an annuity oh the 
given lives from the present value of the estate or 
given annuity ; the difference will be the value of the 
reversionary estate or annuity required. 

For examples of the use and application of this pro* 
blem, see Question XXVI in Chapter XII. 

COROLLARY I. 

§ 1 90. If the annuity, instead of being a perpetuity, 
is only for a number of years ( = n) greater however 
than that to which it is probable the given lives may 
extend,* we must substitute the value of such termi- 

• * The term to which it i^ probable that any ^ven life or lives 
may extend i$ — for a single life, equal to the difierence jsetween 
the age of such liftir and the age of the oldest life in the table of 
observations : — ioT joint lives, equal to the difference between th^ 
oldest of such lives and the age of the oldest life in the tablet-^ 
for the longest of any lives, equal tp the difference between the 
age of the youngest of such lives and the age of the oldest life in 
the table. 



jPr.23. ON ASSURANCMS. 155 

pable annuity instead of the value of the perpetuity 
^bove mentioned: wjiereby jhe formula becomes 

^^ — r-'^ABCi snd consequently th^ rule 

jiboye given i$ also applicable to the present case.. 

For examples of the use land application of this $q- 
jTolJary, spe Questioa X^VJ in Chapter XII, 

PORO^:.|-ARY luf 

§ 191. But^ if the annuity {instead of being a 

, perpetuity, or for any long period) is for a tenn of 

years (=? n) which is less than that to which it is pro* 

9 

bable the given lives may exten(l ; the series, express* 
ing the re<^uired value in the problem, will terminate 
at the end of that period ; and will consequently be- 

coipe equal to ^j^ + ^+^ + . .', . . 



/ / ; II HU III 61 III 



_. . . , II pU illOl ... 

_ 1 1 I abc j^ avc , aoc ^ 

^j ^^j« ~ 0*:; [_(r+7) + (1+7)"^ + + f)» '^ • * • • • r 

— 5^^^ |. But, the first part is equal to '~^*"^^^ — ; 

9nd the latter part i^, by Prob. I, cor. 4, equal to 
r— {.ABC)^ ' whence the following rule. 

I 

§ 192. From the value of an annuity certain for 
^he given term, subtract the value of a Temporary 
<znnuity on the given liUes for the given term : th^ 
difference will he the value required. 

* Simpson's Sup, Prob. 14, De MoivTe, Prob. 28. Morgan, 
^ob. 4, Gor. 2. Dpdson, vol. ii. Glues,. g2. 
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^ 19S. If tht contf^gency (on which the paymeat 
of the annuity mentioned in the problem d^p^ids) 19 
JDef erred for a given number of years (=«); the 
series expressmg the general vabp qf the reversibn of 
the perpetuity inust commenoe at the end of that 
period, and be cpntmued on to infinity; that ky the 

* t J I nun m in w* 

(i+f) a+?) (i+?) 

finitum^ will denote the N'^lue of the required reverr 

sionary annuity, to be entered on provided' dthi^ 

of the given lives become e:s;tinct after the rfi^ yc?u% 

Now this series may b^ resolved into two others, 

|j^^ +&C J: the first of which is^ual to(l +f)'^*X 

X\ and the latter is, by Prob, ^ cpr. 3, e^u^ tok 

— (1+f)""" X jfSrC. Consequently, the value of 
the reversion^ annuity would be equal to (l-J-f)'**N 
X [ J — -^^•CQ were it certain that tiie given 

lives would continue in bdng to th^ end of n 
years: but, as the probability of this event is ^^, 
we must multiply the above ^xpressipp by this quan- 
tity, in order to obtain the total present vake fi 



\ 

the same. Whencel the true value will be equal to 

^(l+erxf^^FC•x^^(l+e)"•^ But 

^^C^X^l+er'' is, by Prob. I, cor. 3, equal 

to {ABC)^i therefore the above value becomes 
^(I4.p)-^«X — -(^ABCfi and whencfe the fol- 
lowing rule.* 

§ 194. Multiply the eocpectation of the given lives 
receiving £l at tlie end of the given term by the per^ 
petuity ; from the product subtract the value of an 
annuity on the given lives Deferred for the given 
term : the difference will be the value required. 



COROLLARY IV.t 

$.195. Or, if the contingency is Temporary i 
that is, if it be required to ascertun the value of such 
Annuities depending on the extinction of any given 
lives, provided that shall happen within a given period 
^= n) ; the value of the assurance will be expressed 

/ / / ///;// /// mm 

ab c a b c a b c 

1 r- 1 — 1 — 



a_ ^9 • abc . abc m abc ^ 

tibc , abc , abc . »•/»•. ti 

TTT^ +, — ^1 + Z'-J^ + "'^ ^Mi^m- For, 

4:he n*** year's rent and all the subsequent ones bang 

* See the note in page 147. 

t Simpson, Prob. 23} and Sup. Prob. 31. Price, Note (G). 
X)odion, vol. ii. Ques. 93. 



— n 
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dependent on the given lives becoming extinct in n 
years, it is obvious that all such subsequent ones must 

be multiplied by the conimon factor (l •— ^~ ). But, 

the first n terms of this series are equal to -^ — ^ 

— {ABC^\ as found by the second corollary: and 
the remaining terms are equal to ( 1 — ^y^ ) X 

(» + e)""x [(1 + e)-' + (I + er + (i + e)"' + 

a<i£n/?mV«m] = (l— ^)X(l+e)~* 

X — . Consequently the total value of the series 

becomes 1=^:^1 ^ ^Amf ^^^-^f^ -^'t^ 
(l + f)"'"x — : which, since {ABCf—ABC — 
{ABC)^, may be further reduced to — — ABC — 

[-^(» +e)~" X 7 - (-^^C)^] •. and whence 
the following rule.* 

♦ If the annuity is to be entered upon at the end of the given, 
time (in case of the ^ilure of the given lives) , and not ai the 
end of the year in which such failure may happen, its present 

■ 

value will be equal to (l — -^^ ] x (i-ff)""" x (l H — -\ =s 

/ a/SyxCl + p)""^""^^ 

\^\ -^j i : for, such reversionary perpetuity is 

evidently to be entered on and enjoyed at the end of the n*** year, 
provided the given lives fail prior iheretp. And care should be 
taken not to confound this cas« with the one x^ntiooed in the 
text. 
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§ 196. From the whole valrie of the reversion of 
the perpetuity after the given lives, subtract the value 
of the same Deferred for the given term : the dif* 
ference ivill be the valine required. 



COROLLARY V. 

§ 197. It will be obvious, from what has been 
said in the first corollary, that if the annuity, instead 
of being a perpetuity, is for a given term only, the 
rules given in the two preceding corollaries will still, 
be correct; provided we substitute^ for the perpetuity^ 
the value of an annuity for the given term. Such 
. terminable annuity however must always be for a term 
of years greater than that, for which the assurance is 
made. 

COROLLARY VI. 

S 198. Though the above problem and its corol- 
laries are confined, in the investigation, to the case of 
three joint lives, yet it is easy to apply the same me- 
tHod of reasoning to the case of any single life, or to 
3^iy number of joint lives, or to the longest of any 
iiunxber of lives,* or to any number of lives out of 
^^^y other number of lives, &c, &c, either for the 
"^fiole lives or for a given term.\ And it will be 
^^ind that by substituting the value of an annuity on 

* Dodson, vol. ii. Ques. gO, 91. 
f Simp«ou, Prob. 24. 
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}soch single life, on such joint lives, dn the lojugest dl 
^axf number of lives, &c, (eithel: for the whole liie ot 
Deferred for the given term) instead of the value^^^C 
br (ABC) in the given formulae, we shall obtain thtt 
true values in $uch cases accordingly^ 

$ 1 9Sf. tt should be |)articularly observed howetef 
tbat^ when the longest of any number of liv^ ar^ 

toncmied, the quandty -^(1 + p) will repMSeoft 
thi^ ejcpectation that the longest of such lives will re* 
ceive £l at the end of the given terrii. And a siraila]^ 
iemark will apply when the assurance depends on ttu! 
exdnction of any two out of three lives s &c. &c» SeA 
Problem XXII, cor. 3k 

fedHOLlUM. 

S 200. From these two problems aild their co- 
rollaries may be determined all questions reladve to 
the value of assurances of any given sum, or of any 
given annuity, depending on the contingencies therein 
stated : and as any given sum may be converted into 
a corresponding perpetuity (or into a perpetual aimuity 
of a corresponding value) by multiplying it by thtf 
interest of j£l for a year, it would seem at first td 
be the same thing to determine the present value of a 
given sum depending on the extinction of any lives^ 
as to determine the Value of a corresponding annuity 
for ever, depending on the same lives : that is, it would 
appear to be the same thing to determine the present 
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value of c£lOO payable at the end of the year in which 
any given lives became extinct, as to determine the 
value of an estate yielding £,5 per annum, and to be 
entered upon at the same period ; interest being 
reckoned at 5 per cent. But, it should be observed 
that the first yearly payment of a reversionary annuity 
becomes due and is payable at the end of the year 
in wnich the lives fail ; however much or little of that 
year may then happen to be unexpired : and this like- 
wise is the time when a reversionary sum becomes due. 
The expectant therefore in the former case will have 
entered on his annuity, or received the first year's rent 
of it, at the very time that the expectant of the sura is 
supposed to have laid out such sum in the purchase of 
a perpetuity of a corresponding vahie ; the first year's 
rent of which he will not receive till th ? end of the 
Jbllowin^ year. Consequently, a reversionary estate 
is worth one year's purchase more than a correspond- 
ing reversionary sum : whence the former is to the 
la.tter in the ratio of j£l, increased by its interest for 
oxie year, to c£l ; that is, as (1 +f) to 1, 

S 201. Therefore, if the present value of a re- 
versionary sum be multiplied by (1+f) it will give 
txae value of a corresponding reversionary estate or 
^^Auity. Thus, the present value of a reversionary 
^'^Huity of Jji per annum for ever after the ex- 
^^etion of the joint lives ABC is, by Prob. XXIII, 
^^U^aJ^to — ; and the present value of a corre- 

M 
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spending reversionary sum ( = — ) after the same lives, 
is, by Prob. XXIII, equal to i- X ^^^= (tJ^ X 

: but, it is evident on inspection that the for- 
mer value is to the latter in the ratio of (l+f)to I. 



§ 202. Hence it is evident also that the value of 
any reversionary annuity after any given lives, bemg 
divided by the amount of «£l in a year, will give the 
present value of a ccnresponding reversionary sum after 
the same lives.* 

These remarks may be more fully confirmed by any 
of the similar examples in the two problems^ or thdr 
corollaries : as may be seen in the Scholium to Ques- 
tion XXVII in Chapter XII. 

* Mr. Simpson not having attended to this circumstance, it 
becomes necessary to correct the rules given by him foe the sohi- 
tion of Prob. 21 and 22 in his Doctrine of Annuities, Vc; and 
of Prob. 26, TJ, 32^ 33, and others of a similar kind, in his SiKp^ 
plement. The same observation will apply to the problems of 
M. DeMoivre and Mr. Dodson^ alluded to in the note ia page 
144. 
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CHAPTER VII. 



On Successive Life Annuities and Copyhold Estates. 

S 203, In all the preceding problems, involving the 
question of reversionary life annuities, the lives of the 
expectants have been supposed to be such as are now 
fixed on and determined; and the value of an annuity 
on their lives consequently becomes less and les;s, ac-* 
cording as their period of coming into possession 
xnight be prolonged. In such questions^ however, as 
relate to the present division of the subject^ the life 
which is to succeed to the annuity, after the extinction 
of the life in possession, is supposed to be one which is 
then to be fixed on at pleasure ; and which will pro- 
l>ably be one of the best lives that can then be found. 
This life, therefore, may be considered as having a 
£xed and determinate value, since such a life may 
generally be chosen as will best answer the views of 
persons concerned in questions of this kind ; and it is 
\isual to conceive a mean age at which they are all ad- 
knitted. But, the nature of the cases, which involve 
ahe consideration of this subject, will best appear from 
the following problems. 

M 2 
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PROBLEM XXIV.* 

§ 20i}. Supposing A to enjoy an annuity for his 
life ; and^ at his decease, to have the nomination of a 
successor, B, who is also to enjoy the annuity for his 
life: To find the present value of the annuity on the 
succeeding life; and also the value of the two suc« 
cessive lives. 

SOLUTION. " 

Let the succeeding life B, to be put in nominaiipn 
at the decease of A, be such that an annuity on his 
life at that time may be equal to B. Now, since the 
probability that the first life fails, or that the second 

comes into possession, in the first year is -^ ; and as 

the total value of what the second life will be entitled 

to, on the happening of this event, is 5, it follows that 

. his expectation of coming into possession the first year 

(or of receiving an equivalent sum, equal to E) will, 

as in Prob. XXII, be denoted by J5 X -rrr^- I^ 
like manner, it will be found that his expectation of 
coming into possession in the second year (or of re- 
ceiving an equivalent sum E) will be denoted by 

B X --r—Ti • 2md that his e:spectation of coming into ^ 

* Simpson, Prob. 25, and Sup. Prob. 24. De Moivre> Erob, .^ 
13. Morgan, Prob. 14. 
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possessionr in the third year (or of recavmg the equi- 

II III 

vatlent sum B) will be denoted by 5 X ^^Xls- ^^ 
so on for every succeeding year to the utmost extent 
of A's life. 

But the sum of all these values is equal to ,, . . X 

^Qual to B X ■; — -Ti and which would be the value 
^'equired, were B in reality the value of a reversionary 
'^^rn to be received on the decease of A : but since it 
denotes the value of an amiuityj the first payment of 
^^liich commences at the end of the year in which the 
*ife A fails, we must multiply the above expression by 
^^ H"p)> agreeably to what has been said in the scho- 
*'^-itn in page 160; whence, the true present value of 
^^^e successive life will be B(\-^^A)\ and whence the 
'Allowing rule. 



it 



t^ 



5 205, Multiply the value of an annuity on the 
in possession by the rate- of interest^ and subtract 
product from unity ; multiply the remainder by 
assumed value of aii annuity on the succeeding 

i: the product will be the present value of an an- 

ity on such succeeding life. 

S 206. If this present value be added to the value 
an annuity on the life in possession, it will give 



16S ON SUCCESSIVE LIVES* Ch. 7* 

A'^'B^l'^^A) for the value of the tim succemve^ 
lives. 

For examples of the use and application of this 
problem see Question XXIII in Chapter XII. 



COROLLARY I. 



5 207. Hence may be determined the present 
value of an annuity on any number of joint lives, or 
on the longest of any number of lives, &c, nominated 
to succeed after any other number of jomt lives, or 
after the longest of any other number of lives, &c : 
for, by making -^and -B, respectively, equal to the 
value of an annuity on such joint lives, or the longest 
of such lives, &c, the above formula will express th 
true present values of such successive lives* 

COROLLARY II.* 

§ 208. If the succeeding life, instead of receivin 
an annuity during his life^ were to receive an annuit 
eer tain for a given term of years after the failure c 
the life in possession; then, by making B equal 
the value of such annuity certain for the given te 
the above formula would truly express the prese 
value of such annuity to be entered on at the failu 
of the life in possession. 

And if this annuity were a perpetuity (that is, 
the succeeding life and his heirs were to receive 

* Morgan, Prob. 13. 
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annuity for ever after the failure of the life in pos* 
ses^on) B would become equal to — , and the for- 
mula would in this case become equal to ^j 

which is the very same as that deduced from Prob* 

xxni. 

For examples of the use and application of this 
corollary see Question XXIV in Chapter XII. 



PROBLEM XXV.* 

§ 209. Three lives A,B,C, being given in succes- 
rion : To find the present value of an annuity on the 
third succeeding life : and also the value of the three 
successive lives* 



SOLUTION. 

Let the values of an annuity on each of the three 
lives, at the time that they severally come into pos- 
session, be respectively denoted by ji^B^C. There- 
fore, since the value of an annuity on the second life in 
succession (to commence at the decease of A) is to 
^he value of a perpetuity ( to commence at the same 

\ime) in the ratio of £ to — ; it follows that the present 

"value of the former will be to the present value of the 
latter in the same ratio. But, the present value of the 

* Simpson, Frob. 2S, and Sup. Prob« 25. 
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latter is, by Prbb. XXIII, equal to — — ^ = illf^ 

therefore — : 5 : : "'^ : ^(I — ^^) = the pres^- 

value of the former; and which is the same value 
that found by the last problem : whence the two vtXi 
thods of solution confirm the truth of each other. 

The present value of the first two successive lire 
being thus found equal to ji-^-Bil — f-^); it follow 
that the present value of the reversion of a perpetuit 
after these lives will (by a deduction from Prob. XXIII ) 

be equal to — - [(^+ 5(1 — f y^ ) ] = — ( 1 — j^ ) 

X (1 — fB), Consequently, since the value of 
annuity on the third life in succession (to commenci 
at the decease of B) is to the value of a perpetuit] 
(to commeUice at the same period) in the ratio pf 

to — ; it follows that the present value of the formi 
will be to the present value of the latter, in the sa 
ratio: that is, —: C:: ~(l— f^:/)x(I — fB): C 
(1 — fy^) X (^— ?B) = the present vajue of an 
nuity on the third successive life : whence the folio 
ing rule. 




§ 210. Multiply the value of an annuity on ^ --^ 
life in possession by the rate of interest^ and subtrcza^ ^t 
the product from unity; multiply also the assurr^P-'^d 
value of an annuity on the second life in success^' ^^^ 
by the rate of interest, and subtract this product It^^^^r 
wise from unity: multiply together these two remcc a^^«- 
ders, and their product again by the assumed va /'^ 



> 
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qfan annuity on the third life in succession: this lasjt 
product will be the value of the third successive life. 

§ 21 1. If the present value of each successive life, 
as above found, be added together, their sum, or ^+ 
iB(l — e^)+ C(l— f^ X (l — f5), will be the pre- 
sent value of the three successive lives : but this ex- 
pression will be found equal to — f 1 — ( 1 — ^j4 ) X 

(1 — pB) X (1 — fC)|: whence the present value of 

any number of lives in succession may be discovered 
on inspection } and thence, the following rule. 

§ 212. Multiply the assumed value of an annuity 
on each of the proposed livesj by the rate of interest i 
take the several products front unity ^ and multiply 
together all the remainders \ let the product thus 
prising be also subtracted from unity ^ and the re- 
mainder divided by the rate of interest : the quotient 
will be the present value of all the successive lives^ in-^ 
eluding the life in possessio7i. 



PROBLEM XXVI.* 

§ 213. Suppose a person to purchase a copyhold 
estate, on any number of lives A,B,C, &c, for the 
sum Sj on condition that he and his successors may 

* Simpson, Prob. 27; and Sup, Prob. 2Q, Dodson, vol, iii. 
^aes. 82 to 95. De Moivre, Prob. 10. 
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renew it continually by paying the fine f whenever 
any one of such lives becomes extinct : To find the 
present value of the whole purchase of such estate. 



SOLUTIOH. 

Let the value of an annuity on each of the Kves 
AjBjC, &c, in possession, be respectively denoted, by 
AyB^Cy &c: and let the value of an annuity on each 

I 2 3 

of the lives A, A, A, &c, (which are supposed to follow 
in direct succession from A ) be respectively denoted by 

j4^ A^ A^ &c,* In like manner, let the value of 

12 3 

annuity on each of the lives, B, B, B, &c, (which an 
supposed to follow in direct succession from B) 

1 « 3 

respectively denoted by By J?, B, &c : and so on wit 
respect to the lives immediately succeeding C, D, &c^. 
And let us first determine the present value of all tlm. e 
fines payable on the extinction of the life A and Ik.S$ 
immediate successors. 

Now, the present value of the fine f payable 
the decease of A, in whatever part of the year th^ 
may happen, may in the present case be considered 
equal to the present value of an estate, yielding ,^^^ 
per annum, to be entered upon at the decease of J 

which, by Prob. XXIII, is found to be/p( A^ 

f{l—^Ay If instead of .^ in this formula we 

* Care must be taken not to mistake these numeral quantit 
lor the index of the quantity to which they are annexed: as, 
merely denote the order of succession among tiie given lires. 
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stitiite the present value of the two successive lives 
A, -A, which, by Prob, XXIV, is found equal to ^ + 

^(1— f^), we shall have /(I— p^ X(l— f-^) for 

the present value of the fine to be paid on the decease 

I 
of A. And if instead of A in that same formula 

^e substitute the present value of the three successive 
lives A, A, A, which, by the last problem, is found 
equal to ^ + J(l-f^)+ J(l-f^) X(l-e^), 

we shall have /(I — p^) X (1 — e^) X (1 — f J) for 
the present value of the fine payable on the decease of 

A: and so on with respect to all the subsequent fines 
payable on the extinction of each life in direct suc- 
cession from A. But, the sum of all these quanti- 
ties, or the series /Ql — ^^+(1 —^A) X (1 — e^)+ 

(l — f^X (1 — e-^)X (1 — f^)+ ad mfinitui7i\ 

^ the present value of all the sums that may be paid 
*ix>ni time to time for the renewals of the several lives 
^ direct succession from A. 

By a similar method of proceeding it will be found 

^hat the series/[(l-fB) + (l-eiJ)x(l-eB3 + 

Cl — ffi)X(l — fB)x(l— e^)+ adirifinitumj 

^ill denote the present value of all the sums that may 
^^ paid from time to time for the renewals of the 
^^Veral lives in direct succession from B. And so on 
^ith respect to the other lives C,D, &cc, and their suc- 
isors for ever: and the sum of all these different 
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&c &c &c, 

will be the total ptesent value of all the fines that the 
tenant can ever pay j and which being added to s will 
give the whole value paid for the purchase. 



COROLLARY I. 



§ 214. Hence if the lives, wit^h which the lease is 
from time to time renewed, be supposed equal to one 

another, or of the same common age A, the general 
expression above given will become 

/(l-eJB)[l + (l-e^)+(l~fi)*+(l-^J)'+ . . adinfZ, ]• 
/(I -fC)[l +(1 -f^+(l -f^)»+(l -pyO'+ . . arf/n^.] 

&c &c &c &c, 
the sum of which series, since I 1 + ( 1 — ^A^ H 

(1— f-^)'^-(l — p^)'+ adinfinituin I is equal 

~* becomes ^r[' — ^+~-/J +~-C+&c=i:) 

* It is well known that =l + a7 + a;* + ar^+ ad 

1 — X 

infinitum : therefore, by substituting (1 —^A) for x^ we shall t^ a?e 
—p- equal to the series .given in the text. 
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^l— — ^— jB— C— &c): where n denotes the 

^^ . . 

nber of lives on which the estate is held : whence 

following rule. 

^ 215. Divide the number of lives by the rate of 
3rest^ and from the quotient subtract tlie sum of 
values of an annuity on each of the single lives in 
session; divide the remainder by the assumed value 
an annuity on the common life with which the lease 
from time to time to be renewed: the quotient^ 
nice arising^ 7nultiplied by the fine to be paid on 
tewing will be the total present value of all the re- 
vals for ever: and which^ being added to the sum 
fen for the estate, will give the whole value oftlie 
Tchase. 

§216. Example. Suppose a person to have paid 
wn c£lOOO for the purchase of a copyhold estate 
Id on three lives, whose ages are 30, 50 and 70 ; 
condition that he may, on the extinction of any 
i, continually renew with any other life that he thinks 
>per, on paying a fine of ^600 : What is the present 
ue of all those fines with which the estate may be 
itinually renewed, reckoning interest at 5 per cent, 
1 the probabilities of living according to the obser- 
ions of M, De Parcieux ? 
Here we shall have -/f= 14-693, 5 = 11-363, C= 

^55 J 71 = 3, f = -05,/=600, and A (or the value of 
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an annuity on the best life in the table*) = 16*213. 
Consequently, -^-— (60— 32- ill) = 1402'171, or 
j61402 : 3 : 5 will be the present value of all the fines: 
and which being added to the <£lOOO paid upon en- 
tering will give the total value of the fee simple of the 
estate. 



COROLLARY II. 

§ 217. When all the lives in possession are of the 
same common age A, the formula in the preceding 

corollary will become equal to ^( ^). But, if 

all the lives, as well those in possession as those to be 
put in nomination afterwards, be equal to each other, 

or of the same common age A, the present value ol 

all the renewals for ever will then be equal to -^ 

(-i-^)=>{-V-i). 



COROLLARY III. 

§ 218. If the present value found by either of 
the preceding corollaries be multiplied by the rate of 
interest, it will show how much the rent-roll of tbe 
landlord's estate ought in each case to be increased 
account of the fines paid at renewing. 

* This is always the assumed value of A, agreeably to w' 
has been said on this subject in § 203. 
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Thus, in the example given in § 216, it will be 
found that 1402'171 X •05=70-109, or o£70: 2 :2 
is the sum by which the rent-roll of the lord's estate 
ought to be increased on account of the fines there 
mentioned. 

COROLLARY IV. 

§ 219, Since the purchase money paid for the 
lease, together with the presait value of all the fines 
to be paid on renewal, is equal to the value of the per- 
petuity of the rack-rent of the estate (=p); that is, 

f n 

since s + -^^ [ ^— JB— C— &c) = j&; it follows 

that yi or the fine which ought to be paid on renew- 

incc, will be equal to ^—1 : whence the 

e 

followmg rule. 

§ 220. Subtract the tenant^s interest in the lease 

-^or the purchase money which he has given for the 

same) from the value of the fee simple of the estate^ 

<ind multiply the remainder by the assumed value of 

on annuity on the common life with which the lease is 

apposed to be constantly renewed; reserving the prO" 

^Uct: — divide the member of lives on which the lease 

now heldj by the rate of interest ; and from the 

otient subtract the sum of the values of an annuity 

each of those lives: the reserved product being di» 

ed by this remainder^ icill give the sum which 

"ht injustice to be paid as a fine on each reneival. 
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§ 22 1 • Example. Suppose ^ person to have pur- 
chased, for <£lO(X),-' a copyhold estate, the rack-rent 
of which is estimated at ^100 per annum; and that 
such estate is held on three lives, renewable for ever 
on the extinction of either of those lives by paying a 
fine certain : what ought such fine to be fixed at, in 
order that the purchaser may make 5 per cent interest 
of his money, supposing the ages of the lives (on 
which the estate is now held) to be 30, 50 and 70, 
and that the probabilities of living are according to the 
observations of iV/. De Parcieux? 

Here we shall have p (or the value of the perpetuity 
of the rack-rent of the estate) = 2000, s = 1000, 
and the remaining quantities as in the example in 
§216. Consequently the value of the fine ought to--_^ 

be '^^^^ = 581-340, or £5Sl : 6 : 10. 

COROLLARY V, 

§ 222, If the estate is held on one life only, th 
present yalue of the landlord's interest therein will b 
universally expressed hy fX -— t~"* Now, imm 

diately after the receipt of a fine, the life in 
sion is equal to A ; whence the expression in this 

1 ... n^ 

becomes fX — 7 — : and immediately before the 

ceipt of a fine, the life in possession having become 

tinct, the expression in this case becomes^ x — r-* 

2 A 

* These three formulae will serve to express the value of 
petual Advinvsons (considered as an object of traffic) iindeir 
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But, since the present value of the next fine is uni- 
versally expressed by /(I— ^-/f), or by the amount 
of such fine multiplied into the diflference between 
unity and the product of the rate of interest by the 
value of an annuity on the life in possession, we may 
readily determine the landlord's interest in the estate^ 
or the value of all the fines to be paid on renewing, 
by the following rule. 

§ 223. Divide the present value of the next Jine 
by the product of the rate of interest into the value 
of an annuity on the common life with which the lease 
is to be continually renewed: the quotient thence 
arising will be the value required. 

three most usual circumstances : 1^ where the living is possessed 
by an incumbent whose life is equal to A 5 2° immediately ajier 
presentation y where the life presented is of the same common age, 

A, as that with which the living is supposed to be constantly filled 

Up 5 3** with immediate resignation. 

It must however be here particularly observed that, in these 

1 

erases the yahie of A (or the value of an annuity on the common 
life with which the living is supposed to be constantly filled up) 
must never be assumed so great as in those cases mentioned in the 
text: because the person, who is presented to the living, must 
always be above 24 years of age : and it seldom happens that he 
is even so young as this. 

It has been ingeniously suggested that the aget of the incum- 
bents, when they are inducted, may be partly fix^d- from the vduo 
0^ the livings. See De Moivre, Prob. 14 and \5 : and Dodson, 
^ol- iii.page34?. 



^ 
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§ 224. Example. Suppose that a copyhold tenant 

pays to the lord of the manor a fine of o£lOO on his 

admission, and that every successor does the same; 

what is the present value of the lord's interest in diat 

copyhold, on the supposition that the tenants admitted 

thereto are (one with another) 25 years of age at the 

time of their admission : interest being reckoned at 5 

per cent, and the probabilities of living as at North* 

amp ton? 

1 

Here we shall have ^ = 1 3*567, f =*05, and /= 
100 ; consequently the value of the lord's interest im- 
mediately before the receipt of a fine will be equal to -^ 

lOOX •;:,— TTT^ = 147-416, or £l47: 8 : 4: and—* 

•05x13-567 ^ ow t 



immediately after the receipt of a fine it will be eqi 

But if the life now in possession be 70 years of age=r , 
we shall have A = 6*023 ; in which case, the lord* -^ 

interest will be 100 X ^^^?^^^= 103-022, c»r 

'05 X 13*567 r 

i;i03 : O : 5. 

Therefore if the tenant gave <£500 for the leas-* 
the whole value of the purchase may in this latter 
be estimated at ^^603 j and the corresponding rent ^ 
<£30 : 3 : 0. 

COROLLARY VI.* 

§ 225# If the estate is held on the longest of mJ^J 

* Simpson's Sup, Prob. 28. De Moivre^ Prob. 12; Dddi^^/ 
vol. ill. Clues. 85. 
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dumber of lives (that is, on condiriqn that, whenever 
all those lives become extinct, the lease may be re- 
newed with the same number of lives, and on the same 
conditions, by paying the given fine ) the formulas in 
the last corollary, since all the lives may in this case 
be considered but as one, will still express the true 
value of the landlord's interest ; if we make j4 denote 
the value of an annuity on the longest of all the lives 

in possession, and A the assumed value of an annuity 
on the longest of all the lives with which the kase is 
to be continually filled up. 

§ 226* Example. Suppose an estate to be leased 
on two lives, with condition that, on the extinction of 
both those lives, the same may be renewed with two 
other lives (the best that can be found) on paying a 
fine of £300 ; and so on for ever : what is the pre- 
sent value of the landlord's interest in the estate: 
taking the probabilities of living as at Northampton^ 
and the rate of interest at 5 per cent. ? 

Here we shall have ji (or the value of an annuity 
on the longest of two lives, both aged 8 years) == 
17'721, ^ = *05y and/=SOO; consequently the 
Value of the landlord's interest immediately before the 

teceipt of a fine will be equal to SCX) X — — if^ = 

34f0656, or «£340:13:1: and immediately after 
the recdpt of a fine it will be equal to 40'656. But, 
if the ages of the lives, on which the estate is now 
lield, be 40 and 60 years of age, the landlord's in* 

V 2 
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terest will be equal to 300x^-^^j^^^=l 14-880: 
or, if the eldest of those lives be extinct, the land- 
lord's interest will be equal to 300 X ^^^7^7-^ = 
138-192. 



SCHOLIUM. 

§ 227. From the principles here laid down^ it will 
be easy to determine whether it is most advantageous^ 
to the lessee or the landlord, to fill up a life as soon 
as it becomes vacant ; or to wait till two or more of 
them have dropt before the renewal. 
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CHAPTER Vra. 



^On Assurances depending on a particular Order of 

Survivorship. 

S 228. XHB subject of the present chapter is cer- 
tainly one of the most intricate in the whole doctrine 
of annuities, since it involves contingencies for which 
it is very difficult to give a concise and accurate ex- 
pression. When two lives only are concerned, the 
investigations are not very complex; and the solu- 
tions may be obtained without much labour or incon- 
venience : but when three or more lives are involved 
in the question, the investigations become more intri- 
cate, and in many cases indeed baffle all our endeavours 
to obtain the correct value. These latter cases, which 
are equally numerous with those whose values we can 
obtaui correctly, arise out of the subject already men- 
tioned in page 123; and will mostly occur towards 
^he end of this chapter : we may, indeed, approximate 
o their true value by the help of the two lemmata 
iven in the fifth chapter; as will more distinctly ap- 
ear hereafter. 

I would here observe that I have not considered any 
ses where more than three lives are involved : those 
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cases are so very rare that it would not be worth while 
to lay down any general rules on the subject j and to 
investigate them properly would swell the present 
work to an enormous bulk. 

In order to avoid any unnecessary repetitions in the 
ensuing problems, I will take this opportunity of men* 
tioning, once for all, that I shall in every case denote 
the given sum by s ; and that the probabilities of liv-p 
ing will be still represented by the same quantities as 
in § 23. The resulting formulae, which show the 
value of such sum, will sufficiently enable the expe- 
rienced analyst to determine its numerical value : but 
they are too complex and intricate to be inserted 
rules, in words at length* 



§ 229, I would also observe here, that I use th 

characters -^, JS, C to denote the value of an annuit 
on a life one year olde?- than the life A, B, or C 

spectively : and the characters -^, -5, C to denote t 

III 



value of an annuity on a life one year younger th^^an 
the life A, B, or C respectively. Consequently wb^ssn 

the character ^, iT, or C" occurs,' it is meant to (5He» 
note the value of an annuity on a life n years olc^3er 

than A, B, or C respectively: that is, on a life (n^ 1) 

years older than A, B, or C respectively. 

The same observations will apply to the charactmiers 
A% 5", or C, which respectively denote the valu<==s of 

an annuity on a life n years older than A, B or C ; 

that is^ on a life ( n — 1 ) years older than A, B, or" Q 

8 
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^respectively. This remark will also extend to the case 
of such lives considered jointly with any other lives : 

thus AB denotes the value of an annuity on the joint 

lives of B and a life one year older than A*^ ABC 
the value of an annuity on the joint lives of BC and 
a life one year older than A: and so on. 

PROBLEM XXVIL* 

S 230. To determine the present value of a given 
ram^ payable on the decease of A, provided that shall 
be the^r^^ which fails of two given lives A, B. 

SOLUTION. 

The chance of receiving the sum at the end of any 

one year will depend on the happening of one or other 

of these two events: 1° that A dies f/z the year, and 

that B lives to the end of it : 2^ that both lives fail in 

the year, restrained however to the contingency that 

A dies first. The probability that the first event will 

Happen m the first year is '^V ; and the probability 
tliat the second event will happen in the same period 

i« ^ "" , "^ : these two values, therefore, being 

^dded together and multiplied by ^(l+f)""', or the 
present value of the given sum certain to be received 

• Price, dues. 11, and Note (M). Dodson, vol. iii. Ques. 23. 
Simpson's Sup, Prob. 32. Morgan, Prob. 1 6, and in Phil. Trans. 
Cor 1789, Prob 2. 
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at the end of the year, will give y(l + £)"*X 
(5- — ?_. — ?L. 4. JL) for the value of the expectation 

\alf ah .ah ^ ab' ^ 

of receiving such sum at the end of the first year. la 
like manner, since the probability that the first event 

will happen in the second year is f^^ , and the pro- 
bability that the second event will happen in the same 

period is ^^^^ ^ > ^^ follows that the sum of these, 
multiplied by ^(l+p)""*, v^dll give the value of the ex- 
pectation of receiving the sum at the end of the se* 
cond year. By a similar method of reasoning we may 
find the value of the expectation of receiving the sum 
at the end of the third year: and so on for every suc- 
ceeding year, to the utmost extent of human life $ th( 
6um of all which yearly values, or the series 

i("+e)-x[^-i|-i^+^]+ 

r" ti II w III III II w^'T 
*/^i_i V3w «^ «^ ab ,ajf , 

&c Src &c, 

will be the total present value of the sum ^ to be 
ceived oji the above contingency. 



§231. But, the sum of the first two of these pi^- ^' 
pendicular series (independent of the common mr u/- 

tiplier ^) is by Prob, XXII, equal to ^^^!^i ^==^ 
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third will be found equal to — ^ . x ^-; . and th^ 



last, equal to ABx —•* Consequently the total 
present value of the given sum will be equal to 



* The third of these perpendicular series, or —r- r- 

It f in n 

- + — r^ + &c (by taking all the terms as affirma- 



tive and omitting the common multiplier — ] , is evidently equal to 



a 
S*(l 



» l— 111 in II nil III -n 

10 \ , ao ah ^ ah • I , . t 

— - 1+-^ +.; +^ + &C : Which 

^ + ^^L ah{l+2) «*(! + ?)• ah{l + iY J 



// / /// II mi m 
^ , ah ah ao , ^ , , j^. 

(since •; + -J '■ h -^ + &c is equal to AB) 

a^(l-ff) a^(l+f)* ah(l+fy 

wijl become equal to -r-; r(l -^^B) =p-7 x — . In like 

manner, it wiJl be evident that the fourth perpendicular series, or 
I I II II III / 

ah , ah . ah ,-. w^l^^ 



I / 



X V ah V ' 

- H- "77 Tg + &c is equal to jiB) will become equal 



(1 + f)* cHl + f)* ^ ^ 

a 

ABx -. 

? a 

lie value of these series, however, may be expressed in a dif- 
at manner, by inverting the method here pursued: for, the 
\ perpendicular series is (on the assumption just mentioned) 
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As this formula will often be referred to in the sub- 
sequent problems, it will be convenient to denote it by 
a more simple expression; therefore let it be repre* 
sented by •/l^: that is, let .A^ denote the present 
value of <£l to be received on the contingency men- 
tioned in the problem ; consequently s X ^^ will 

b ' ' ' 

^Bx-t' ^^ ^^ fourth perpendicular series is also eqted to 
I b 



r— I u lilt iiiiiji ■_ 

I ab , ao «» . « I 
1 + _ + + + &c : 

L- d{l+s) ab{l+i)* ab{l+g)* J 

(l + ab) = . X -T-. Whence it appears tlu' 



ab{l+g) 



(1 + f) b , a ^ 

and consequently^ (since each series may be summed up in two d s^f- 
ferent ways) that we may adopt either expression for the value of 
the same : a circumstance of which I have availed myself insocrMie 
of the subsequent problems. The same observations will apgr^ly 
to any other two lives. 

Mr. Morgan (apparently not aware of this property) has 
into some strange errors on this subject. He has given both 
pressions in the same formula : and such expressions, being th^fccw 
always used with contrary signs, of course destroy each otl — "cr^ 
and are therefore unnecessarily introduced ! These cases ar^ hy 
no means singular, as they occur in almost all the problems ^- 
volving similar contingencies) inserted by him in the Philo6q>fc=^"caI 
Transactions. See a remarkable instance of this kind ia the 
to the First Case of Problem XLV. 
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denote the present value of the giveft sum under the 
came drculnstances.* 

* The only methods of solving this problem (previous to the in- 
vestigation of it by Mr. Morgan from the real probabilities of life) 
were tbofe given by Mr. Simpson in the Supplement to his Doctrine 
qf Annuities^ Prob. XXXI I^ and by Mr.Dodson in the third volume 
of his Mathematical Repository , Ques. XXIII : both of which are 
deduced from M. De Moivre*s hypothesis. Mr. Simpson however 
bas inserted a rule which may be applied to any table of observa- 
tions : whilst Mr. Dodson still abides by the hypothesis of his 
firiend De Mdvre. Mr. Morgan, with his usual antipathy against 
that theory, has despatched Mr. Dodson's rule in very few words^ 
by saying that " having derived his rule from a wrong hypothesis, 
*' he has rendered it of «o use,** (Phil, Trans. vcA. Ixxviii. p. 332): 
;^d Dr. Price has observed that he knows of no other method of 
solution but that of Mr. Simpson. Had these gentlemen^ how- 
ever, taken the trouble to compare Mr. Simpson's rul6 with that 
given by Mr. Dodson, they would have found that the latter {even 
on De Moivre's hypothesis) gives the values oftentimes more cor- 
rectly than the former : and were it adapted to the real probabi- 
lities of life, in the same manner as they have adapted Mr. Simp- 
son's, it would in many cases give the values still more correspond- 
ing to the true values. I agree with them however that neither 
of these methods can be safely used, except in the middle stages 
df life: 9nd that it will be best in all cases to deduce the values 
firom real observations. Nevertheless as a near value may be 
oftentimes required, without much labour of computation, I have 
thought it necessary to point out how far these methods may be 
depended on. 

But, is it not singular that, after the unlimited censure which 
Mr. Morgan has cast upon the '' wretched** hypothesis of De 
Moivre, he should (as editor of Dr. Price's Olservations on Re^ 
9«rsionary Payments) suffer the Fortieth Table in that work to 
temain without a comment ? particularly as he must well know, 
becau80 he has taken much pains to prove^ that the values in that 
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COROLLARY I. 



§ 232. Having thus found the present value of 
the given sum on the contingency of B surviving A \ 
ihe present value of the same sum on the contingency 
of A surviving B (that is, of the same sum to be. re- 
ceived on the death of B, provided his life be the fisrt 
that becomes extinct) is readily found by substituting 

the symbols a, a, «, &c for i, b^ b^ &c in the abovi 
analysis : whence such value will come out equal t( 

'^LVW) ""^^TT^) ^rf >'tJ- 




table are extremely erroneous, and in many cases are more than o) 
third of their true value too much. And is it' not more sai 
that, to this very hour, it should serve to determine the value 
' such assurances at the Equitable Society^ the business of 
Mr. Morgan has so long and so ably conducted ! It is true^ ths 
the concerns of that society beings for the most part, establish-^^ 
upon such fair and truly equitable principles, it little signifies 
much is paid for an assurance provided every one pays in 
iion: but it must be evident that, ia the present case, the rest of 
the society are benefited at the expense of those who assure on 
the contingency mentioned in this problem. And it is amu^ang 
to observe how blindly the other established Offices, as well as "Che 
new ephemeral Companies, have followed thb error of their g^^Kieat 
prototype. 

I have inserted the table, above alluded to, at the end of the 
present work (being the fifty-third table there given); not onX^^i* 
a matter of curiosity, but to show upon what erroneous princi J>Ic« 
the business of those Oifices is sometimes conducted. See the 
Scholium to Question XXX in Chapter XII. 
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But, if the present value of the given sum to be 
recdved on the death of A according to the problem 
be once determined^ we may easily find the value of 
the same sum to be received on the death of B, pro* 
nded his life be the first that fails, by subtracting the 
iralue found by the problem from the present value of 
the given sum to be received on the extinction of the 
joint lives AB, as found by Prob. XXII : or, in other 
vords, by changing the sign of the second term in the 
general expression deduced from the problem. Thus 

' ri=±^ + ((i±^ _ AB.a)l\ will ako denote 

the present value of the given sum on the contingency 
of A surviving B.* 

As these formulae will be often referred to in the 
Subsequent problems, it will be more convenient to 
denote them by a more simple expression ; therefore 
let them be represented by B"^: that is, let S^ de- 
aote the present value of ^1 to be received on the 
contingency mentioned in this corollary; consequently 
t X jB"^ will denote the present value of the given sum 
under the same circumstances. 

♦ Universally we shall find that, by this method of investigation, 

:. . s fl-s^B ^/(l±AB)a .^ \ O 
the expression —I -7—^ — r" + V^-; r AB.a) — 1 = 

in either case; where the upper sign is to be taken if the sum de- 
pends on ihe contfngency pf A*s dying first; and the lower sign. If 
i^ B's'dying first. 
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COROLLARY II. 

§ 233. From the principles laid down in the pro- 
blem we may readily find the value of any sum de- 
pending on the contingency of C surviving A ; that 
is, of such sum to be received on the death of A pro- 
vided his life be the first that becomes extinct of the 
two lives A, C. The value of such sum will be equaL 

to i-rLzf^_-((L+^^'_^C.a)i-l : and whic!» 
I shall (for the reasons above mentioned) denote by 

In like manner the value of any sum depending on 
the contingency of G survivmg B will be found e(}ual to 

-^['^.'ly-C^^^ whichlshaH 

for the same reasons denote by ^ X i5^« These for- 
mulae will often be referred to in the subsequent 
problems. 



COROLLARY III. 

§ 234. If the contingency mentioned in the pra» 
blem, and on which the given sum is to be received, 
is Deferred for any given number of years (=n), less 
than that to which it is probable the two joint live* 
may extend, it is evident that the several perpendiculiT 
series^ in the general expression given in page ISi^ 
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must be condnued from after the n* term only ; and 
thence to the utmost extent of human life. The sum 
of which terms will, by an attention to the steps pur- 
sued in Problem XXII, cor. 1, be found equal to 

^L (i+f) ^i^^^^O - -(1+7)- ^ ^^1 +e) 

expresaon which I shall denote by « X (*4*) . . 

COROLLARY iy« 

§ 235. Or, if the contingency, on which the 
given sum is to be received, is Temporary (that is, to 
continue only for a given term = w, less than that to 
which it is probable the two joint lives may extend) 
it is evident that the several perpendicular series, in 
the general expression given in page 184, must be con- 
tinicied for n terms only : and the sum of these will^ 
by an attention to the steps pursued in Prob. XXII, 

cor. 2, be found equal to ■^ V'^n+\ i^Bf- 

^^ It must be remembered that j^R denotes the value of an 

iolty on two joint lives, each n years older than A aod fi ; and 
.t J^B' denotes the value of an annuity on two joint lives^ each 

^rears older than A and B respectively: agreeably to what la$ 

•aiding 229. 
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But, Since {ABf^^ 4. -.iL^ == (^B)t -AB — 
JtBx^^i, 1 + f)"^"> we may (by Subsdtuting these 

ah 

values, as explained in the problem just referred to) 
render this formula more convenient for practice by 

the following expression ^ \}^^ - 7^^ X 

that is, equal to the difference between the present 
value of the sum found by the problem, and the^ pre- 
sent value of the same sum Deferred as in the pre- 
ceding corollary.* 

* I believe that this formula is the first correct rule that has ever 
been given for determining the value of such assurances for given 
terms. In the solution of the fifteenth question in Dr. Price*s Ohi 
on Rev. Pay, the author has given a rule by which we n^y ebtam 
a near value of such assurances^ and has referred to note H for a 
demonstration of the same. This demonstration (as he calls it) 
would indeed lead us to the exact value according to any table of 
observations^ agreeably to what the author has justly remarked: the 
rttZe, however, has not been deduced firom this investigation^ but 
from Question XXIII in the third volume of Mr. Dodson*s JMa- 
thematical Repository, or from the process laid down by Mr. 
Simpson in the Supplement to his Doctrine of Annuities^ page 62. 

Mr. Morgan, by way of improving on this explanation, has given 
a rule (without a demonstration) which he says is obtained '' wfth- 
out the aid of M. De Moivre's hypothesis." This, however^ i« 
not strictly tme j for^ his rule is deduced on the supposltioii that 
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COROLLARY V. 

5 ^^Q* If the' two lives are equal to each other^ 
or of the same age A, the general expression in the 

problem becomes equal to -^ X 77^ ;' because the 

second term in such expression, or — (^ttt^ "" 

AA.a^^ will then vanish altogether: whence it fol- 
lows that the value will in such case be equal to one 

the decrements of life are equal during the given term j similar 
to the method explained in the note in page 150 of the present 
work: and this use of M. De Moivr^*s hypothesis but little accords 
with what he has repeatedly advanced, '' that it is best to exclude 
it entirely from the doctrine of survivorship." This very fact will- 
thow that it may occasionally be used with good effect, even in 
the solution of the very problem where he has censured it the 
most. I fihall here subjoin an investigation of Mr. Morgan's rule, 
which will show the method of proceeding in similar cases, when 
we wish to adopt the same principles. 

It will appear that the general series in the problem may be 
converted into the following one^ 

y a — a / h V \ 

h HI u in 
s a^a i o ^ \ J 

&c &c. 

Now, if we suppose the decrements of A*s life to be equal du- 
"^ing the given term, (which in many cases will be found to cor- 
^^•pond ?ery neatly with the fact,) and if such decrexpents be de* 

O 
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half the present value of the given sum to be received 
on the extinction of the joint lives. 

This observation will equally apply to the formulas, 
in the last two corollaries, for terms \ and is. indeed 
self*evident. For^ as the given sum is not to be re> 



noted by ixK : then will the first n terms of this series be 

n 

equal to , 

5.J i h b 



( C7 % 



2a(l+f)*V d b 
s.$ lb % \ 



2«(l+f)*^ b b 
5.J / ? |3 



But^ the first of these perpendicular series, within the parentheseSi 

is (independent of the common multiple ~) equal to — j^ — — j 

and the second is^ in like manner^ equal to {B) : whence ^ 
total present value of the assurance for the given term, will 

upon this hypothesis be denoted by *~ ^ ^ + (B)^ ^ 

""t; 1 "t: ^^ h (fi) • and whence Mr. Morgan's rul« 

2071 L (1+^) ^ ' J ^ 

is manifest. 

But this rule may be more conveniently expressed by ■ - — X 

l+(2+^)5^[l + (2+f)JB^ X y(l + ?)"" t^ 

, _. ^ — ■ ■ : which, wher»- "*• 

two series are continued to the utmost extent of human life (^^ "®* 

ing the oldest), will become 'J^::Z^ ^ 14-(2+f)g j^^i^lgi' 

2an l+f) 
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ceiv^ till after the extinction of the joint lives, and 
as it is certainly an even chance which of the two 
may survive, it is manifest that one half the present 
value of the sum to be received on the extinction of 
those jomt lives will be the true value of the sum de-' 
pending on this contingency; whether such contin- 
gency extends to the whole continuance of the given 
lives, or exists only for a given term. 



Observations on Mr. Morgan's Method of investi" 

gating this Problem. 

§ 237. I cannot dismiss this problem without 
some remarks on the singular and unscientific manner 
in which Mr. Morgan has summed up the four col- 
lateral series (in page 184) which express the present 
value of the given sum to be received on the contin- 
gency mentioned in the problem : and I am the more 
induced to do this because similar expressions arise 
in many of his subsequent problems, in which the 
same loose and eccentric method has been pursued ; 
whereby an air of obscurity and difficulty has been 
thrown over the subject, which it is my intention here 

tcr case, however, the formula cannot be depended upon, unless 
A' is much the youngest of the two lives ; but at the same time 
Hot younger than 15 years of age : indeed it must at all times be 
lued with proper caution^ and with a due regard to the tables of 
observations made use of. These remarks will equally apply to 
tbe solution of the sixteenth question in Dr. Price's work above 
footed. 

0«^. 
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tx> remov^. Mr. Morgan divides the whole elcprteston 
into the two following collateral series,* viz. 

2(1 + f) L fl* ^ J 

J I (a— a)^ j^ (a— a)o | ^ 
2(14-e)'L fl^ "^ «^ J 



(a— a)o , (a— a)^ j 



+ ^^^^ -f 



2(l+f)^L ^^ 

&c &c> 

which is evidently the same series as that which I have 
given in page 1 84. 

* In the subsequent process given in the text I have adopted 
the method of notation made use of throu^ont the whole of this 
work, in order to prevent any obscurity or circumlocution by the 
irttroduction of new symbols. But, lest I should be charged With 
having misrepresented Mr. Morgan, I shall here subjoin the me- 
thod which he himself has pursued in investigskting this problem ^ 
and for the sake of greater accuracy Shall adopt the same characten 
which he has used. 

Let r denote £l increased by its interest for a year : let a re- 
present the number of persons living in the table at the age of Aj 

and let a, a, a, &c, represent the decrements at the end of the 
ilrst, second, third, &c, years from the age of A. Let h represent 
the number of persons living at the age of B j and let e, d^ t^f^ 
%iti represent the number of persons living at the end of the fixst^ 
second, third, fourth, Sec, years from the age of B. 

'Then (in the words of Mr. Morgan, in Phih Trans, for l/SSj 
p. 342) it will follow that the present value of S to be reoeived oft 
\hb death of A, should that happen in the life-time of B, will ba 

nn 
i — 7--— + &c 1. I'his series may be resolved into the two fol- 

•4* 




:.37, . PH CONTINGENT ABSURANC?^. 197 

S 238. The first of these collateral series he ex« 
s into a more complex: oae, by making it, equal t^ 



2(1 +f) 



2(1 +f) 






r'/tf III ut ly ''','^"1 
2(1+?)*L-^' "" "iir""T'*""^J"+" 

4 he then proceeds to sum up these several coIIa« 
teral series in the following manner. The first he 

naakes (independent of the common multiple ---) equal 

to 3y the second equal to — jiB^ the third equal to 

"~ <!+?) ^ T"' ^"'^ *^ fourth equal to -^^ X -g : 



1^^ • 8 \ €9. da ea fa . i S 



O a ca da ea „lrr^, ^ /., 

^^ — r- + --r-r- 4- — r-T- + --rT + &c 1. The first of the§e two 
€zifr ahr^ ^ air* abr* ^ J , 

»*iay be again resolved into _ x j^-^ - -r-j~ + -^ - 



^ , / '/ I II Ul , 

'^ci' — da^da e eaf^ea-^ea—ea .1 Sc 



+ 



+ &c]-. 



[_ , / I /I 
^. ^ &c . I^t B denote 
or flcr cr* acr J 

^^ iralue of an annuity on the life of B, C the value of an annuity 
^^ ^ life one year older than B, AB and AC the values of annuities 
^^ the joint lives of A and B and of A and C, and these series 

^iHbe = 5iii5=:^-i^=::^. Again, the second 

I n III 

ies above mentioned^ or — x I -r- + -r-r H — 7~r+ ^^ I* ^7 

2 l^abr air* avr^ J 
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-SO that the total value of these four collateral seri 
(or of the^r^^ collateral series in page 196) is mad 

''»"', "> ^ - (ITF) ^, T+-iM) >^ X - ^^- 

And, by proceeding in a similar manner with r 
to the second collateral series in page 196, the si^j^ 

^ B 

of it is found equal to £ X -jp — .. , < — ^B x 

-^ — I- 77 — r- Consequently, the total present value 

of the given sum^ to be received on the contingency 

r b 

mentioned in the problem, is equal to — -Bx-j 



K-^AB 



?x|]- 



pursuing the same steps may be found as — - (K— AK) — ^ 

Sx(B-AB) ^ ^^ ^ , ^ 

— , where jS denotes the number of persons hving ^ 

the age of a person one year younger than B, K the value oT ^ 
annuity on that life^ and AK the value of an annuity on the joint 
lives of A and K. The whole value of the survivorship is then^ 
fore = Sx p~l)x(B^AB) /3(K->AK) c(C>AC) -j 
L 2r 2^ lit J* 

These are Mr. Morgan's own words : and if the several valuer, 

above alluded to^ be expressed by the char^ters which I haTC 
adopted in the present work, they will be found to agree with the 

process given in the text. But B '- — =:-r-> and-^r— — 

or Or if 

B 1 

— = — ; whence the absurdity of his formula, Mr. Morgan 

however has at Icngtl^tcred his formula for this particular case; 
although he still preserves the same method of solution, both here 
and in all his subsequent problems. See Price's Oks. ^t. 1803j, 
note (O). 
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§ 239. But, surely it cannot be necessary to tell 

B 'b 1 ■ 

Mr. Morgan that B — 75— v X -y is equal to tttt X 

i ^ B 1 

-J-;* and that Bx-7 7rr-\ is equal to ■ > ■ , v 

only ! ! ! Whereby the complex and troublesome 
formula, above given, may be more simply expressed 

which is one of the formulae which I have given, in 
the note in page 1 89, for the value of the sum de- 
pending on this contingency. Indeed it is difEcuIt to 
conceive why he should ever have thought it necessary 
to employ those quantities which denote the value of 
an annuity on a single life ; since it is clear from the na- 
ture of the several series in page 1 96, that such valued 
could not properly belong to the subject; and that 
no quantities are involved in the solution but such as 
arise from two joint lives. 

As this strange error runs through the whole of 
Mr. Morgan's papers in the Philosophical Transactions, 
where this and similar contingencies are involved, I 
have thought it right to take this public notice of it ; 

* This is indeed evident on inspection of the first and tliird of 
the collateral series in page 197. For^ it is manifest that all the 
subsequent terms of those two series afler the first term, destroy 
each other ; and consequently that the sum of those two collateral 
series will be equal to the nrst term only: that is^ (independent 

of the common multiple — \ equal to r- x -r-. In like 

manner we may prove the equality of the other two quantities aj* 
}uded to in the text. 
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ftot only with a view to obviate any difficulty thaC may 
arise from a comparison of his formulae with those 
which I have here deduced, but to clear the subject 
from all diffuse and unconnected matter. And I shall 
have occasion to make a similar remark on his method 
pf summing the several series where three lives ar^ 
concerned : for which, see the Observations in § 251 
&c, at the end of Problem XXIX } and in § ?72 at 
the end of Prbblem XXXV. 



PROBLEM XXVIII.* 

§ 240. To determine the present value of a given 
€um payable on the decease of A, provided that shiiU 
be the second which fails of two given lives A^ B» 



SOLUTION. 



It is evident, in this case, that the chance 6f receivi* 
ing the sum at the end of the first year will depend 
only on one contingency; yiz. that both the lives be- 
come extinct in that period, restrained however to 
the condition that A dies last, the probability of 

which in the first year is / -""—? and which, 

* Price, Ques. 12, and Note (M). Dodson, vol. iii. Ques. 24. 
Simpson, Prob. 283 and Sup. Prob. 33; also Prob. 3 in page 72. 
DeMoivre,Prob. 17. Morgan, Prob. 175 and in Phil. Trans, 
ioT 1788, Prob. 3, page 347. 
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being multiplied by ^(l^f)"*, or the present value of 
the given sum, certain to be received at the end oiF^ 

the year, will give ^ (l+f)"' X {^J +f* "^ - 

— y ) for the expectation of receiving such sum at the 

end of the first year. 

In the second and following years, however, the 
chance of receiving the sum will depend on the hap» 
pening of either of two events : sl^ that both the lives 
4ail in the year, A having died last : 2^ that only A 
clies in the year, and that B dies in either of the pre- 
ceding years. The probability that the first event will 

liappen in the second year is ^^""^ , "" » ■; and the 
probability of the second event happening in the same 

period is -^^ ( 1 — -r-) . These two values therefore, 
being added together and multiplied by ^(l+f)~% will 



for the expectation of receiving the given sum at the 
end of the second year. 

In like manner, it will be found that the proba- 
bility of the first event happening in the third year is 

// «/ »i /// 

■ "" r - , "^ ; and the probability that the second 

^^^ If III n 

event will happen in the same period is ~^(l — -); 
therefore these two values being added together and 
multiplied by *(l + e)"'> will give ~(l+p)"* X 

// III II n III III lu u n HI 

(%a^ 2a' ah . ab . ab ab \ r , 
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pectation of receiving the sum at the end of the third 
year: and so on for every subsequent year, to the 
utmost extent of human life ; the sum of all whid) 
yearly values, or the series* 

* /, I ^-Iv>l 2^ 2a ah . ai . ah ah \ , 

i~" // v; 1/ n III III III II ntn'^ 

&c &c &c, 

will be the total present value of the sum ^ to be re- 
ceived on the above contingency, 

§ 24^1 . But the sum of the first two of these per- 
pendicular series is, by Prob. XXII, equal to the 
sent value of the given sum to be received on the de-i 

cease of A ; that is, equal to ^ X ., . v : and the re- 

, (i + f) 

maining four of these perpendicular series are the sam^ 
as those produced in the last problem, with i coni 
sign; and the sum of which is there denoted 

* The value of the first year's expectation has been found |n 

the preceding part of the investigation^ equal to — (1+f)"^ X 

fQhahahab\ . , . t - .j ^i 

f — -1 — J J jj-y an expression which is evidenUy eqr-^j^ual 

/ , II t f 

s , . , /2a 2fl ab ah . ah ah\ _, . , ^^ 

to —(1+^)-" x( -+-4.-- -). This la»- ^tter 

2 * \ a a ah ah ah ah' 

value has been assumed in order to correspond with the terms 
the subsequent expectations, and thereby render the several 
lateral series complete. A similar n^cthod is pursued in niap 
the following problems. 
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the total value of these several series will be expressed 

COROLLARY I. 

S 242. Having thus found the present value of 
^he given sum on the contingency of A dying after 
3B ; the present value of the same sum on the contin- 
gency of B dying after A (that is, of the same sum 
to be received on the death of B, provided his life Is 
€he second that fails) is readily determined by sub- 
tracting the value above found from the present value 
of the giveu sum to be received on the extinction of 
the longest of the two lives ; which, by Prob, XXII5 

cor. 3, is expressed by ^ X ""^ ., , 7 * — . Cou- 

(i + f) 

aequently, the present value of the given sum, on 
the contingency of B dying after A, will be equal 

COROLLARY II. 

§ 243. If the contingency on which the sum is 
to be received is Deferred for a given number of years 
(=n), less than that to which it is probable the life 
A may extend, it is evident that the sum of all the 
terms of the first two perpendicular series, after the 
n* year, will, by Prob. XXII, cor. 1, be equal to 

*^ z3f ^ T^^+f)"^"*' ^"^ *^ ^""^ ^^ ^'^ *^ 
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similar terms of the remaiijing four perpendiculgar 
series will be denoted by the same expression a$ thdt 
which has been deduced in the second corollary to 
the preceding problem, but with a contrary sign. 
Therefore if the value found by that corollary be 
subtracted from the present value of the assurance of 
the given sura after the extinction of the. life A, pro- 
vided that happens after the given term, the difference 
will be the value required* . 

COROJvLARY III. 

§ 244. If the contingency on which this sum h 
to be received commences immediately, but continues 
only for a certain number of years ( = w), less than 
that to which it is probable the life A may extend: 
or, in other words, if we wish to determine the value 
of a Temporary assurance of $uch sum ; it is evident 
that the several perpendicular series given in the pro- 
blem, must be continued only for n terms. Now, 
the sum of the first n terms of the first two of these 
perpendicular series will, by Prob» XXII, cor. 2, be 

found equal to |^ - i=^ X -(l+eF^ from 
V^hich, if we subtract the first n terms* of the four 

* When n i^ equal to, or greater than, the number of yean 
between the age of B and that age in the table of observations at 
vbich human life becomes extinct, we must subtract the whoU 
value of the four remaining series as found by the last problem. 
That is, the correct value in both such cases will be denoted by | 

i_f^_(i_f^')^(i+f)-« 

multiplied into . . ■ — ; — ; — . m . , ■ — ^i, • 

+ f) 
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Femaining series, as found by cor. 4 in the preceding 
problem, the difference will be the value of the as- 
surance for the given term,* 

♦ See the note to Cor. 4 in the last problem j where thepro* 
cesg there pursued will enable us to find a near value of an as- 
Mrance for a given term, according to the conditions of the pre- 
Bent problem. For, if we deduct the near value, there deduced, 
fiom the near value of an assurance of the same sum on the life of 
A for the same term, as found by the process laid down in the not# 

to Prob.XXir, cor. 2, the difference, or ~ r2 x — ^^-±1^ 

t-1 n ' 2aL f 

-y^ — r — — {B) J, will be the value required. 

This formula is the same, in fact, as that given by Mr. Mor- 
gan in Note H of Dr. Price's Ohs. on Rev. Pay. j and is an- 
other instance of the utility of De Moivre's hypothesis : but, 
it may be rendered more convenient for practice by the sub- 
stitutions adopted in the note to Cor. 4 of the preceding pro- 

l>lem: whereby it will become 1 2 x 

2an L- 

l + (2+?)B-[H-(2+f)B-]x|-0+f)~" 

When n is equal to, or greater than, the number of years be- 
tween the age of B and that age in the table of observations when 
human life becomes extinct, ^ is equal to O ; and consequently 

[1 + (2 -h f ) B*] X -)-(! + ?) " vanishes : whereby the formula in 

u !_ 1. lit. *(fl~a)r« l-(l-l-p)"" 

both these cases would become -^ 2 x ^^ ^ ■"• 

2an L f 

^~ \ — . But in all such cases the value is best obtained 

bj the rule given in the preceding note : since it is thes equal 
to the difference between the value of an assurance on the lift A 
for the givep term, and the value of an assurance on the wlwle liffi 
A. provided he be the first t^t fails. 



— /i 



] 
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COROLLARY IV. 



S 245. If the two lives are equal, or of the same 
age A, the general expression in the problem becomes 
(agreeably to what has been already said in cor. 5 of 

the last problem ) equal to -|- X "— ^^rxi — • ^^^ ^> 
equal to one half the present value of the given sum 
to be received on the extinction of the longest of the 
two lives. 



PROBLEM XXIX.» 

§ 246. To determine the present value of a given 
sura payable on the decease of A, provided he be the ^■ 
jfirst that fails of three given lives A, B, C. 

SOLUTION. 

In order to receive the given sum at the end of any 
one year, it is necessary that one or other of four 
different events should happen: 1° that all the three 
lives fail in the year, A haying died first : 2° that A 
and B fail in the year, A having died first, and that. 
C lives to the end of it : 3° that A and C fail in the 
year, A having died first, and that B lives to the end of 
it : 4° that only A dies in the year, and that B and C 
both live to the end of it. The probabilities of the hap- 
pening of these several events in the first year are re* 

« Dodson^ vol. iii. Ques. 32. Morgan, Prob. ig-, and ia 
Phil. Trans, for 179I, Prob. 1, page 248, 
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specuveiy ^^^^^ , ^^ , ^;^^^ ^, 

and , ^ ; which being added together and multi- 
plied by ^(l + e)''. ^'511 give -^(l +er' X (^ ~ 

2a b c 2aoc^^2aoc^^a0c abc ^^ahc abc \ 
abc abc abc ~ abc • abc abc abc / 

for the expectation of receiving the sum at the end of 
thd first year. 

In like manner, it will be found that the probabilities 
of the happening of these several events in the second 

I II I II t n I II I II u 

year are respectively ^^ ^3^^^-^^ , ^r^-, 

"^i b^ ,and 7 ^ * which being added toge- 
ther, and muhiplied by ^(1+^)"% will give the ex- 
pectation of receiving the sum at the end of the second 
year. And by a similar process we may find the ex- 
pectation of receiving the sum at the end of the third 
and every succeeding year, to the utmost extent of 
/lumanlife; the sum of all which yearly values, or 
tile series 




/ / / / / / / II 

2a be 2a kc. 2a be, abc abe . ^^ ^ ^^^ . . 
abe abe "^ ale abc ale -'- -^^ * * 



abc abc I 
abc abc ^ 



II II II in I II' II 



,. ,- - , .. /// ' /// /; I I II h If /"^ 

2a be 2abe y^2ab c ^. abc abc ^. ab c abc ] 

/.A/. I ale ale "*" abc abc ^^ 



abc abc abc 



III VI III mini inn in iniin mini/ 

2a be 2a be. 2a be, abc abc 






11 II It/ til in It ""I 

abc abc I 
abc o,bc ^ 



^^ abc abq ahc abc abc' abc 

&c &c &c &c, 

X^U be the total present value of the given sum to be 
^received on the contingency above mentioned. 



SOS ON <:ONTINOJ^NT A68t}tlANC£i». 

1 

§ 247* But the sums of these eight perpendicular 

and collateral series (independent of the common 

l-f^fiC ABC 



3(H-f) 



multiple s ) are respectively equal to 



65 



Lt^.± _ JBC^* Whence, the sum of the 

* The sum of the first and second of these collateral series is 
Iband by the process laid down in Prob. XXII ^ and the remaining 

ones, in the following manner. The sum of the third perpendi- 

/ II I I III II II 

cular series^ or -r- + -r-z vi + -7-7 — r~x« + &e (br 

taking all the terms as affirmative and leaving out the common 

i- P nil' 
. . , 2s\ .... , aO c \ abc 
multiple -7- J IS evidently equal to -7-; — ■ — r 1 + - — •. + 

m II It wi III m II I I 
abc ^ abc ^ \ , . , . o.bc , 
", + ; -f- &c : which, siqce -j -+ — 

aZ'c(l+£)» a^c(l + c)* J a^I+f)' 



/// // // ki/ /" u/ 

abc abc 



«W(l+f)* abc(l+^y 



I 
-f &c is equal to ABC, will 



/ 



abc f '.^^\ 1 + AB<y u, - ,.- 
equal to -7-; t\\ +ABC) = —, .- X — . In like man- 

ner^ it is evident that, by leaving out the common mnltip 

II I uu 

2* , , abc a be 

— iT-, the fourth perpendicular series, or -r -f- -7-7--— 

6 ^ ^ abc(l'\-^) a^c(l+j 

II mm a / / / // // 

abc .«. . ^ t \ abc . abc 

n uiiii "n J / r w «/ 

4* &c : which, since 



-7 r; + &c is equal to ABC, will become equal 

iik(I + f)' I 
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first and second is (as in Prob. XXII) equal to -f X 
— .^ V ; the sum of the third and fourth is equal to 



s 
~3a 



LH'Tfr^^r^^^'fj^ *^ ^"^^ ""^ *^ ^* 



same. TImi 



^BCx — . Therefore the sum of these two series^ taking the fbr- 
naer of them as negative, agreeably to the general expression in the 

text« will be r. r- x — +JBC x -^3 and which being 

(l + f) a ^ a' 

2s S 

multiplied by their common multiple -^-, will produce — — x 

C ^^'*" . '^ -j^BCa for the value of the 

same method must be pursued in order to find the sum of the 
next two series^ and also of the last two: but enough has been 
liere said to enable the reader to perfonn these operations, without 
stating the process at large. 

I would^ however, observe that these several series may be ex- 
pressed by other formulae than those given in the text : for, the 
tknxd perpendicular series, taking all the terms as affirmative 

2s ^^ 

leaving out the common multiple -^, is also equal to -t-^X 

ahc , abc , ahc I »•!./• 

-5—; r H — r- :r + , . - — -r -f KG h which (smce 

^ sum of the terms within the brackets is equal to JBC) will 

^^ome equal to JBC x -7^ ' ^^ ^ fourth p^pendicular series^ 

^ 2s ate 

^vag out the common multiple -g-, is also equal to -r- . v X 

I (I tt II III M ui im vu 

abc ahc a b 



ic(l+f) aic{l+sy atV(l+f)* 



"" + TT " + *^ : which 



J^ 
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and sixth is equal to -^^ ■ • . ABC.b ; and 

the sum of the seventh and eighth is equal to 



will also be denoted by + -~j-\ i— — - JBC.h c U and 



(since the sum of the terms within the brackets is equal to 

I /n yA-jiHr* he 

1 4- ABCj becomes equal to -r x -^ — . Consequently, the 

(l+f) he 

sum of the third and fourth perpendicular series given in the text 

3hc\_ (l+p) I I I I J 

may be substituted at pleasure for the same. And univi?rsaDy we 
shall find that 

(1 + f>) a I I be 



I a (l+f) ^c 



' ac 



(1 + f) ^ i I ac 

1 + ABC c _ f* 

(1 -f f) C f / ao 



c (l+f) fl^ 

It therefore appears that each series may be summed up in (nt 
different ways, and that we may adopt either mode of expression 
for the value of the same. For the sake of uniformity I have, in 
this and the following problems, kept to those which ar^ given in 
the text : but Mr. Morgan (by merely changing these expressions, 
one for the other, according to the seniority of the lives, and 
then treating them as different quantities,) has thrown an ai& of 
obscurity and confusion throughout the whole of his mvestigattons; 
as [ shall point out in the Observations at the end of this-problttu* 
See §251. 
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•^ —'—-J^-'ABC.c . Consequently, the total 

present value of the given sum to be received oil the 
above contingency, will be equal to s multiplied into 

\Z^I^ _ ^f (L+^flf! _^BC.al -f- -V X 

3(l + f) 3a L (l+f) / t J ^ tb ^ 

L (1 + ?) / /J ^^L (1+f) / /J 



As this formula will often be referred to, in the 
subsequent problems, it will be convenient to denote 
it by a more simple expression ; therefore let it be re- 
presented by ^/l^^: that is, let ^^^ denote the pre- 
sent value of c£l to be received on the above contin- 
gency: consequently sXjl^^ will denote the present 
value of the given sum under the same circumstances. 



COROI«LARY 1. 

§ 248* If it were required to find the present 
value of the given sum payable on the decease oJ" B, 
provided he be the first that fails of the three lives, 
we may readily obtain such value by substituting A 
for B, and B for A, in the investigation of the pro- 
blem. Whence, the present value required would 

come out equal to ^ multiplied into ■ ^ . h 

P 2 
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^f ^f ] + -k [H^y^ - >*f f] = B^".' 

By a similar process it will be found that the present 
value of the given sum payable on the decease of Q 
provided he be the first that fails of the three lives, is 

equal to » multiplied into ti|»?+^[(l±^ _ 

|^04^^c _ ^Qc^^ ^ QABn As these formula 

may occasionally be found of use, I have thought pro- 
per to insert them here. 

COROLLARY II, 

§ 249. If the three lives are equal, or of the same 

* I have represented these complex fonnalae by the more sim- 
ple quantities B^^ and C^^, for the sake of a more convenient 
reference ; and the following process will sliow with how little 
trouble they may be converted into each other. Let ds m^akes 

«L (i+?) ' 'J *L (i+f) ' >M I 

= b, and J-r<L+^^*^ ~-ABcA = c 5 then will 

4nr. l-i^BC a b c 

•^ - 3(l + f) 3 ^ 6 ^ 6 

Yt^n l-i^BC a be 

** - 3(l+f) ^ 6 3^6 

^ - 3(l + j) ^ 0^ Q 3' 
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age A, the last three terms in each of the above ex- 
pressions destroy each other ; and the formula is then 

jreduced to --- X — r^ — r- : an expression which denotes 
one third of the present value of the given sum to be 
xecdved on the extinction of the three joint lives. 



COROLLARY III.* 

§ 250. If the contingency, on which the sum is 
to be received, continues only for a given term (=sn), 
the present value of such sum will be equal to the 
sum of the first n terms of the several series given in 
the problem : the method of determining which will 
be manifest from the many examples which have 
preceded.t 

♦ Morgan^ Prob.31. 

f We may in general obtain a near value of the sum, in this 
case, by the help of M. De Moivre's hypothesis, which will save 
much time and trouble. For, the series given in the problem is 
evidently equal to 

a-— a \ 2hc 2vc he he \ 



+ 



6(1+0' 



a-'a\ 20 e 2b e he be \ 
J I j j I- I 

a \^ he be be he _\ 

II in r" // // in III VI II II III "1 

a—al 2b e 2b e b e be I 



&c &c &c, 

wrhich being continued to n terms will be the required value of the 

II n II III 

given sum. But, since the quantities a— a, a— a, a— a, &c are 

supposed to be equal and uniform (that is, equal to ^'s \ the 

sum of the first n terms of these several perpendicular series will 
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Observations on Mr. Morgan^s Method of investi^ 

gating this Problem. 

§ 25 1 . The motives, which induced me to notice 
(in page 195) the strange method which Mr. Morgan 
has adopted in summing up the several series arising 
from the investigation of the twenty-seventh problem, 
must be my apology here for again detaining the reader 
whilst I expose the equally diffuse and obscure manner 
which he has 'also adopted in summing up the several 
series arising from the investigation of this problem. 

It will be seen, from an inspection of the series in 
page 207, that such series may be expressed in the 
following manner : 

s {a^a)lc I (a'~a)bc ^ (a'^a)bc , (a^^ayhc \ , 

(I+^L ""3aZc ' 6aic ' '^Gabc ' Sdtc^J'^ 

r" / // M ; n II I I II in i '''Zw"! 

I (n — n\hr (n—^n\hr (n n\h.t* (n n\hr I 



CI II LI I II II I I II III I HJL'f'^ 

3abc ' 6abc ' Wabc ' Sabc J 

r" '' ^\V " j" "''" " ,n III n III II w //»///"! 

(a^a)^c , (a— a)^c j^ (a— -a)^c . (a— a)6c | 

L 3a/: c *" 6alc ' 6aic * 3abc J 



(1-hf) 

I— If i\'iii II niniii .11 III mil ii w //»///"! 

I (n..^n\hr (n.-^n^hi* (n,—.n\hr (n.-.n\h r I 

{1+^)^L 3a^c * Qalc ' 6abc ' Zabc j""" 
&c &C &c J 

and this is the way in which Mr. Morgan has thought 



be equal to *. multiplied into j r — -^ + 

^ an ^ 3(1 +f) 3 

— ■^, — \ — • —. — — ^ — • -r- If A IS the youngest of the 
6(l-ff) b ^ Q h J s> 

three lives, and differs much from the ages of both the other 
lives, this formula will be tolerably correct, even if the several 
perpendicular series are continued to the utmost extent of human 
life; and will consequently serve in such cases to find a near value- 
of the sum for the whole continuance of the lives : but it must^ 
always be used with proper caution. 
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proper to represent the present value of the given sum, 
%o be received on the contingency mentioned in the 
problem.* 

* In this investigation I have adopted the same symbols which 
have been used throughout the whole of this work : but, lest I 
may be accused of having misrepresented Mr. Morgan, I shali 
here give his own solution, and in his own style. 

Let r denote £l increased by itar interest for a year. Eet a de* 

note tlie number of persons living at the age of A^ and a, a, a. See, 
the decrements of life at the end of the first, second, third, 8cc, 
years from the age of A. Let b denote the number of persons 
fiving at the age of B j and m, n, o, p, &c, the number livinjg at 
the end of one, two, three, 8cc, years from that age. Let c denote 
the number of persons living at the age of C j and d, e,f. See, the 
number living at the end of one, two, three, Src, years from that 
age. Let F denote the value of an annuity on a life one year 
younger than B ; and j3 the number of persons living at that age. 
Let K denote the value of an annuity on a life one year younger 
than C J and x the number of persons living at that age. Let P 
denote the value of an annuity one year older than B : and T> the 
Talueofan annuity one year older than C. And let the given 
sum be denoted by S. 

Then (in the words of Mr. Morgan, Phil. Trans » for 179I, 

g 

p. 249) the whole value of the given sum will be = - -— x 



Sa'^c 



and 

,,- + 



I auc amd a en ^ \ S I amc ai 

III "1 r" / /' in "1 

-uoe ^ S \ adb a em a fn 

\ amd a en 0^ fo , ^ t>^.i-^.> 

< -h — ~ + -^ + &c . But, the first'of 



3abc 



these series (he observes) is = -— - x r^- ~ X 

,^r. .^^ . ,. S >c(LK-ABK) S 
(BC — ABC) ) the second is = -^- x --^ "^"^fi^ ^ 
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§ 252. In order to sum up these four collateral 
series he proceeds in the following manner. The 



— r -', the third is =: -^ x — r ^ —kT^ 

h 6 k or 

-^ i-; the fourth is == — x (BC — ABC) x 

c 3 ' 3r 

^ — r--«*- . Thererave these several expressions being ad- 
ded together will be found = S into -r- X I — i + 

3c L * 

ot(PC-APC) d r BT-ABT w(PT-APT) 1 

6^ 3cr ^ L a "*" ^ J 

Thus far Mr. Morgan.— —And these several values^ being ex- 
pressed by the characters made use of in the present work, will 
be found to agree with the process given in the text. But it maj 
be demonstrated that 

;3)c.FK BC _l^ 
he r r 

X.BK W.PC m 



c br br 

jS.FC rf.BT d 



k cr cr 

^^ dm.VT dm 



• 



bcr Icr 

whence, the complex formula above given may be divested of all 
those expressions involving two joint lives, and may be more 8in^ 

ply expressed by S multiplied into ^ — ~ y — r— x 

of Soc 

_--j ^— --ABK.X J: which corresponds with the for- 
mula given in the text 
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first of them he expands (as in ThiL Trans, for 1789, 
page 44) into the more complex serits 

s j he ale I , 

(1+f) VJU~ 3abc J"** 

_L_I ^ ^^^ «L ^ I I 

s I ^c abc he ^. ahc \ , 

(l+f)*L3^c "" 3a^c ~ 'she "* 3al&'cJ » 
&c &c hzc, 

^he sum of all which (independent of the common 

multiple — ] he makes equal to fiC x -^~ — JBCx 

ff Pg ■ ABC 
he (i + f) +•(n-f)• 
By proceeding in a similar manner, he makes the 

second collateral series, in page 214, (independent of 

c 
the common multiple ■^) equal to BCx -^ —ABCx 

f BC h , ABC ^ .1. .1. T 1 

■^~ TT+T) ^ T+o+fy >^ T- *' '^^"^ ^^^"^ '^ 

c BC 

— : and the ybwr/A equal to BC—ABC— ~ — - x 

-, — h . ; X -,— . Consequ^uly, the sum of the 

four collateral series in page 214 (or the total present 
value of the given sum to be received on the contin- 
gency mentioned in the problem) vi^ill, as he observes, 

he 

be found equal to s multiplied into BC X -~t ■' 
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64 — ^ , ^ ^ 6i (1+f) -^ 6c ■*■ (1 + f) •^ 6c "•" 
3 3 (1+f) X 3ic ■'" (1+f) ^S^t* 



§ 253. Now, a moment's attenrion to the steps of 
this process will convince us that all those quantities) 
in which two joint lives are involved, are unnecessarily 
introduced into the above formula; ^ce they en 
dently destroy each other, and may consequently 
made to vanish altogether. For, 

be 



,, _ BC _ 1 






c (1+?) b *(l+f) 

RC V J- - -^ V A - ^ 

f^ ^ b (l+f) ^ c ~c(l+f) 
J3C ^ _ he 

BC — ""(T+T)" ^ be ^ hcii+iY 
whence, the complex formula given by Mr. Morga^^ 

may be reduced to s multiplied into •^TjTtt- 



* It is evident, on inspedion, that this is the value of the fir^-^^ 
and third collateral series in page 217 3 because all the subseqm 
terms qfier the first term manifestly destroy each other. Cons" 
quently the sum of those two collateral series will be equal to t^ ^ 
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u4Bab\+ '[ii±^^l^^^^£Cx\ and which 
is the very $ame as that which I have given in page 



first term only: that is, (independent of the common multiple 

-—-J equal to r- x , =— r. •»" hke manner may be 

3 / ^ (1+?) Ic (1 + f) ^ 

cSemonstrated the truth of the remaining equations. 

I shall however make another observation here, which I think 
of considerable importance. Although these equations are strictly 
and mathematically correct, yet (owing to the imperfection of the 
Tables which show the value of Life Annuities) they oftentimes 
Tary in a material degree when solved arithineticaUy; an inac- 
curacy which, being repeated so frequently in the same formula, 
must render the solution, according to Mr. Morgan's investigation, 
extremely erroneous. » 

Thus, the compound quantity £C.-'i^ r Js equal to 

J ' i i he (l+f) 

-— J— , and (if simplicity and elegance were out of the ques- 
tion, and no regard were paid to the labour and intricacy of tlie 
solution) might be substituted instead. Let us, hpwever, reduce 
these expressions to numbers : for which purpose let us take the 
age of B 15 years, the age of C 18 years, the rate of interest 4 
per cent, and the probabilities of living as at Northampton, Ih 

this case we should have = '062 ; but the value of 

be .^ (1-+-?) 



BC 



BC. y , T Js equal to 13*566- 12-614 = '952 only: a 

// he (l + f) 

idilFerence which arises from the want of more enlarged tables of 
the value of annuities on two joint lives, and which will have a 
Considerable effect upon the proper solution of the problem. This 
remark extends to all the formulae inserted by Mr. Morgan in the 
several volumes of the Philosophical Ti ansactiorts ; and will show 
that those formulae, however correct in principle, are of little ox 
no use in practice. 
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211, except as to the substitution of the second term 

+ iiC^p' --^f ?•??] f- '" ^°»' - 

~ L^TItIP ^ -^-BC a J, agreeably to what I have 
said in the note in page 210. 

From this it will be readily seen that Mr. Morgan's 
formula consists of double the number of terms that 
are requisite for solving the problem ; whereby it is 
rendered not only unneceissarily intricate and laborioufl^ 
but also liable to considerable error in the arithmetical 
solution. Indeed it }S manifest, from the nature ot the 
series in page 207^ that no expression involving ^t^o joint 
lives can properly arise : and it is singular that this 
consideration did not induce Mr. Morgan (if bis object 
were perspicuity and information) to retrace the steps 
of his investigation^ in order to render the process at 
once more simple and clear. 

§ 254. But, there is another part of Mr. Morgan's 
investigation on which I think it equally necessary to 
make some observations. He states that the theorem 
which he has deduced, as above, " gives the exact 
" value when either B or C is the oldest of the three 
** lives ; but when A is the oldest, it will be necessary 

* It certainly is not necessary to change the symbols 5 since, lik 
whatever manner the characters are varied, we must come to the 
same general series at last : neither does such a measure £icjlitate 
the means of investigation. Indeed I am at a loss to conceive 
why Mr. Morgan should have attempted to render so obscure this 
interesting branch of the subject. As a display of ingenuity it 
must completely fail : since, his papers will be read with very 
different emotions from those of admiration. 
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to change the symbols &c:" and he has deduced 
another formula, for the solution of the problem in 
this case, involving other characters and symbols which 
render the investigation still more confused. From all 
which he would seem to imply that the first formula 
was not applicable to the second case. 

But the second formula which he has deduced is 
still the same (mixed however with the useless and 
extraneous quantities above alluded to) as that which I 
have given in page 211; except as to the exchange of 

the last term + J ^Yi+ )'^ ~^^9f\ ^°^ ''^ ^1"^* 
1 have said in the note in page 210.* And it may 



* Mr. ^fo^ga^ 
characters, is in 



[- 



;{HF+tHFC) 



formula, espressed by his own ambimoHs 
:hi( case equal to S tnultipHed into -~ x 
[HB+aH BC) 



[AF + 4AFC)]+ -i-x [^ 



Where H and KT 



deoote the value of an annuity on a life one year youngw and one 
yeiir older than A respectively; and where a. and s denote the 
numtter of persons living at those ages respectively: the other 
symbols being the same as in the nole in page 215. 

But ihi* complex formula, being divested of those useless quan- 
tities which express the values of annuities on fi^'o joint lives, may 
be reduced to the simple terras alludeJ to in the text. See tlte 
original formula in P/ii/. 3"™hj. for 1791, page 251: orinPnce's 
Ois. on Ro). Pay. Problem I iu nole (P). 
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be here useful to remark that the formula, which I 
have given in page 211, is universally true, and does 
not depend on the seniority of the lives concerned. 
The substitutions above mentioned are mere arbitrary 
arrangements for the numerical solution of the pro-^^ 
blem; which may be occasionally used, or not, at th 
option of the calculator. -^ 

§ 255. It is easy to perceive, from what is her*^ 
said, that the formula (denoting the value of the sut^ 
depending on -the contingency in this problem) maj 
be varied in three different ways, merely by the manner 
of Slimming up the several collateral series given m 
page 207 ; agreeably to thfe method laid down in the 
note in page 209. But such variation is by no means 
necessary or useful. Mr. Morgan has, in a very cir- 
cuitous and diffuse manner, demonstrated only two of 
these ways:* but, by this additional attempt at eluci- 
dation, he has certainly rendered the subject still more 
confused. The introduction, indeed, of unnecessary 
quantities into any investigation (but more particularly 
the retaining of them in any resulting formulae) and 
the capricious changing of the symbols employed, 
ought to be universally reprobated ; not only as sub- 
versive of the true ends of science (whose object is 

* That is, when B or C is the oldest of the three lives, and 
when A is the oldest of the three lives. But, in none of the pro- 
blems (inserted by him in the Phil. Trans, for 1788, 1789, or 
1791 ) do the values depend on the seniority of the lives concerned : 
for, either of the formulae deduced by him, in the respective pro- 
blems, will be equally correct whether A, B^ or C be the oldest life. 
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information and not mystery), but also as destructive 
of all good taste in mathematical reasoning. 

I have thought it proper to make these observations 
in this place, because the present problem is of consi- 
derable importance in enabling us to determine the 
Talue of many of the subsequent problems; and is 
made use of by him for that purpose : therefore the 
remarks here made will equally apply to those pro- 
blems in which Mr. Morgan has so used it. Indeed, 
I believe there is not a single problem inserted by him 
in any of his papers in thfe Philosophical Transaction^^ 
respecting the value of Contingent Assurances, wherein 
this prolix and confused method has not been adopted, 
in order to determine the same. 



PROBLEM XXX.* 

§ 256. To determine the present value of a given 
sum payable on the decease of A, provided he be the 
sepond .that fails of three given lives A, B, C. 



SOLUTION. 



The sum may be received at the end of the first 
year, on the happening of either of three different 
events : I® that all the three lives fail in that year, A 
having died second : 2^ that A and B fail in the year, 

* Morgan, Frob. 20; aikl in PWl. Trans, for 1791, Prob. 2, 
page 253. 
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A having died last, and that C lives to the end of it : 
S^ that A and C fail in the year, A having died last, 
and that B lives to the end of it. The probabilities of 
the happening of these several events are respectively 

(a^ a).{l^l' ).(c-c) (a— a).(^— ©)<? , (a-— a).(c--£)^^ 
3ahc * 2abc 2abc 

which, being added together and multiplied by 
s{ l+f )"*, will give the expectation of receiving the 
sum at the end of the first year. 

But in the second and following years, the givea 
8um may be received on the happening of either of 
seven different events : 1^ that all the three lives be- 
come extinct in the year, A having died second : 2^ 
that A and B both fail in the year, A having died 
last, and that C lives to the end of it : 3® that A and 
C both fail in the year, A having died last, and' that 
B lives to the end of it : 4"^ that A and B both fail 
in the year, B having died last, and C having failed 
in either of the preceding years: 5^ that A and C 
both fail in the year, C having died last, and B having 
failed in either of the preceding years: 6° that only 
A dies in the year, B living to the end of it, and C 
having died in either of the preceding years: 7** that 
only A dies in the year, C living to the end of it, and 
B having died in either of the preceding years. The 
probabilities of the happening of these several events 

in the second year, are respectively ^^ \^ )«(g— g) ^ 

2abc ' 2ah€ ' 2a* ^ 7J^ 
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i£z:fLH5i:fL(i-.±], 1^^2l[x^S-\, and 

2ac V b '^ ab ^ c ' 

v^rfif(l-.-i«]: which, being added together and 

multiplied by 5( 1 +^)""% will give the expectation of 
receiving the sum at the end of the second year. In 
like manner it will be found that the probabilities of 
the happening of these several events in the third year 

// /// II III II in 

vnll be respectively denoted by ^^ \^ i f 

§t III u 11/ m If III V ni m n in f' »»» ' n 
(a--a).(^ — ^)c (a — a).(c— •c)^' (a — a). (// — ©) /^^^\ 

2abc ' 2abc * 2ab v c >* 

V til 11 lit II II m III II 11 vim 

2ac ^ a J^ ab \ c/' ac 

(l — V-]: which, being added together and multiplied 

by*(l+f)~', will give the expectation of receiving 
the sum at the end of the third year : and so on for 
every subsequent year to the utmost extent of human 
life: the sum of all which yearly expectations will be 
the total present value of the given sum to be received 
on the above contingency. 



S 257. Now if these several annual expectations 
be reduced to their least terms, and then arranged 
under each other as in the preceding problem, they 
will be found to form sixteen collateral series ; the 
sum of all which will be equal to s multiplied into 



+0 2(i+fra"*", '2tf + 2(i-|.f) ati-i-e/« 



l^^AB 
2(1 
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I jr ^ 2 ]-fABC,l+ABC 2'a .jf„ ^ 

3(1 + f) ^ / 3^ 3(14-f) c * , 3<: 

But, the first three terms here given are, by Prob^ 
XXVII, equal to ^®; the next three terms are, by 
the second corollary to the same problem, equal to 
^^ ; and the remaining seven terms are, by Prob. 

XXIX, equal to — 2*/^^^. Consequently, the total 
present value of the given sum depending on this con- 
tingency will be equal to s \ji^ + ji^ — 2^^^\* 

COROLLARY, 

§ 258. If the three lives are equal, or of the sam^ 

age A, then jl^ and ^^ will each of them become- 

(as in Prob. XXVII, cor. 5) equal to ""^ ; and. 

^BC y^{\\ become (as in Prob. XXIX, cor. 2) equal 

""^ . . Consequently the present value of th 

* It "will be evident from an inspection of the several quantitie^>^ 
whence this formula is deduced^ that a more convenient one migh ^ 
have been formed for the numerical solution of the problem: sL— * 
milar to the method pursued in the 39th and subsequent problems « 
But the present simple formula, at the same time that it is more easil^^ 
retained in the memory^ has also the additional advantage of ei^^-* 
abling us readily to discover any error which may arise in the 
cess. I have therefore on this account inserted it : but the re 
may, from the values of the several series above given, arrange tla.^ 
formula in such other manner as he may find most convenient to 
himself. The same observations will apply to many of the suhse- 
^ent problems in this chapter. 
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given stim will in such case be represented by 5 X 

'^- 3 (7 .' \ ' o^> by one third of the present 

value of the given sum payable on the extinction of 
any two out of the three given lives. 

PROBLEM XXXI.* 

§ 259. To determine the present value of a given 
sum payable on the decease of A, provided he be the 
last which fails of three given lives A, B, C* 

SOLUTION* 

It is evident that the sum can be received at thai 
end of the first year, only on the extinction of all th^S 
Kve$, A having died last, the probability of which is 

s^—a ^v -" )x^\P—^) .^ j^jjj which, being multiplied by 

^(l + p)~*, will give the expectation of receiving the 
sum at the end of the first year. 

But in the second and following years the sum 
may be received on the happening of either of foui* 
difterent events : 1^ that all the lives fail in the year^ 
A having died last : 2® that A and B fail in the year, 
A having died last, and that C fails in either of the 
preceding years : S"^ that A and C fail in the year^ 
A having died last, and that B fails in either of the 
preceding years : 4° that only A dies in the year, B 

» Morgan, Prob. 21 j and in PhU. Trans, for 1781^ Prob. Z4 
jugt 250. Simps 00^ Prob. 30. 

as 
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and C having failed in either of the preceding years. 
The probabilities of these several events happening ia 

the second year are respectively v°— ^)'( "^ jK^—c) ^ 



I n 



—^ (l — ^)x(l ): which being added together 

and multiplied by ^(l +f )"', will give the expectation 
of receiving the sum at the end of the sec(Hid year. 

In like manner may be found the expectation of 
receiving the sum at the end of the third and every 
subsequent year to the utmost extent of human, life : 
and, if these several yearly expectations be reduced to 
their lowest terms and arranged under each other, 
they will form eighteen collateral series, the sum of 
which vdll be the present value required : and whic 



will be found to be equal to s multiplied into 



(14-f) 



2(l + f)"^2(H-f)'a , '2a 2(l+p) "^ 2(l-hf) 

» ^d + '-i^ - |±^f i + ^BC.±~ 

, 2a ' 3(1 +f) 3(1 + f) a ' , 3a 

1 + ^BC i jj.^ ^ i+^BJ c .pA> f «_^ ,. . 

6(1 4- f) 6 / 61 * 6{i+^) c I 6c 

this expression is equal to s I 77v~\ ~ t/^^ — n/1^ 
^5C j. which therefore denotes the present value 
quired. 



COROLLARY. 



§ 260. If the three lives are equal,, or of the 
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age A, the present value of the given sum will, agree- 
ably to what has been said in the corollary to the last 

problem, be denoted by * X ""^ ^ 77 ^ or, 

by one third of the present value of the given sum to 
be received on the extinction of the longest of the 
three lives. 

SCHOLIUM. 

• 

§ 261. If the present values of the given sum, as 
found by Prob, XXIX, XXX, and XXXI, be added 
together, they will be found equal to the present value 
of the same sum to be received on the decease of A ; 
that is, the sum of those three values will be equal 

to 5 X 7737T' which proves the accuracy of the 
investigatioijis. 

PROBLEM XXXIL* 

§ 262. To determine the present value of a given 
sum payable on the decease of A, provided he be 
the ^rst or second that fails of three given lives A, 
S, C« 

SOLUTION. 

The given sum may be received at the end of the 
first year, on the happening of either of four different 

* Morgan, Prob. 24; and in Phil. Trans, for 1791* Prob. 5, 
fage 261. Simpson's Sup. Prob. 40. 
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events : 1® that all the three lives fail in the year, A 
having died first or second : 2® that A and B both 
die in the year, and that C lives to the end of it? 
8^ that A and C both die in the year anc} that B lives 
jto the end of it : 4^ that only A dies in the year, ancj 
that B and' C both live to the end of it. The prob^ 
)bilities of the happening of these several events are re* 

spectively denoted by ^ Tahc^^—^^ ' JT, ' 

^a-^aj.^c^c) and ^^^y ^ : ^nd which being multiji 

avc avc ^ 

plied by 5( 1 +f)""^ will give the expectation of receiv- 
jng the sum at the end of the first year. 

But, in the second and following years, the give 
sum may be receiyed on the happening of cither o 
/eight different events : 1° that all the three lives fai 
in the year, A having died first or second : 2^ that 
and B both die in the year, and that C lives to th 
end of it : 3° that A and C both die in the year an 
jhat B lives to the end of it : 4° that only A dies L n 
jhe year and that B and C both liye to the end of i -<: 
5^ that A dies before B in the year, G having fail 
in either of the preceding years : 6^ that A dies 



fore C in the year, B having failed in either of tl^Hie 
preceding years : 7^ that only A dies in the year, C 
having died in either of the preceding years, and B 
living to the end of it : 8^ that only A dies in t=i:i=:he 

year, B having died in either of the preceding yea J^9 

and C living to the end of it. The probabilities of 
the h^penin^ of these seyeral events in the secc^-33d 
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/ If. 1 "J 'I 

year are denoted respectively by -^^ -^7 — ^-^— .— , 

(a— a).(^— ^)c (a-^a).(c—c)o {a^a)lc (a"^a),(0'^v) 



abc ^ ahc ' abc ' 2ab 



X 



('-7). ^— (■-]-). ^('-f).-* 

r n n i 

""^ ^ (1 — r): which being added together, and 

multiplied by <s(l + f)~% will give the expectation of 
receiving the sum at the end of the second year. In 
like manner we may find the expectation of receiving 
the sum at the end of the third and every succeeding 
year to the utmost extent of human life : the sum of 
all which expectations will be the total present value 
of the given sum, to be received on the above con* 
tingency. 

These several yearly expectatipns, being reduced to 
their least terms and arranged under each other, will 
form sixteen collateral series;* the sum of all which 
is the present value required : and will be found equal 

* It would be needless forme to swell the present work byiu- 
aerting the several values of these series, since ( from the example^ 
ivhich have preceded) they may be readily discovered by an in- 
spection of the resulting formula. Few persons, perhaps, who 
read this part of the treatise, will be satisried without going through 
Ae several steps of the process : in which case, such a measure 
would not be requisite. And I cannot here avoid the opportunity 
of recommending the reader to adopt this plan through all the 
subsequent problems ; as he will find it an excellent praxis for 
tfais species of analysis. 

f |t may be here useful to remark that this forn^ula may be ob» 



j32 ON CONTINOENT ASSUEax^.^ 



COROLLARY. 



§ 263. When the three lives are equal, or all o 
the same age A, this expression (agreeably to what:::^ 
has been said in the corollary to Prob. XXX) wil 

become equal to ^ X — ^^~ . : or, equal t 

the difference between the value of an assurance of th*^ 
given sum on the two joint lives, and one third of t 
value of an assurance of the same sum oji the th 
joint lives. 




PROBLEM XXXIII.* 

§ 964. To determine the present value of a giveq 
sum payable on the decease of A, provided he be the 
second or third that fails of three given lives A, B, Ct 



SOLUTION. 

The given sum may be received at the end of the 

tained by taking the sum of the values deduced from Prob. XXI!' 

and XXX ; or, by taking the difference between s x -z — ^— r- a 

the value deduced from Prob. XXXI : which is evident from 
nature of the questions. For, the sum 13 to be received on 
death of A provided he dies^r^^ or second : or (which is the f 
thing) it is to be received on the death of A provided he dof 
die third, 

* Morgan, Prob. 25> and in Phil. Traps, for 179I, P 
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first year, on the happening of either of three different 
events: 1® that all the three lives beconie extinct in 
the. year, A having di^d the second or third : 2^ that 
A and B both fail in the year, A having died last, and 
that C lives to the end of it: 3° that A and C both 
feij in the year, A having died last, and that B lives 
to the end of it. The probabilities of the happening 
of these several events in the first year, are respectively 

2(a — a ).(b'-'6).(c^c) (a—a)\b'^h)c j (a— a).(c— c)^^ 
3<ihc ' 2abc ' 2abc 

which being added together and multiplied by s{\ +f)~*, 
will give the expectation of receiving the sum at the 
end of the first year. 

But in the second and following years, the sum 

may be received on the happening of either of eight 

different events: 1° that all the three lives fail in the 

year, A having died second or third : 2° that A and 

B both fail in the year, A having died last, and that 

C lives to the end of it : S® that A and C both fail in 

the year, A having died last, and that B lives to the 

end of it : 4° that A and B both die in the year, C 

having died in either of preceding years : 5° that A 

and C both die in the year, B having died in either 

of the preceding years : 6® that only A dies in the 

year, B living to the end of it, and C having died in 

either of the preceding years : 7° that only A dies in 

the year, C living to the end of it, and B having died 

in either of the preceding years : 8° that only A dies 

ill the year, B and C having both failed in either of 

the preceding years. The probabilities of the bap- 
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pening of these several events in the second year 
are respectively -^ '^^ ^, -^-^ , 

I ;/ / n p I II I n I I II I It 

(a'^a).(c'-c)b (a — a).(^ — /^) / c_\ (a — a).(c— r) 

■ v*"^: (l — -.^.^1— -i|: which, being added together 

and multiplied by •5(l+f)~% will give the expectatioii 
of receiving the sum at the end of the second year. 
In like manner we may find the expectation of receiv- 
ing the sum at the end of the third and every subse- 
quent year to the utmost extent of human life : the 
sum of all which expectations will be the total present 
value of the given sum, depending on the above coiji- 
tingency. 

These several yearly expectations, being reduced to 
their least terms and arranged under each other, will 
form ten collateral series : the sum of all which will 

be found equal to ^f 7? \ — 1/4^^ [.* 

COROLLARY, 

S 265. When alt the lives are equal, or of the 

* The Value of the sum depending on the contingency mentioned 
in this problem is manifestly equal to the difference between the 
value of such sum to be received on the decease of A, and iu 
value depending on the contingency that A shall be the ^first thai 



fails : or, it is equal to the sum of the two values found by Prob^ 
XXX and XXXr. 
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same age A, the last term in this formula becomes 

equal to -^ (agreeably to what has been already 

isaid in Prob. XXIX, cor. 2), consequently the whole ex- 
pression is m this case reduced to ^ X — ^aVrz*! — ^* 
that is, equal to the differenqe between the value of an 
assurance of the given sum on a single life, and one 
third of the value of an assurance of the s^me sum on 
the three joint lives. 

PROBLEM XXXIV.* 

§ 266. To determine the present value of a" given 
sum payable on the decease of A, provided he be the 
^rst or last that fails of three given liyes A, B, C. 

SOLUTION. 

The given sum may be received at the end of the 
^rst year on the happening of either of four different 
events: 1° that all the three lives fail in the year, A 
having died first or last : 2° that A and B both fail 
in the year, A having died first, and that C lives to 
the end of it : 3° that A and C both fail in the year, 
A having died first, and that B lives to the end of it: 
4° that only A dies in the year, and that B and C 
both live to the end of it. The probabilities of the 
happening of these several events are respectively 

* Morgau, Prob, 26; and in Phil. Trans, for 1791, Prob. 7, 
jwge 265. 
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2(a— a).(^— i).(c— c) (a—a).(h'-h)c (a—a).(c^c)o , 

3ahc ' 2abc ' 2a be ' 

/' \j" 

^ — Y— : which, being added together and multiplied 

by ^(1 +{>)''*» will give the expectation of receiving 
the sum at the end of the first year. 

But at the end of the second and following years 
the giv^n sum may be received on the happening of 
either of seven different events : 1® that all the lives 
fail in the year, A having died first or last : 2° that 
A and B both fail in the year, A having died .first, 
and that C lives to the end of it : ?P that A and C 
both ^il in the year, A having died first, and that B 
lives to the end of it : 4° that only A dies in the year 
and that B and C both live to the end of it : 5® that 
A and B both fail in the year, A having died last, and 
C having failed in either of the preceding years : 6* 
that A and C both fail in the year, A having died last, 
and B having failed in either of the preceding years : 
7° that only A dies in the year, B and C having both 
failed in either of the preceding years. The proba* 
bilities of the happening of these several events in the 

second year, are respectively -^^ ^-j-t — -^ ^, 

/ // / i\ V I II, I II n t u nil I II L " 
(a-^aj^b—b^c (ji'^a).{c^c)b (a'>^a)b c (a— a).(^— ^) 

. 2abc ^ 2abc ' abc ' 2ab 



f 1 ]: which, being added together and multipli 

by ^(l +f )"*, will give the expectation of r^ceivin, 



X 
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the sum at the end of the second year. In like manner 
we may find the expectation of receiving the sum at 
the end of the third and every subsequent year to the 
utmost extent of human life: the sum of all which 
yearly values will be the total present value of the 
given sum to be received on the above contingency. 

These several yearly expectations, being reduced 
to their least terms and arranged under each other, 
will form eighteen collateral series: the sum of all 

which will be found equal to ^ X \j7ir\'^^^'^*^^ 
+ 2^4^^].* 

COROLLARY. 

§ 267. When the three lives are equal, or of the 
Bannie age A, this expression (agreeably to what has 
been said in the corollary to Prob. XXX) will become 

^ual to ^ X — ^ . : that is, equal to 

the diflference between the value of an assurance of 
the given sum on a single life and on two joint lives, 
added to two thirds of the value of an assurance of 
the same sum on the three joint lives. 

SCHOLIUM. 

5 268. If the present values of the given sum, as 

* This formula may be obtained by taking the sum of the 
values deduced from Prob. XXIX and XXXI : or, by taking the^ 

difference between s x ," . and the value deduced from ProU 

J^ ^ 0+f) 

3tXX. 
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found by Prob. XXXII, XXXIII, and XXXIV, be 

added together, they will be found equal to twice the 
present value of the same sum to be received on the 
decease of A : that is, the sum of those three valuet 

will be equal to 2^x tt—t- 
^ (i + £) 



PROBLEM XXXV.* 

§ 269. To determine the present value of a giYen 
sura payable on the decease of A or B, provided either 
of them be the Jirst that fails of three gif en lives A, 

B,a 

SOLUTION. 

The given sum may be received at the end of any 
one year, on the happening of either of six different 
events: l*^ that all the lives fail in the year, A or B 
having died first : 2° that A and B both die in the 
year, and that C lives : 3° that A and C both fail in 
the year, A having died first, and that B lives to 
the end of it: 4^ that B and C both fail in the 
year, B having died first, and that A lives to the end 
of it : 5^ that only A dies in the year, and that B 
and C both live to the end of it: 6^ that only B 
dies in the year, and that A and C both live to the 
end of it. The probabilities of the happening of 
which several events in the first year are respectively 

* Phil. Tran^. for 1791, Prob. 8, page 267. 
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3abc ' alfc ' 2a^^ * 

■^^ ~ —^ ' — r — J ^nd ^ — 7 — : which, boiiiff 

added together and multiplied by *( 1 +f )"*, will give 
the expectation of receiving the sum at the end of the 
first year. 

In like manner may be found the expectation of re- 
ceiving the sum at the end of the second, third and 
every subsequent year to the utmost extent of human 
life : which several yearly values, reduced to their l"a.<;t 
terms and being arranged under each other as in I'rob. 
XXIX, will form the following scries, 

Aalc 4a he at c ^^ abc aoc ^^a'K 7n'. k Wi f. 
ale abc ale ate ale ait * fi.r, n.K 



f~ III If nil u t I I n II I II I 111 I I f 

I ial-c Aalc ale . ab c a' c ^ aic la 'it "> 

*| abc ale ale *^ ale ale *^ ale ' a><j 

r 






_ 



1 



IM Ml I;" I III n II n ii lu hi iiinti r. ■ t • t ,i -i 

Aa be 4a I e ale . ale abc . a- c , 2n *c ^'-<. ! 
a;^c a^c a^c a^c abc ' «>« ' <i^is « < - 

8cc &C 3rit 3;r', 

sum of all which will be the total pr«eRf al .-: 



^ S 87a But, if we compare thk geMral <»»i» -r >h 
iueKted in page 207, it will be Uj»A i:jsg. *'r^ 
jcnlhtfial aeries, of which it b vjnyj^A^ w* 
t pojt the '/M0 mbscit trt ^v^r^ 

liattfaf e 







t** *.'. 



V 



4A ^ - 
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be readily obtained from the process there Isdd down. 
For, the first atid second collateral series will be thus 

found equal to ^ X -^,- . -:- ; the third and fourth, 
equal to - ^[^^^^ -^BC. J; the fifth and 
sixth, equal to - -^. ["^^^ -^f Gf]; and 
the seventh and eighth, equal to -— — r — — • 

uiBCc . Therefore the total value of the general' 
series above given will be equal to s multiplied into 
2 i^^ABC 1 V {\ + J^ C)J .^p 1 

^5p.c J. 

As we shall have occasion to refer again to this for- 
mula in some of the following problems, it will be 
convenient to denote it by a more simple expression; 
therefore let it be represented by .^^: that is, let 
^^^ denote the present value of £l to be received 
on the above contingency ; consequently s X j^^ wiD , 
denote the present value of the given sum under the 
same circumstances.* 



* By comparing this formula with the second formula in Prrfji 

XXIX, cor. 1, it will be seen that JB^zn l±^^ - C^. 

(1 + f) 
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COROLLARY. 



§ 27 1- When the three lives are equal, or of the 
same age A, the last three terms in the above expres- 
sion destroy each other; and the whole is then re- 
duced to — X - ~^ ~ : -: or, to two thirds of the pre- 
seot value of the given sum payable on the extinction 
of the three joint lives. 



Obxervallous on Mr. Morgan's Method of investi~ 
gating this Vroblem, 

§ 272. I cannot omit the present opportunity of 
Tecalling the reader's attention once more to the sin- 
gular and confused manner which Mr. Morgan has 
adopted, in this case also, for finding the value of the 
general series in page 239 : and I am the more in- 
duced to do this, because it appeai-s that, the further 
Mr. Morgan proceeds in his subject, the more disorder 
and irregularity seems to run through the whole of his 
investigations. 1 would previously, however, intreat 
(he reader's patience whilst I conduct him through this 
-jnathematical labyrinth. 

The sum of the several expectations of receiving 
the given sum, on the contingency mentioned in this 
problem, Mr. Morgan makes equal to the following 
Series 
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S 273. Now, the last suv collateral serifes in thJal 
above general expression may be reduced to the tun^ 
followiQg ones! vi^. •> 

(i-f-f)L ^^^ 2a^<^ J"* 

r* »' 'u " ' ' "\" ""n 

+ 



(1+?; 
« 



r— // ip HI ft n lu miiC^ 

{h -h)ac , {h'^b)ac 



&c &c &c, 

in which case, that ejtpression, instead of being cdni« 
posed oJ' twenty^ different series, might have been re-^ 
duced to twelve. Or, had the whole of these colla-^ 
teral series been reduced to their simplest teltns, they 
would have formed the very same expression as that 
given in page 239 ; and which consists of only eight dit 
ferent terms!!! But, owing to this careless and diffuse 
mode of treating the subject, it follows that the formula^ 
which denotes the value of the given sum defending 
On the contingency mentioned in this problem, con- 
tains (upon Mr. Morgan's method of solution) no less 
than twenty different terms:! and when it is considered 

- * Each of the ten collateral series in page 242, evxdeptly forms 
two distinct series when expanded by multiplication} the sum of 
huh which it is necessary to find. 

f Lest 1 should be charged with misrepresentation I shall 
here insert Mr.. Morgan's formula in his own characters : viz S 

a(r-l).(BC-AB C) «(PC-APC) _ _d_ T, 5^- aIbT) + 

3r ^ 6ir 3«-;L . ". 

— i — "" - ^ j + S (2 denoting the value of S on the con- 

R 2 
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CL 8. 



that, in order to obtain those terms, it is necessarj" to 
sum up between thirty aiidforli/ different series, the 
reader is equally struck with surprise and indigna- 
tion; and is left in doubt of the motive which could 
have induced the author to pursue so anomalous a 
course. 

§ 274. There is, however, still another part of 
Mr. Morgan's investigation on which 1 consider myself 
equally obliged to make some comment. He says 
that the formula (above alluded to) gives the exact 
value when C is the oldest of the three lives j " but if 
A be the oldest, the symbols must be changed:" and 
the value of the given sum he has, in this case, de- 
noted by another formula ; which (being introduced 
m a new dress, and in new characters) appears ma- 
terially diiFerent from the former one.f It is, how- 
ever, (when divested of all its useless and extraneous 
quantities) precisely the same as that which 1 have 

tingency of C's surviving B). Tlie other Bymbols being (he same 
OS already explained in the nute in page 215. See the original for- 
mula in Phil. Traru. for 1 791 , page 267 ; or in Price's OA*. on 
Rev. Pay. Note (P), Problem V III. 

"^ I mean upon Mr.Morgan's principles, as explained in pogeSlJ'. 

f Take Mr, Moigan's fiwn words. " Tlie general rule expres- 
(r-I).(V-AB> 



ing dM value of l]ie n 



wUl be = S into — 



' 3a\. 



g(HF-HFC) HB-HB C " 



■F— AFC) 



a(r~l).(AB-ABC) , »i(AP-APC) 



3.rL 
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given in page 240, except as to the substitution of 

1 r(]+^B£5)c' ,„^ n ,, ... 

--^\ — TTZ'^Y jiBL.c ; agreeably lo the princi- 
ples explained in the note in page 210. 

§ 275. It surely cannot be unknown to Mr, 
Morgan that the value of the given sum does not in 
this case depend upon the senioriti/ of the lives con- 
cerned.* For, let the ages of A, B, and C be what 
they may, and let him change his symbols as often as 
he pleases, he must still come to the same general 
series, at last, as that given in page 239 : the sum of 
which may be expressed in three different ways, ac- 
cording to the method of summing up the several col- 
lateral series of which it is composed.! And eitker of 
these formulEG will denote the value of the given som, 
whether A, B, or C be the oldest of the three lives. 



i(PN-PNC) n ., 



Where V denotes the perpetuityj and the 



remaining letters, the same quantities as already explained xa the 
note in pag: 221. Seethe original formula ia PltU. Trans. fiA' 
l?9».page26Bj and in Price's Oif. on few. fay. Note (P), Pro- 
Wem VHI. 

This observation will apply to the whole of the Problems in- 
serted by Mr. Morgan in the PftiV. JVaw. for 1788, l?89 and 179I. 
See tlie note in page 221. 

\ See what has been already said on this tubject id page 223, 
id In the note to page 220. 
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These observations are the more necessary to be at- 
tended to, because the solution to the present problem 
is of use in enabling us to determine th^ value of sums 
depending on the contingencies mentioned in several 
of the subsequent problems. Consequeritly, the more 
simple we render the present formula, the more easily 
we may obtain the solution to those problems. This 
motive, therefore, will l?e a sufficient apology for the 
present digression- 



PROBLEM XXj:VI,* 

^ 2*16. To determine the present value of a given 
sum payable on the decease of A or B, provided either 
of them be the second that fails of three given lives 
A,B,C, 

SOLUTION^ 

The given sum may be received at the end of the 
first year, on the happening of eitb'ipr of four differeqt 
events: 1° that all the three lives fail in that year, 4 
or B having died second : 2^ that A and B both di? 
in that year, and C live? to the end of it; 3^ that A 
and C both fail in that year, A having died last, and 
that B lives to the end of it : 4® that B and C both M 
in that year, B having died last, and that A lives to 

» Phil. Trans, for 1791, page 26g, 
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the end of it. The probabilities of the happening of 



("-'^f-^ C°-°>-;--)^ .nd Std^Z^, which 

abc ' 2abe ' 2a6C 



being added together, and multiplied by *(l+f)~'» 
will give the expectation of receiving the sum at the 
end of the first year. 

But at the end of the second and following years, 
the sum may be received on the happening of either of 
eleven different events : 1° that all the lives fail in the 
year, A or B having died second : 2° that A and B 
both die in the year, and that C lives to the end of 
it : 3° that A and C both fail in the year, A having 
died last, and that B lives to the end of it : 4° that 
B and C both fail in the year, B having died last, and 
that A lives to the end of it : 5° that A and B both 
&e in the year, C having died in either of the pre- 
ceding years : 6° that A and C both foil in ihe year, 
A having died last, and B having died in either of 
the preceding years : 1'^ that B and C both fail in the 
year, B having died last, and A having died in either 
of the preceding years: B° that only A dies in the 
year, B living to the end of it, and C having died in 
either of the preceding years: 9° that only A dies 
in the year, C living to the end of it, and B having 
died in either of the preceding years: 10° that only 
B dies in the year, A living to the end of it, and C 
having died in either of the preceding years: 1 1" that 
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only B dies in the year, C living to the end of it, and 
A having died in either of the preceding years. The 
probabilities of the happening of these several events 

. • J . , 2(a— a).(^— 8).(c— c) 

m the second year are respectively -^ \^ , ^ ^ — -, 

f n 1 )i u t n I u n » w i u n i n ? » 
(a^a),(l^ I))c (a—a).(c^ c)h (^— ^).(c— c)a (a— a).(i— J) 

abc ' 2alc ' 2abc^ * ab 

v^""7)' ^ — ^[^^Th 2fc vl— 7)' 

(g— a)& / c % (fl~g)c ^^ i> % (^--^)a/ ^^ 

ab V^ c /^ ~^^ V* bi^ ~lb v^~c/* 

and "T (1— — ): which being added together, 

and multiplied by ^(l + f)~% ^''11 give the expectatkm 
of receiving the sum at the end of the second year. la 
like manner may be found the expectation of receiving 
the sum at the end of the third and every subsequent 
year to the utmost extent of human life : the sum of 
all which yearly values will be the total present Talttt 
of the given, sum, to be received on the above coiu 
tingency. 

Now these several yearly expectations, being reduced 
to their lowest terms and arranged under each other, 
will form eighteen collateral series: the sum of all 

which will be found equal to ^ P^i +€/4^ + 

COROLLARY. 

§ 277. When all the lives are equal, or of the 
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same age A, this expression (agreeably to what has 
been said in the corollary to Prob. XXX) will become 

equal to — X — - - - . -: or, to two thirds ot 

the present value of the given sum payable on the 
extinction of any two out of three given lives. 



PROBLEM XXXVn.* 

§ 2Y8. To determine the present value of a given 
sum payable on the decease of A or B, provided either 
of them be the last that fails of three given lives A, 



The given sum can be received at the end of the 
first year, on the happening of one event only ; viz. 
the extinction of all the lives in that year, C having 
been the first or second that failed. The probability 



of this event is 



^a-a\{h-b).{c-c) 



i which being mul- 



3alic 

dpliedby s(l+p)'"', will give the expectation of re- 
ceiving the sum at the end of the first year. 

But, in the second and following years, the given sum 
may be received on the happening of either of ax 
dift'erent events : 1° that alt the three Uves fail in the 
year, C having died first or second : 2° that only A 
and B fail in the year, C having died in either of the 



* Phil. Trans.for 1791, Prob. 10, page 272. 
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preceding years: S° that A and C 1iy)fh fail in the 
year, A having died, last, and B having died in either 
of the preceding years: 4° that B and C. both fail in 
the year, B having died last, and A having died in 
either of the preceding years: 5° that only A dies in 
the year, B and C having both foiled in either of the 
preceding years: 6° that only B dies in the year, A 
and C having both failed in either of the preceding 
years. The probabilities of the happening of these 
several events in the second year are re^ectively 

2(g— a)^(g— ^).(c— c) (a— a). (£--£) / jc^% (fl»^o). (c— c) 

Zafc ' ah V c)' 2ac ^ 

(-1). ^=^(>-t). ^(>-|) X 

(l_i), andi^(l_i).tl-4): which \^ 

added together and multiplied by ^(l+f)"*% will pvc ' 
the expectation of receiving the sum at the end of the 
second year. In like manner we may find the expec- 
tation of receiving the sum at the end of the third 
year. And so on for all the subsequent years to the 
utmost extent of human life ; the sum of all which 
yearly values will be the total presex^t value of t^ 
given sum, payable on the above contingency^i 

These several yearly expectations, behig reduced to 
their lowest terms and arranged under eadi other, 
will form twenty-two collateral series : the sum of all 

which will be found equal to s\ "^ /, , 7 — - ^ 
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COROLLARY, 

■ I. 



S 279. When the three live3 are equal, or of the 
fiame age A, this expression will become equal to 

-r- X — ^ — ., . ,u. ■ .. ; Qi^Xwo thirds of the pre- 

sent value of the given sum, payable on the extinction 
of the longest of the three lives. 

SCHOLIUM. 

§ 280. If the present values of the given sum, as 
found by Prob. XXXV, XXXVI, and XXXVII, be 
added together, they will be found equal to the present 
valjtie of the same sum to be recdved on the decease 
of A, added to the present value of the same sum to 
be' received on the decease of B : that is, the sum 

of such three values will be equal to s \jrr~\ + 

PROBLEM XXXVIII.* 

§ 281.. To deternjine th^ present value of a given 
gam payable on the decease of A or B, provided 
either of them be the^r^y^ or second that fails of three 
given ^v^s A, B^ C. 

SOLUTION. 

It is evident that in this case the payment of the 
civen sum at the end of any one year depends wholly 

* Phil Trans, for igpo, Prob. }, page 22. 
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on the extinccion of the joint lives AB in that year, 
independent of C: its present value therefore will, by 
Prob. SXII, be in all cases equal to j X ~7. ~~y 



5 282. In the preceding problems I have deduced 
correct expressions for the value of reversionary suras 
depending on the several contingencies therein men- 
tioned : but the remaining problems, for the most part, 
involve a contingency for which it is very difficult to 
find such an expression as will denote the true value 
of the same, and be likewise fit for general use. The 
contingency, to which I allude, is the probability that 
one life in particular will die before or after another, 
during any given period of their joint lives. This 
subject has been already discussed in the fifth chapter, 
where it is applied to the method of determining the 
present value of certain reversionary annuities: and I 
now come to consider it again in its application to the 
method of determining the present value of rever- 
( ^nary sums. In the investigation of the following 
problems, the contingencies above mentioned will be 
expressed in italics. And since, by means of the two 
Lemmata in Chapter V, we may obtain a more con- 
venient expression for the expectations of receiving the 
given sum after the extinction of the oldest life in- 
volved, I shall divide the investigation into two distinct 
parts; the first of which will denote the value rf 



J 
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F all the expectations for the first n years,* or during 
tha continuance of the oldest life involved; and the 
second will denote the value of ail the expectations 
after that period. 

PROBLEM XSXIX.t 

§ 283. To determine the present value of a given 
sum payable on the decease of A or B, provided either 
of them be the second or third that iails of three given 
lives A, B, C. 

SOLUTION. 

The given sum may be received at the end of the 
£rst year on the happening of either of four different 
events : 1° that all the lives fail in that year: 2" that 
A and B fail in that year, and that C lives to the end 
of it : 3° that A dies after C in that year, and that B 
Jives to the end of it : 4° that B dies after C in that year^ 
and that A lives to the end of it. The probabilities of 
the happening of these several events are respectively 

a6c ' aic ' 2alie 



i and 



■iabc 



: \\hich, being added together and multi- 



* I shall bera obsen'e, cmce for all, that I take n to denote the 
Buniber of years between the age of the oldest life and that a^e 
in Uie t^hle of oluetvatlons when huinaii lite bccoraei exiincti 
coniequenily the value of n will vary in eacK problem according 
to the seniority of the lives concerneJ, 

YKiil.T«». for 180B, Prob. 2, page 23. 
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plied by ^(l +?)""'» will give the expectation of re* 
ceiving the sum at the end of the first year. 

But in the second and following years, during the ex- 
istence of the oldest life, the given sum may be received 
on the happening of either of thirteen different events: 
l"" that all the lives fail in the year: 2° that A and B 
fail in the year, and that C lives to the end of it : 
3^ that A and C both fail in the year, A having died 
last, and that B lives to the end of it : 4^ that B and 
C both fail in the year, B having died last, and that A 
lives to the end of it : 5^ that A and B die in the 
year, C having failed in either of the preceding years: 
6^ that A and C die in the year, B having failed in 
either of the preceding years : 7^ that B andC die in tl^ 
year, A having failed in either of the preceding years: 
.8^ that only A dies in the year, B living to the end 
of it, and C having died in either of the preceding 
years: 9° that only A dies in the year, C living to 
the end of it, and B. having died in either of the pre- 
ceding years: 10^ that, only B dies in the year, A 
living to the -end of\it, and C having died ibi either 
of the preceding years: 11® that only B dies io the 
year» C living to the end of it, and A having died A 
either of the^ preceding years: 12® that only A dies 
11 the year, and that B and C both fail in either of 
the preceding years^ B having died fir it: IS® that 
only B dies in the year, and that A and C beth foH 
in either of the preceding years^ A having diedfiriu 
Theprobabilides of the happening of these several evetta 
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in the second year, are respectively <g—g)'( -- )>(g-g) ^ 

{a-a).{h-fi)c (a^a).{C'T'c)b ^lr'^h).(c-c)a {ijt--.a)\{b^h) 
abc ' 2ahc ' labc ' ab ^ 

/ I n I II I I 'n 'i II '• r 

.' i/.tf / I II II t 1 II II' 1 

~"^^~l^""Ti' ~ir^v^-v)' ~sr~ti""T)> 



/ 



( 1 — — ) • ( 1 ) :* which being added together and 

multiplied by ^(l+f)""*, will give the expectation of 
receiving the sum at the end of the second yeari fa 
like manner we may find th^ expectation of rec^ving 
the sum at the end of the third and every subsequent 
year: and, if these several annual expectations be re- 
duced to their lowest terms and arranged under each 
other, they will form sixteen collateral series; the sum 
of which, continued to the utmost extent of human 

* In these, and all similar cases, throughout the remaining part 
of this chapter^ I suppose it to be an equal chance which of the 

two lives dies before or after the other during the probable term 

« 

of their joint existence. Now, though this is. not strictly correct, 
(and I have on that account pointed out, in page 139, a method 
of finding an approximate- value of such chance in order to deter- 
nune the value of contingent AnnuUies,) yet in the case of ^s$a«> 
ranees the contingencies are so involved that no material error will 
probably arise in any practical cases by thus indiscriminately sup- 
posing the chances to be even. The resulting formulae are hereby 
rendered more simple and easy, and are sufficiently accurate for 
general use. 
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life, would be equal to s multiplied into ^^~^ + 



a{I + f) "•' 2(1+?)* a "*' 2(i+f) * i-"*" 2{l+f) 



i+Jc 



1 + BC 



+BC / 



1" "jfi j-e1 ^n-tfli' A 






-^BCx 



2(i+f)"o '"2(l + f) 2(l+f)i " (1 + f) 

-? jiBC-^ + ^BC-—. But this expression, in. 

dependent of the common multiple j, may be reduced 
ir{k B~JiC]ii 



' 2(1+7) ^^"^^L-li+^ 

I f (AB-i c)i' 



and which, for the sake of a more convenient re- 
ference, I shall denote by 



§ 284. Now, since only part of the several collateral 
series above mentioned (and which series are repre- 
sented by the quantities here given) is to be continued 
to the utmost extent of human life, and as that part 
will depend on the seniority of the lives concerned ; it 
will be necessary to divide the subsequent investigation 
of the problem into three distinct cases, according to 
the seniority of the three lives. For, in each case 
those several collateral series must be continued only 
during the existence of the oldest of such lives : b& 
cause, after that period, we may obtain a more correct 
value of all the subsequent expectations, by means 
the first Lemma in the fifth chapter. 
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S 285. Case 1 . Let A be the oldest of the three 
lives. In this case, all those collateral series in ^hich 
the life A is involved must of course be continued to 
the utmost extent of human life: but all those series 
in which the life A is not involved must be conti- 
nued for n terms only. Consequently, the quantities 

i—pB \+BC j iJfBC i M, . , , 

^., ; :, -r-r; — r» and -7— 7*— — y- will respectively be- 

^^"»^ [ 2-(mT) - Wh)'t(-' +f^ J' boTs) - 

~(1 +f)*" I '•* whence, the sum of the first n terms 

* See the method of proceeding In these cases explained in 
Prob. XXII, cor. 2, and Prob. XXVII, cor. 4. I shall, however, 
here take the opportunity of noticing an error on this subject, into 
which Mr. Morgan has inadvertently fallen ; and which pervades 
the two papers inserted by him in the 84 th and 90th volumes of 
the Philosophical Transactions, In pointing out the method of 
finding the value of the £rst n terms of the several series above 
alluded to, in which the oldest life is not involved, he directs us 
to convert the quantities, expressing the value of annuities on the 
whole life, into similar expressions for the given term. This how- 
ever is certainly incorrect : for, it is not the annuities on those 
lives which are to be continued for n years, but the series from 
which those annuities arise 3 and which will in most cases mahe 
the value of the annuities, resulting therefrom, equal to a term of 
fi— 1 years only. 

Thus, in the investigation of the present problem in the Philoso' 
phical Transactions (for 1800, part I, pnge 25) he says that, when 
B is the oldest of the three lives, the annuity on the joint lives 
AC must be continued for x years: whereas it should be contiuued 

6 
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of the several collateral series above mentioned (that 
is, the sum of all the expectations for the fir^ n years) 

will become equal to s multiplied into jD) — . . X 

But, after the decease of A, the expectations, arising 
from the several contingencies on Which the sum de- 
pends, may be more correctly expressed for all the sub- 
sequent years by means of the first Lemma iii Chap- 
ter V. For, since the chance of receiving the sum at the 
end of any one of those years depends on B's dying 

for a:— 1 years only; as will readily appear> by attending toAo 
steps of the process. The annuity on the life A, he also isy9, 
should be continued for x years : whereas neither x nor jp— 1 will 
give the correct value in his formula i for, the true value which 

ought to be there substituted for A is A' + x — ^it" ^ ^ 

error runs through the whole of the investigations inserts by 
Mr. Morgan in the two papers above mentionedj I have thought it 
necessary to advert to it in this place, in order to explain any dif» 
ference which might be observed between his formulae and thme 
which are here given. 

I cannot dismiss this subject without censuring the careless 
manner in which Mr, Morgan's papers in the Philosophical TVonf- 
fictions have been printed. Were a proof of this charge lecpiiedy 
I could not give a more convincing one than the two formalae ia 
the page above referred to, and which are too erroneous to be of 
any public utility. I at first imagined that these mistakes might 
be errors of the press; but, when I observe them faithfully copied 
into the last edition of Dr. Price's ti-eatise, I can be at no losft in 
attributing them to their proper source. 
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in the year, and on A having died belFore C in either 
of the preceding years (the probability of which latter 
contingency is, by the Lemma, denoted by tjt* ) it 
follows that the sum of the expectations for those 
years, continued to the utmost extent of hutnan life, 

will be equal to s.^ x f /""';,, + ~ >V5 + 
T- ^^^ -f &c J: an expression which, by Problem 

♦ Mr. Morgan has given two sepat^te tables for determining 
the probabilities of sunrivorship between two Jives: the first 
(which is inserted in Phil, Trans, for ]78d« page 337) shows 
the probability of one life dying before another | and the second 
(which is inserted in Phil. Trans, for I794, page 229) shows the 
probability of one life dying cifter the other. They are both given 
in the last edition of Dr. Price s Obs, on Rev, Pay. vol. 1^ page 
40S, &€. 

Hiese tables are deduced from the principles laid down in the 
first and second Lemma in the fifth Chapter of the present work. 
The^rj* table, here alluded to, will occasionally be found usefial 
.in determining the values of « and p, which are frequently intro- 
duced tu the ensuing problems. But as that table is very limited 
in its extent, I have (in the note in page 1 14) laid down a method 
of approximating to those probabilities ^ which in most probable 
cases will be found sufHciently correct. 

Mr. Morgan might have saved himself the trouble of calculating 
the second table above alluded to; since its application to any 
practical cases may always be avoided : and moreover, the values 
in that table are^ in my opinion, incorrectly deduced. It is cer* 
lain that the solutions to the ensuing problems may be more simply 
expressed by referring only to the first table; as any person will 
teadily discover by comparing the formulae in the present work 
with those given by Mr. Morgan. See what has been already ob- 
served (m this subject in the note in page 118. 

s2 
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I 

1 •» fi Off /I •»« 

XXII, cor. 1, is equal to s.w X Tfr-yyC^+p) •* 

Consequently this value, added to the sum of the 
first n terms of the several collateral series above 
mei^tioned, will express the total present value of 
the given sum in this case required; and which 
will be found equal to s multiptied into 

(i^,,,)x(i-fB')/3+|^[(i+FC0^-(i+i'£?)i3] 



JD- 



Hi+f) 



w+l 



§ 286. Case 2. Let B be the oldest of the three 
lives. In this case all those collateral series in which 
the life B is involved must be continued to the utmost 
extent of human life : but all those series in which the 
life B is not involved must be continued for n terms 

only. Consequently, the quantities ^^^y ^Th)' 
and jTTT^N*— will respectively become equal to 

L2(l + f) a(14-f) a^ ^^^ J»L2(l-|.p) 2{l+f)'' 

whence, the sum of the first n terms of the several 
collaten^l series above mentioned will be equal to s 

mddpUed mto B - ±a£.5.(,+j)-»_ i±^sc 
But after the decease of B, the expectations, aridng 

^ See the note in page 147. 
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.from the- several contingencies on which the sum de- 
pends, may be more correctly expressed for all the 
Subsequent years by means of the first Lemma in 
Chapter V. For, since the chance of receiving the 
sum at the end of any one of those years depends 
on A's dying in the year, and on B having died before 
C in either of the preceding years ( the probability of 
which latter contingency is, by the Lemma, denoted 
by 0) it follows, from what has been said in the last 
case, that the sum of all the expectations for those 
years, continued to the utmost extent of human life, 

vrill be equal to s.^ X jr^ X ~(l+e)~"* Con- 
sequently this value, added to the sum of the first n 
terms of the several collateral series above mentioned, 
will express the total present value of the given sum 
in this case required ; and which will be found equal 
to s multiplied into 



B- 



fl(i+f) 



n+ 1 



S 287. Caie 3. Let C be the oldest of the three 
lives. In this case, all those collateral series in which 
the life C is involved must be continued to the utmost 
.extent of human life : but all those series in which the 
life C is not involved must be continued for n terms 

only.* Consequently the quantities ^^7^. ^(T^* 

t Mr. Morgan, in his investigation of these several cases, lias 
followed his general practice of changing the symbols ia the last 
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_^±^.?.f( I +.)-«!: whence, the sum oF the 

first 7^ terms of the several collateral series above men- 
tioned will be equal to s multiplied into ]D — 

case^ and of introducing another formula for the solution thereof. 
But these new formulas will always be found to be the same as 
those which he has before inserted^ disguised under d\fperent chOf^ 
racters. They arise from the different, modes of summing up the 
same series: agreeably to what I have before remarked in the notes 
in page 186 and 210. 

'In the notation adopted by Mr. Morgan the amilarity of the 
two formulae is not immediately recognized : and it is possible 
that he himself was not aware of it. Yet it is singular that he 
should ever have thought it necessary or useful to recur to emother 
expression for the value of the different series, when he had al- 
ready obtained a formula for that purpose, which (I presume) he 
must well know was a genej'al one. I'his remark extends to most 
of the subsequent problems in the present chapter: and will show 
that, by such acts of supererogation, he has rendered the subject 
unnecessarily tedious and confused. See the pote to th^ first case 
of Prob. XLV. 
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But after the decease of C, the chance of receiving 
the given sum at the end of any subsequent year will 
depend on the happening of either of three events : 
1® that either^ A or B dies in the year : 2° that only 
A dies in the year^ B having died before C in eithef 
of the preceding years: 3° that only B dies in the 
year, A having died before C in either of the prece- 
ding years. The sum of all the expectations of receiv- 
ing the given sum on the first contingency, for every 
subsequent year to the utmost extent of human life, 

is, by Prob. XXIL cor. 1, equal to ^y X ^Tjf . X 

^ (i + f) 

— ~(l + f) ;t and the sum of all the expectations 
on the other two contingencies is, as in the two pre- 
ceding cases, equal to s.(p X yj^'f C^+e)"^" + 
s.Tff X 7Y3^ • T"( 1 + ?) • Consequently, these va- 
lues, added to the sum of the first n terms of the se* 
veral cpUateral series a^pve mendpi^ed, wjll express the 
total present value of the given sum in this case required; 
and >!rhich will be found equal to s multiplied into 



B- 






«(i+f) 



n+l 



* Mr.'Morgan says {Phil Trans, for 1800, page 26) that this 
chance depends on loth the lives becoming extinct within the 
year ; which is evidently erroneous. 

f See the note in page 147, 
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COROLLARY. 

§ 288. When the three lives are equal, or all of 
the same age A, the last three quantities in the for- 
mula denoted by ID) vanish entirely; and the general 
expression for this case will become equal to ^ X 

SCHOLIUM. 

§ 289. As the expressions, deduced from the me- 
thod of investigation pursued in these three cases^ will 
be frequently referred to in the subsequent problems, 
it will be convenient to denote them by a more siofiple 
character. Let us therefore make 

K/ Z;;: m » ■ ! V ■ ■■! 11 

y _ . *(l+f)»+* '' ' 



X = 



z = 



a-?).(l-K)« - ^[(1 +^B')a-(l +iBOi] 



a(l + f)"+» 

Then will the present value of the given sum d^ 
pending on the contingency mentioned in this probleiQ 
t)e respectively expressed by these several formulae, 

;iccording as A, P, or C is the oldest of tl)e three lives. 
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PROBLEM XL.* 

§ 290. To determine the pretent value of a given 
Bum payiable on the decease of A or B, provided 
either of them be the Jirst or last that fails of three 
given lives A? B, Ct 

SOLUTION. 

• The payment of the given sum at the end of the 
first year will depend on the happening of either of 
.six different events: 1° that all the lives fail in the 
year : 2° that A and B fail in the year, and that 
C lives to the end of it : 3° that A and C fail in the 
year, A having died first, and that B lives to the end 
of it : 4^ that B and C fail in the year, B having died 
first, and that A lives to the end of it : 5^ that only 
A dies in the year, and that both B and C live to the 
«&d of it I 6° that only B dies in the year, and that 
both A and C live to the end of it.* The probabilities 
of the happening of these several events in the first 

. I (a— a).(i— /).(c— c) (a— a).(^— i)c 

year are respectively ^^ i — ^» ^ 7^ ^» 

2ahc ' 2ahc * ahc abc * 

vrhich being added together and multiplied by ^(1 +f)'"*, 
'will give the expectation of receiving the sum at the 
^d of the. first year. • 

* Phil. Trans, for 1800, Prob. 3, page 28. 
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« 

But, in the second and following years, the given 
sum may be received on the happening of either of 
nine different events: viz, in addition to the six just 
enumerated, 7° that A and B die in the year, C hav- 
ing failed in either of the preceding years: 8^ that 
only A fails in the year, and that B and, C both fail in 
either of the preceding years^ C having died first : 9^ 
that only B fails in the year, and that A and C both 
fail in either of the preceding years^ C having died 
first. The probabilities of the happening of these 
several events in the second year are respectively 

(rt — a).(t^ — i).(c — c) (a — a).(^ — i^)c (g — fl). (c— cjb 
abc ' ahc ' ^lahc ' 

J 7/ I II n I II II II ' w II w ' " i ^. ' 

{b^b).(c ^c)a (a-^a)!} c {h^h)ac {a'-a),{D''b) / c\ 

" 2^'c » ah~^ ale ^ ab ^ c"^ 

I II I I I n I f 

a^ar^ h \ t , c \ , l-~b 



whichjbeing added together and multiplied by ^( 1 +f )'^, 
will give the expectation of receiving the sum at the 
end of the second year. In like manner, we may find 
the expectation, of receiving the sum at the end of the 
third and every subsequent year: and, if these several 
^nual expectations be reduced to their lowest terms, 
and arranged under each other, they will form sixteen 
collateral series; the sum of which, continued to t}ie 

utmost extent of human life, would be equal to s m\il- 

.. I I 

tiplied into ^, : . -I — ——T' + AB r^— t-« — 

^ 2(l+f) ^ 2(l-hp) ^ 2(i + g) « 

2(1 +f)* 2^ 2{\-i-o) + 2(1+?)' a 2(1+7) + 
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I 

iM^.4. + izl^ + ABCX + ABC.l - 

ABC— I an expression which, independent of the 
common multiple s^ may be reduced to the formula 

2(l'+>) "^ 2a L 0+f) 

I /J 2:;L (1+f) / *J I 2c' 

and which, for the sake of a more convenient reference 
I shall denote by ]£• 



S 291. Case 1. Let A be the oldest of the three 
lives. In this case, the sum of the first n terms pf the 
several collateral series above mentioned will, by pursu- 
ing the same steps as in the first case of the preceding 

problem, be equal to E— — l^^. |-(l+f)""" + 

the decease of A, however, the expectations arising 
£rom these contingencies may be more correctly ex- 
pressed for all the subsequent years by means of the 
second Lemma in the fifth chapter: for, since the 
chance of receiving the sum at the end of any one of 
those years depends on B's dying in the year and on 
A having died after C in either of the preceding years 
( the probability of which latter contingency is, by the 
Lemma, denoted byl — -nr), we shall find that the 
sum of the expectations for those years, continued to 
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the utmost extent of human life, will be equal to 
<1— ?;r)x 77^- y(l +?)""'*• Consequently this 

value, added to the sum of the first n terms of the 
several collateral series above mentioned, will make the 
total present value of the given sum to be equal to 

S 292, Case 2. Let B be the oldest of the three 
lives. In this case, the sum of the first n terms of 
the several collateral series above mentioned will, by 
pursuing the same steps as in the second case to the 

preceding problem, be now equal to IE — ^tt^i^V" ^ 

~(l+p)^^. After the decease of B, however, the 

expectation arising from these contingencies may be 
more correctly expressed for all the subsequent years 
by means of the Lemma above mentioned : for, since 
the chance of receiving the sum at the end of any one 
of those years depends on A's dying in the year, and 
on B having died after C in either of the preceding 
years, (the probability of which is, by the Lemma, de- 
noted by I— (p) we shall find that the sum of the ex- 
pectations for those years, continued to the utmost 
extent of human life, will be equal to 5.(1— ^)x 

Tj-T— t- -(1+f)"""* Consequently, this value added 
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to the sum of the first n terms as above found, will 
express the total present value of the given sum 
in this case required. Whence, such present value 
will be equal to ^fJE + ^ j. 

S 293. Case 3. Let C be the oldest of the three 
Kves, In this case, the sum of the first n terms of 
the several collateral series above mentioned, will 
(agreeably to the method pursued in the third case 
to the preceding problem) be equal to JE — 577V~\ X 

+2(M:?T-«3-0+e) +2a4ir-i;Ci+e)^ -But, 

after the decease of C, the expectations arising from 
these contingencies may be more correctly expressed 
for all the subsequent years by means of the Lemma 
above mentioned : for, the chance of receiving the 
8um at the end of any one of those years will depend 
on the happening of either of three events : 1° that 
A and B both fail in the year: 2^ that A fails in the 
year, B having died after C in either of the preceding 
years: 3^ that B fails in the year, A having died after 
C in either of the preceding years. The probabilities 
of tbe happening of these three events in the (n+1)'' 

year, are respectively ^j , -^ 1 1 -^- j) 

and^"^(l — -stT— *):* which being added together 

* See the Scholium in page 121, 
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and multiplied by ( 1 +e)'"^"^ ^^ will give the expecta^ 
tion of receiving the sum at the end of the (n+l)^ 
yean 

In like manner, the probabilities of the happen- 
ing of these events in the (w + 2)"*^ year are 

respectively i^^Mzt^ M(i-^~t) ^^ 
^-—[l-^w ). which being added together and 

multiplied by (l+f)~ will give the expectation 

of receiving the sum at the end of the (n -f 2)"** year. 
By the same method of reasoning we may find the 
expectation of receiving the sum at the end of the 
(n + 3)'^ year: and so on to the utmost extent of 
human life ; the sum of all which annual expectatjoos, 
when reduced to their lowest terms, will be found leqoal 

to s multiplied into (l-(p) X 7r^-~(l+e)""" + 

+ JtR*~-{l+^)'^^: which, being added to the sum 

of the first n terms of the several Collateral series above 
mentioned, will express the total present value rof the 
given sum in this case required. Whence, such pre- 
sent value will be equal to ^T JE + y + zl. 

COROLLARY. 

§ 294. When all the lives are equal, or of 
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the same age A, the last three quantities in the 
formula denoted by JE vanish entirely; and the 
general expression for this case will become s X 

SCHOLIUM* 

S 295. Since it appears that the present value of 
the given sum, payable on the contingency mentioned 
in this problem, iadded to the present value of the 
same sum, payable on the contingency mentioned in 
the preceding problem, are together equal to * X 

- '^, . \ - : it follows that, the value of one of them 

being determined, the other may be easily obtained 
by subtracting such value from the general expression 
here given: provided the ages of the lives are the 
same in both instances. 



PROBLEM XLL* 

5 296. To determine the present value of a given 
sum payable on the decease of A, provided he be 
the second that dies of three given lives A, B, C, 
and provided C dies before B.f 

* Simpson's Sup, Prob. 38, and Prob. 4, in page 74. Dodson, 
vol. ill. Ques. 42 to 47. Morgan, Prob. 18; and in Phil. Trans, 
for 1789, page 41. 

f That is, provided C dies first, and A second of the three lives f 
or, provided C be then dead and B living: but I have thoaght it 
best, for the sake of uniformity, to preserve the mode of expres- 
•ion adopted in the text. 
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SOLUTION. 

The chance of receiving the given sum at the eri3 

of the first year will depend on the happening of ^ther 

of two events: 1^ that all the lives fail in that year, C 

having died first and A next : 2® that A and C both 

fail in that year A having died last, and that B lives to 

the end of it. The probabilities of the happening of 

/ / I 

these two events are respectively g^ ^'V . v^^ 

and l -f— — ; which, being added together and 

multiplied by '^Cl+f)'"', will give the expectation of 
receiving the sum at the end of the first year. 

But the chance of receiving the given sum at the 
end of the second and following years will depend 
on the happening of either of four different events : 
1° that all the lives fail in the year, C having died first 
and A next : 2° that A and C both fail in the year, 
A having died last, and that B lives to the end of it: 
S^ that both A and B fail in the year, A having died 
first, and that C dies in either of the preceding years : 
4^ that only A dies in the year, B living to the end 
of it, and C having died in either of the preceding 
years. The probabiliries of the happening of these 
several events in the second year are respectively 

/ If I n I II i 11 I V II I n 1 w I 

(a— a).(' — ^).(c— 6-) (a— fl).(c— c)^ (a— a).(^— ^)/ c% 

6ahc ' 2abc ' 2ab v ~T/' 

and — "t^ ( 1 — — ) : which being added together and 
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inulriplied by ^( 1 4-f )"% will give the expectatioti of 
receiving the sum at the end of the second year. Irt 
like manner we may find the expectatioa of receiving 
the sum at the end of the third and every subsequent 
year, to the utmost extent of human life ; the sum of 
all which yearly values will be the total present value 
of the given sum to be received on the above Con- 
tingency. 

These seteral yearly expectations being reduced to 
thdr least terms, and arranged under each other, will 
form twelve collateral series : the sum of all which, 
or the present value required, will be found equal to 

• This problem is one of frequent occurrence^ aiid rs the firtft 
of that series of problems, inserted by Mr. Morgan in the Philoso"' 
phical Transactions, for determining the value of contingent re- 
versions where three lives are involved in the survivorship. Mr. 
Morgan has, in his usual manner, given two formulae for the so* 
hition of the problem; leading us thereby to imagine th^ the 
value of the given sum depends on the seniority of tH p lives con- 
cerned. This however is not the fact ; for, the theorem which 
I Iiave given in the text is a general one ^ and wiU apply to either 



As it may be satisfactory to the reader to see the difFeretit result* 
Wbicfa are obtained from the present investigation and from thart 
Jmrsaed by Mr. Morgan, I shall here subjoin his formulae. But 
since the same lives are not involved in the same contingencies, I 
shall (in oi^der to prevent any misundefstamding on this subject) 
jprefix his own statement of the problem. 

' '• To determine the value of a given suih payable on the continv 
gency of C*8 surviving B, provided the life of A shall be then extiuctv 

" When either 6 or C is the oldest of tlie threa lives, tha- 

T 
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COROLLARY. 



§ 297. When the lives are all equal, or of the 
same age A, this expression (agreeably to what has 
been said in the corollary to Prob. XXX) will become 

equal to s X -— g. 7". -: that is, equal to one 



1 r.i. . .ii._ n- . * ri8(FK-.AFK) 
ralue of the given sum will be = S into -^ x I ^-^ 7 - 

(BK-ABK)1+ A X (FC-AFC)-^-i X (BC-ABC)- 
J ou or 

^ .^^ AT.^v d r T^rr, A«rr,v Wl(PT-AFr)T 

JTr ^ (I'C- APC) + ^-- X L(BT_ABT)_ -^—^} 

'* When A is the bldest of the three lives, the value will be 3 S 

>c ra(HK-HBK) AK-ABKl « 
into 2 - — X -^ ^ + — — - -r- X 

(HC-HBC)~ -^ji X (AC- ABC) + J^ x (NC-NBQ + 

. rf rAT-ABT ^s(NT~NBT)T „ . ^ , , „^ 

— X I h -^ — - 1: where 2 denotes the 

3cr L 2 a J 

same as B^ in the notation used in the present treatise, and Ae 
other charaTi^ers the same as already explained in the notes in {M^ 
215 and 221. 

These formulae are taken from the last edition of Dr. Pat*i 
Obs. on Rev. Pay, vol. \, page 3g2 : the gross and careless etm 
therein being first corrected. It is hardly necessary to reiBttk 
(after the repeated observations that T h^ve made of a similar kind) 
that all those expressions in the second formula, and some of thoii 
in the first, which involve tfvo joint lives are totally useless : matp 
they might be made to vanish, in the manner pointed out in page 
216. They consequently now only tend to make the arithmetical 
solution unnecessarily tedious and confused : and the reader per- 
haps may be surprised to learn that these two formulae are preciselj 
the same, disguised under different symbols! ! ! 
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^2cth of the present value of the given sum payable 
6a the extinction of any two out of the three givea 



PROBLEM XLii/ 

$ 2&8. To determine the present value of a' giten 
*um payable on the decease of A ; provided he be the 
last that dies of three given lives A, B, G, and pro- 
tided C dies before B.f 

SOLUTION, 

« 

. The given sum cannot be received at the endi 6f the' 
first year unless all the three lives fail in that year, 
and in the order above mentioned ; the probability of 

which is ^^""^ e"^ 5 which being multiplied by 

*(l-hp)""', will give the expectation of receiving the 
sum at the end of the first year. 

But in the second and following yeafis, the given sum 
toay be received on the happening of either of three' 
different events : 1 ® that all the lives fail in the year,- 
2a the order above mentioned: 2^ that A and B both 
Jail in the year, A having died last, and C having 
£uled in either of the preceding years: S° that only 

♦ Morgan, Prob. 29^ add in Phil. Traite. for 1794, Prob.*<5/ 
(age 253. 

f That is, provided C dies first, B next, and A last. 

T 2 
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A dies in the year, and that both B and C fail in 
either of the preceding years, C having died first. 
The probabilities of the happening of these several events 

in the second year, are respectively vg—^^^v 7- ; vg— ^^ ^ 

<i^^^(.-4). and "^"(I-I).;.-!): 

whicb,being added together and multiplied by s{l +f)"*j 
will give the expectation of receiving the sum at the 
end of the second year. In like manner we may find 
the expectation of receiving the sum at the end of the 
third and every subsequent year during the continuance 
of the oldest of the given lives: and, if these several 
annual expectations be reduced to their lowest terms 
and arranged under each other, they will form four- 
teen collateral series; the first n terms of which will 
vary according to the seniority of the lives concerned* 



§ 299. Case I. Let A be the oldest of the three 
lives. In this case the several series here alluded to 
must be continued to the utmost extent of human life; 
because the life A is involved in each collateral series; 
Therefore the value of such series will be equal to t 

multiplied into ^^. + 4^ - AbX ^ l±^^ 

^ 2(l + e) 2 / 2a 2(1 +f) 

1-h^g A 4- izld^^ -» l-M^BC a_ , ^Drr ? , 

expression which, independent of the common multiple 
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*•, may be reduced to g^^^^/ + ~r + 

StL' 0+f) ^ . " f ^^)f J + -BT X 

ABC. 2c ; and which I shall denote by IF. There- 

fore when A is the oldest of the three lives, the pre- 
sent value of the given sum will be represented by 

§ 300. Case 2. Let B be the oldest of the three 
lives. In this case the sum of the first n terms of 
the several collateral series above mentioned will be 

fouad equal .0 F- i=££..iC ■ +er" + 1±^ X 

extinction of the life of B, the sum of the expectations 
for all the subsequent years may be more correctly 
expressed as in the second case of Prob. XL, by 

*.(1-<P) X If^-vCl+e)""- Therefore if this 

value be added to the sum of the first n terms of the 
several series just found, it will make the total present 
value of the given sum, when B is the oldest of the 
three lives, equal to ^["JF + .r |. 

§ 301. Case 3. Let C be the oldest of the three 
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A dies in the year, and that loth B and C faU m 
either of the preceding years^ C having diedjirst. 
The probabilities of the happening of these several erentt 

in the second year, are respectively v^—^^M 7- ;vg— ^^^ 

i«^-^i>(.-i), and =^°(,-|).(,_i)= 

whicb,being added together and multiplied by s{l +f)"*, 
will give the expectation of receiving the sum at the 
end of the second year. In like manner we may find 
the expectation of receiving the sum at the end of the 
third and every subsequent year during the continuance 
of the oldest of the given lives: and, if these several 
annual expectations be reduced to their lowest terms 
and arranged under each other, they will form four- 
teen collateral series; the first n terms of which will 
vary according to the seniority of the lives concerned* 



§ 299. Case I. Let A be the oldest of the three 
lives. In this case the several series here alluded to 
must be continued to the utmost extent of human life; 
because the life A is involved in each collateral series 
Therefore the value of such series will be equal to t 

muWpIied into ^, + -^ ■- AB.I - iif^;+ 

2(l+f)'a "^6(1 + ?)" '6{l+g)'a "'" , 'Sa "+" 

expression which, independent of the common multiple 
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J', may be reduced to ^^^^^^ + -^ + 

& L" — (m7) ^1 "" ^BC>J + -g^ X 

L 0+?) ^ i 'J ^ L (i+f) ^ 

ABC. 2c ; and which I shall denote by IF. There- 

fore when A is the oldest of the three lives, the pre- 
sent value of the given sum will be represented by 

xxF. 

§ 300. Case 2. Let B be the oldest of the three 
lives. In this case the sum of the first n terms of 
the several collateral series above mentioned will be 

fou«i«,uai.oF-i=£i..iCi+e)-+l±^x 

lextinction of the life of B, the sum of the expectations 
for all the subsequent years may be more correctly 
eacpressed as in the second case of Prob. XL, by 

*.(1-P) X Jf^-vC^+e)""- Therefore if this 

value be added to the sum of the first n terms of the 
several series just found, it will make the total present 
value of the given sum, when B is the oldest of the 
three lives, equal to ^f JF + .r |. 

§ 301. Case 3. Let C be the oldest of the three 
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Jives. In this case th^ sum of the first n terms of th^^ 
several collateral series above alluded to will be found 

.qua! to F- ^\-if^.^(i +e)--^'5'.^,(l H-ef 

+ A'B\~-(l+gy ". But, after the extinction of 

the life of C, the chance of receiving the given sunji 
at the end of any one year will depend on the happei? 
ing of two events only: 1^ th^it A and B both failii|i 
the year, A having died last: 2^ that only A iail| 
in the year, B having died after G in either of the 
preceding years: the probabilities of the happening 
.of these events in the (?z+l)*^ year are respectively 

.(fz|_^zi)and ^(i_^_ 1), which being mut . 

jtiplied by (l + f) will give the expectation of 

receiving the sum at the end of the (w+ If^ year, h^ 
like manner we might proceed to find the expectation? 
of receiving the given sum for very subsequent year tQ 
the utmost extent of human life : and the sum of 
all those expectations will be found equal to s muldp 

plied imo ci-«» X t^-TC+e)-" - '^^ 

a/3 

(i + f)""'-^^5^.^(l4-f)~'*. Consequently this 

value, added to the sum of the first n terms of the 
several collateral series above mentioned, will express 
the total present value of the given sum, in this case 



^ 
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required. Whence, such present value will be equal 
to ^[F + zT* 

COROLLARY. 

§ 302. When the three lives are equal, or all 
of the same age A, the last three quantities in 

the formulae denoted by JF vanish altogether, and the 
general expression in this case will become s X 

—^ — i7. . V '* that is, equal to one sixth of 

6(1 +f>) ' ^ 

the present value of the given sum, payable on the ex- 
tinction of the longest of the three lives. 

' PROBLEM XLIII.t 

§ 303. To determine the present value of a given 
sum payable on the decease of A, provided he be the 
Jirst or second that fails of three given lives A, B, C j 
and provided C> in the latter case, dies before B. 

♦ Mr. Morgan has divided this problem (I know not for what 
leason) into four distinct cases: and in his investigations of tbe^e 
cases he has fallen into the same errors and absurdities that I have 
to frequently noticed in the preceding pages. Put as it is not my 
wish to swell the present work with those disgusting re|)etitions ; 
and as the remarks^ which I have already made^ ^PP^y ^i^^^ nearly 
equal propriety to all Mr. Morgan's problems, 1 shall not here 
enter more into detail. Jt may however be useful perhaps for 
Mr. Morgan to know that it is impossible that L" (or the value of 
an annuity on the longest of the three lives) can properly arise in 
any of his p: oblems^ unless those lives are equal, 

t Pl^il* Trans, for 1800, Prob. 4, page 32. 
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SOLUTION. 

The payment of the sum at the end of the first 
year will depend on tl^e happening of either of four 
different events : 1° that all the lives fail in the year, 
A having died first, or C having died first and A se- 
cond : 2® that A and B fail in the year, A having 
died first, and that C lives to the end of it:, 3° that 
A and G die in the year, and that B lives to the end of 
it : 4° that opily A dies in the ye^r, and that B and C 
both live to the end of it. The probabilities of the 
happening of these seyeraj eventg are respectively 

^a— a).(^ — Z).(c — c) (a— a).(i — ^)c {a^a).(C'-'C)b « 
2alc ' 2abc ' abc ' 

— ""^ ^ : which, being added together and multipliecji 

by ^(l+f)""'* will give the expectation of receiving 
the sum at the end of the first year. 

But in the second and following years, the givea 
sum may be received on the happenmg of either of 
six different events; viz. in addition to the four already 
enumerated, 5^ that A and B fail in the year, A hav- 
ing .died first, and that C dies in either of the pre- 
ceding years: 6° that only A dies in the year, B liv- 
ing to the end of it, and C having died in either of 
the preceding years. The probabilities of the hap- 
pening of these six different events in the second 

/ h I II I II I H I M II 

year are respectively '^^"^ '^^^.'^ ^ ^'"'t'L "' 

/ w / If // / /; II n I u I It I 

^a'-a).{C'->-c )h (a'- a)b c ( e^^a).(b^b) f ^ • ^v i 

abp ^ abc ' 2ap r"" c)^ ^' 
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^^^—j — ( 1 — -^) ' which being added together, ancj mul- 
tiplied by 5(1 +f)"''5will give the expectation of receiving 
the sum at the end of the second year. And so for every 
subsequent year to the utmost extent of human life: the 
sunji of all which values will be the total present value 
^ the sum required : and which will be found equal 

to J X •^ , or to the present value of the given sum 
payable on the decease of A provided he be the first 
that dies of the two lives A, B ; as found by Prob. 
3CXVIL The truth of which is evident: for, the 
payment of the given sum can be pr^evented only by 
jhe event of B dying before A/ 

PROBLEM XLIV.t 

§ 304. To determine the present value of a given 
sum payable on the decease of A, provided he be 
the second or third that fails of three given lives A^ 
B9 C ; and provided C dies before B^ 

SOLUTION, 

The giv/en sum may be received at thie end of the 
(irst year, on the happening of either of two events : 
1** that all the lives become extinct in that year, C 

* ft may be here useful to remark that the present value found 
by this problem is equal to the sum of the two values found by 
Prob. XXIX and XLI : and their agreement in this particular CQUr 
)Elrms the acciltacy of the investigation. 

+ Phil. Trans, for 1800, Prob. 5, page 33. 
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having died first : 2^ that A and C both fail in that 
year, C having died first, and that B lives lo the end of 
it. The probabilities of the happening of these events 

are respectively ^-^Z^i^jiHfZI^, and ^"""^f^^^ ' 

tvhich, being added together and multiplied by ^(l +p)'^> 
will give the expectation of receiving the sum at the end 
of the first year. 

But, in the second and following years the givcH 
sum may be received on the happening of either of five 
different events: 1° that all the lives fail in the year, 
C having died first: 2° that A and C both fail in the 
year, C having died first, and that B lives to the end 
of it : 3^ that A and B both die in the year, C having 
died in either of the preceding years : 4^ that only 
A dies in the year, B living to the end of it, and 
C having died in either of the preceding yeare ; 5^ 
that only A fails in the year, and that B and C both 
fail in either of the preceding years^ C having died 
first. The probabilities of the happening of these 
several events in the second year are respectively 

(a— a).(^— ^).(c-r-c) (fl— a).(<;— c)^ (a—a),(b'-^l)f C\ 

being added together and multiplied by ^(l+?)""'> 
will give the expectation of receiving the sum at the 
end of the second year. In like manner we may find 
the expectation of receiving the sum at the end of 
jhe third and every succeeding year: and if these 
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iSeveral annual expectations be reduced to their lowest 
iterms and arranged under each other, they will forra 
fourteen collateral series; the sum of the first n terms 
x>f which will vary according jto the seniority of the 
jUyes concerned^ 



§ 305. Case 1 . Let A be the oldest of the three 
^ves. In this case, th^ terms of the several series here 
^Iluded to must be continued to the utmost extent of 
human life, because the life of A is involved in each 
/collateral series: therefore the sum of it will be equal 

jLo s multiplied into ^. , . + ^77--^ — nrrr-\ 

'^ 2.(1 +f) 2(1 +f) 2(1 +f) a 

l+j^C , Ij-JlC a l-~ ^ABC , \^ABC _a^ 

1(1+7) "^ 2(l+f)'T 60 +f) "*" 0(1 +f)) *T "^ 

*/ 6a ' 6(14-f) b ^ I 3d 3(l-ff) c 

c 

ABC.^\ an expression which, independent of the 
.common multiple s^ may be reduced, as in the 
former cases, to — ^ doT^r" " + "60" >< 

(14-^) / '/J"^o^L (i-hp) 

+ ^?^-f] - i fe,!^' + ^^^'-f] ' -;» 

•which I shall denote by O* Therefore, when A is 
the oldest life, the required value will be represented 

^y ^ X G. 
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% 306. Case 2. Let B be the oldest of the three 
Hves« In this case the first n terms of the several 
collateral series above mentioned will be equal to 

y^-— (1+p)""^ But after the decease of B the 

^^pectations for all the subsequent years may be more 
correctly expressed by means of the first Lemma in 
the fifth Chapter: for, since the chance of receiving 
the sum at the end of any one of those years depends 
on A's failing in the year, C having died before B 
in either of the preceding years (the probability df 
which is, by the Lemma denoted by 1— <P) we shall 
find that the sum of the expectations for those years 
continued to the utmost extent of human life, will 

be equal to s.( 1 — ^) X . . * — (1 +f) . Conse- 
quently, this value added to the sum of the first n 
terms of the series above found, will express the total 
present value of the given sum in this case required ; 

^nd which will be found equal to ^j O + "^ !• 

§ 307. Case 3. Let C be the oldest of the three 
lives. In this case the first n terms of the several 
collateral series above mentioned will be equal to 

L+£?.«P(14.„)-''. But, after the decease of C, 

3(1 +?) ab^ ^5-' ' » 
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the chance of receiving the given sum at the end of 
any subsequent year will depend solely on the death 
of A, C having died before B in either of the pre- 
ceding years ; whence, the sura of the expectadons 
for all the subsequent years will, as in the preceding 
case, be denoted by5(l— ^)x — — ■ — (I-f g)~". 
Consequently, this value, added to the sum of the 
first n terms of the series above found, will repre- 
sent the total present value of the given sum in this 
case required: and which will be found equal to 

COROLLARY. 

§ 308. When the three lives are equal, or all of 
the same age A, the last three quantities in the for- 
mula denoted by G destroy each other, and the 
general expression will in this case become s X 

PROBLEM SLV-t 

§ 309, To determine the present value of a given 
sum payable on the decease of A, provided he be the 
first or last that fails of three given lives A, B, C j 
ind provided C, in the latter case, dies before B. 

• It may be here useful to remark that ihe present value found 
by tills problem is equal to the sum of ilio two VEilues found by 
Prob. XLI and XLII : and their agreement in this particular i! a. 
proof of the accuracy of the invesligalion. 

t Phil. Traus. for 1800, Prob, 6, i-age 37. 
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SOLUTION, 

N 

The given sum may be received at the encJ of the' 
first year on the happening of either of four diflFerent 
events: 1° that all the lives fail in that year, A having 
died first, or C having died first, B second, and A 
last : 2^ that A and B fail in that year, A having died 
first, and that C lives to the end of it : S^ that A 
and C fail in that year, A having died first, and that 
B lives to the end of it: 4^ that only A dies in that 
year, and that B and C both live to the end of it. The 
probabilities of the happening of these several events 

are respectively '—^^ , ^ ^^^ , 

; I \ III 

l?[r:^^.^£zfL^ and V ^ : which, being added to- 
gether and multiplied by ^(I+p)""', will give the ex- 
pectation of receiving the sura at the end of the first 
year. 

But, in the second and following years the given 
sum may be received on the happening of either of 
six different events : 1^ that all the lives fail in the 
year, A having died first, or G having died first, B 
second, and A last : 2^ that A and B fail in the year, 
A having died first, and that C lives to the end of 
it : 3° that A and C fail in the year, A having died 
first, and that B Kves to the end of it : 4^ that only 
A dies in the year, and that B and C both live: 
5*^ that A and B both fail in the year, A having died 
last, and C having failed in either of the preceding 
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years: 6^ that only A fails in the year, and that B and 
C both fail in either of the preceding years ^ C having 
died first. The probabilities of the happening of these 
^ev^^l events in the second year are respectively 

(a — a). (& — ^).(c— c) (a — a).{b — b)c (a — a).(c — c)^ 

2aic ' 2aic ' 2aZf * 

/ II II II I II I II I I II I 

ia-a)lc (a-a).(i -i)f cv , '^-"(^ *> \ y. 

I 

(1 — — ): which, being added together and multiplied 

by ^(1+p)"*, will give the expectation of receiving 
the sum at the end of the second year^ In like man- 
her, we may find the expectation of receiving the sum 
at the end of the third and every subsequent year, 
during the continuance of the oldest of the given lives: 
and, if these several annual expectations be reduced 
to their lowest terms, and arranged under each other, 
they will form twelve collateral series; the first n terms 
of which will vary according to the seniority of the 
lives concerned. 

§ 310. Case 1 . Let A be the oldest of the three 
lives. In this case, the several collatend series here 
m^itioned must be continued to the utmost extent of 
human life, because the life A is involved in every 
term of it : therefore the sum of it will be equal to 

s iDultiphed into ^^ + "T - 1^^' 2^- icT+F"*" 

3(1 +f) a ^ 2(1 +f) 2(1 +f) a ^, 2a ^ 
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1+JBC i 



• 



. , — ^BC,—: an expression which, ihde- 
pendent of the common multiple s^ may be reduced 

^ 2(i + f) '■+■'2 ■+"2aL (l+f) "* 

(^B-^BCOa l + !,?^^4 -^BCi- ; and which 

I shall denote by H* Therefore, when A is tfi^ 
oldest of the three lives, the value required will be 

equal to ^ X H.* 

* It 18 really amusing to observe the manner in which Mr^ Mor- 
gan has summed up the several series arising from this problem: 
and since this manner is by no means unusual with him^ and as it 
gives me an opportunity of explaining more fully what I have al- 
teady said^ in the preceding pages^ on his singular and confiised 
method of investigating such Cases^ I shall here (for the last time) 
enter once more on the subject. 

He makes the total value of the series, continued to the utmost 

extent of human life, equal to S into (V— A— ABC) + -— 

AFK 4- -^ (AF + FC— AFC) : See Phil. Trans, for 1800, page 

37. Now^ this is certainly the correct value of the series : but, it 

/3.FC d 

is necessary to remark that ^—, — is equal to — — (1-f-BT); and^ 

as these two quantities are used with contrary signs, it is evident 

that they ought not to have been introduced into the equation^ 

r — 1 

Consequently the formula shguld have been reduced to -— — . x 

Tx^^v AC AB md . , atv^v ^ 

(V-A- ABC) 4. — -. — + ^^,^ (I + APT) - - ^ X. 

(AT-ABT)- -^ X AFK -f -A(AF-AFC). 
7 he reader will observe that this is the total value of the seno^ 
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§ 311. Case 2. Let B be the oldest of the three 
lives. In this case, the sum of the first n terims of 
the several collateral series above mentioned will 

be equal to H - lpi£,.^i +.)"'' + l±£^ x 
decease of B,the value of the expectations for all the sub- 



<^ntinued to the utmost extent of human life ; and therefore that 
ft will truly denote the value of the given sum when A is the^ 
oldest of the thne lives. Mr. Morgan^ however> when he comes 
to consider that case^ says that the symbols must he changed; and 

be then makes the given sum equal to S into (V— A— ABC) 

AC _ AB X.AK «.HBC ^, ^t-ABT^ 4- 

' ( 1 + NC + NB - NBC)— t;^ (1 + NBT). Now, a mo- 



2ar ^ 2acr 

ment's attention to this formula will show us that it does not in 
xeality differ from the preceding one : for 

^(H-AFr)=^ 
2bcr^ ^ 2a 

.|.(AF_±AFK) = ^(NB-NBC) 

2b 2acr^ '* 

whence, these values may be safely substituted for each other, 
•tnce they by no means denote different quantities, but arise merely 
£rom the difierent methods of summing up the same series, agree- 
ably to what I have before remarked. But, as the first formula 
bad been already deduced by him, and was stated at length, it cer- 
tainly did not become necessary to confuse the subject by intro- 
ducing a second. 

The most remarkable circumstance, however, attending this 

u 
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sequent years may be more correctly expressed,as in the 
second case to Prob.XL5by ^(1 — ^) 7/ '~(^ + f )* • 

and which being added to the sum of the first n terms 
found as above, will make the total present value of 
the given sum, when B is the oldest of the three lives, 

equal to ^j BE + x\. 



im-estigation, is that (after discarding the two useless quantities 

/3.FC d 

— J — (1 + BT) from this second formula) he sbouM 

X.AK 

insert in their stead two other useless quantities, — '- and 

s 
-— — (l+NC): which, being equal to each other, and used with 

contrary signs, ought of course to have been discarded also. Surd/ 
Mr. Morgan could not have been writing either for the am^ 
venience or the information of mankind ! ! ! 

I shall here take the opportunity of repeating the observatioii 
made in the note in page 219 ', that, although the quantities hert 
alluded to are strictly and mathematically equal, and being used 
with contrary signs destroy each other, yet (owing to the imper- 
fection of the Tables which show the value of Life Annuities) 
they oftentimes produce a real expression when solved aritkme* 

s X *\K 

tically. Thus (1-fNC) — (which, expressed by the 

ar c It 

characters made use of in this work, becomes t- r* — — 

c (^ + f) « 

j4C.,--\ is, from what has been said in the note in page 186, 

equal to O: but if reduced to numlers (taking the age of A 15 yean, 
the age of C 18 years, the rate of interest 4 per cent, and the pro- 
babilities of living as at Northampton) it will become equal to 
13-362 -- 13*348 =014. This fact will sufficiently show bow 
necessary it is to discard all superfluous quantities: and that Mr. 
Morgan's formulse are, at best, bu^ approximations. 
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§312. Case 3. Let C be the oldest of the three 
Kves. In this case, the first n terms of the several 
collateral series above mentioned will be equal to 

H- i?^f |{i+e)-°-''5--.^C+er" + 

-^-B'.~(l+f) ^ But, after the decease of C the 

chance of receiving the given sum at the end of any 
subsequent year will depend on the happening of 
either of two events: 1° that A dies after B in the 
year: 2^ that only A dies in the year, B having died 
after C in either of the preceding years. . The sum of 
the expectations on the happening of these events has 
been already found, by the third case in Prob. XLII, to 

beequalto(l-.^)X-^--(l+e) ",-Jqr^X 

a/3 

(l+f)""''-^'^.~(l+e)^'': which, being added 

to the sum of the first n terms of the several col- 
lateral series above mentioned, will make the total pre- 
sent value required equal to^jInL + zJ.* ^ 



COROLLARY. 

§ 313. When the three lives are equal, or all of 

* It may be useful to remark that the present vala^ found bj 
this problem is equal to the sum of the two values found by 
pjrob. XXIX and XLII ; whidi confirms the accuracy of the in* 
vettigation. 

U2 
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the same age A, the last three quantities in the for- 
mula denoted by H destroy each other, and the ge- 
neral expression in this case will become equal to 



s X 



2(l+f) 



PROBLEM XLVI.» 

§ 3 1 4. To determine the present value of a given 
sum payable on the decease of A and B, provided 
they be the Jirst that fail of three given lives A, B, C. 

SOLUTION, 

In order to receive the sum at the end oi the first 
year, either of these two events must happen: 1® that 
all the lives fail in that year, C having died last: 
2° that the two liv^s A and B foil in that year, and- 
that C lives to the end of it. The probabilities of 
the happening of these two events are respectively 

3abc ^ abc ' ^ 

added together and muldplied by ^(l+f)""*, will git^e 
the expectation of receiving the sum at the aid of the 
first year. 

But, in the second and foIlofHng years, the given 
sum may be received on the happening of either of 
six different events: 1^ that all the lives fail in the year, 

* Simpson's Sup. Prob. 39. Dodson, vol. iii. Clues. 48. Mor- 
gan, Prob. 223 and in Phil. Trans, for 1791^ Prob. 4, page 258. 
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C having died last : 2^ that A and B both fail in 
the year,, and that C lives to the end of it: 3^ that 
A and C both fail in the year^ A having died first, and 
that B dies in either of the preceding years : 4® that 
B and C both fail in the year, B having died first, and 
that A dies in either of the preceding years : 5° that 
only A dies in the jear, C living to the end of it, and 
B having died in either of the preceding years : 6° that 
only B dies in the year, C living to the end of it, and 
A having died in either of the preceding years. The 
probabilities of the happening of these several events 

in the second year are respectively \<*'^^^v^ jkc—c) ^ 

I IL I If II I n I n 2 I iJ I n 

ahc ^ 2ac \ bl^ 2bc ^ 



/'. II J -' '/ II 



bduig added together and multiplied by 5(l+^)~*, will 
give the expectation of receiving the sum at the end 
of the second year. In like manner we may find the 
expectation of receiving the sum at the end of the 
third and every subsequent year, to the utmost extent 
of human life: and if these several expectations be 
reduced to their lowest terms and arranged under each 
other they will form sixteen collateral series, the sum of 

which will be found equal to sVA^+B^^jB^^. 



COROLLARY, 



% S\5. When the lives are all equal to each other. 
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or of the same age A, this expression (agreeably to 
what has been said in the corollary to Prob. XXX) 

will become equal to ^ X ■ "^ a tt- --t : that is, 

equal to one third of the present value of the given 
sum payable on the extinction of any two out of the 
three given lives. 



PROBLEM XLVIL* 

§ 816. To determine the present value of a given 
sum payable on the decease of A and B, provided 
they be the last that fail of three given lives A, B^ C. 

SOLUTION. 

It is evident that the given sum cannot be recdvcd 
at the end of the first year unless all the lives become 

extinct, C having died first: the probability of which 

/ f I 

is ^ qT - 2ind which, being multiplied by 

^(1+f)""^ will give the expectation of receiving the 
sum at the end of the first year. 

But, in the second and following years, the given 
sum may be received on the happening of either of 
four different events: 1^ that all the lives fail in the 
year, C having died first : 2® that A and B fail in the 
year, C having died in either of the preceding years: 

> 

* Morgan, Prob. 23; and in Phil. Trans, for 1794, Prob. S, 
page 247. 
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8** that only A fails in the year, and that B and C 
both fail in either of the preceding yearsy B having 
died last : 4^ that only B fails in the year, and that 
A and C both fail in either of the preceding years^ 
A having died last. The probabilities of the happen- 
ing of these several events, in the second year, are 



^(•-T)-C-i)- -■» ^{'-t)-('-t) = 

which, being added together and multiplied by ^( 1 + f ) % 
\¥ill give the expectation of receiving the sum at the 
end of the second yean In like manner, we may find 
the expectation of receiving the sum at the end of the 
third and every subsequent year : and, if these several 
expectations be reduced to their lowest terms and ar« 
ranged under each other, they will form nineteen coU 
lateral series; the sum of which, if continued to the 
utmost extent of human life, would be equal to s muU 

tipUed mio^-.+ ^^+AB^]±^.^^ 

^ 2(l+f) ^ 2(H-f) ^ 2(l-i-f) a 

2(Hf)"^ 2(1 +?)"*■ 2(1+^)* a 2(l-hf)"^'2(l+p)^ 
** "^ 3(l+f) "^ 6{l+f)*a TV •3a"'"6(r+f)'^ 

4+ABC.^ - ^^^7^. - - ABC.^i an ex- 

b ^ , 3b 3(1 4-f) c I 3c 

pression which, independent of the common multiple 
Sf may be reduced to — ^^ ^ ^ 
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^AB-\- 



6a\_ (1+f) ^ , , J 

^ 66L (1+f) ' 'J 3c '^ 

r(H-i^^ ^Ba2(j I; and which I shall denote 
by I. 



§ 317. Case 1. Let A be the oldest of the three 
lives. In this case, the sum of the first n temis of 
the several collateral series above mentioned will be 

decease of A, the sum of the expectations for all the 
subsequent years will, as in the first case of Prob. XL, 

1 — oS' 

be more correctly expressed by ^(l — -tcr) X .2. ^ 

•T"(l+?) • ^^d which, being added to the first n 
terms just found, will make the total present value, 
when A is the oldest life, equal to ^fl + m;!. 



§ 318. Case 2. Let B be the oldest of the three 
lives. In this case, the sum of the first n terms of 
the several collateral series above mentioned will 

be equal to I - }^.^i+.y-j^ V^ X 
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^>+e)-- '^y^'+i)-'. B«., aft« .b. 

decease of B, the sum of the expectations for all the 
subsequent years will^ as in the second case of Prob^ 
XL, be more correctly expressed by^s(l— ^) X 

/^f >— (1+g)""^; and which, being added to the 

first n terms just found, will make the total present 

value, when B is the oldest life, equal to sVlL + ^ |* 

S 319. Case 3. Let C be the oldest of the three 
lives. In this case, the sum of the first n terms of the 
several collateral series above mentioned will be equal 

^1+f) . But, after the decease of C, the sum 



of the expectations for all the subsequent years will, 
as in the third case of Prob. XL, be more correctly 

expressed by s multiplied into (1—^) X tttt X 

X -^-(1+?)^"+ ^^--^(l+e)""- an<i w^'ch, be- 
ing added to the first n terms just found, will make 
Hie total present value^ when C is the oldest life, equal 

to «ri +t/ + zj. 
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) 



COROLLARY. 



§ 320. When all the lives are equal, or of the 
same age A, the last thr^e quantities in the formula de« 

noted by I destroy each other, and the general ex* 
pression in this case will become equal to ^ ><• 

-^^^ — 7. . \ r-: that is, equal to one third of 

3(1 +f) ' ^ 

the present value of the given sum to be received CQ 
the extinction of the longest of the three lives. 



PROBLEM XLVUL* 

§ S21, To determine the present value of a given 
sum payable on the decease of A and B, provided they 
be the^rj/ and last that fail of three given lives A, 
B, C- 

SOLUTION. 

The given sum cannot be received at the end of the 
first year, unless all the three lives are extinct, C 
having died second; the probability of which is 

a"^ ' and which being multiplied by 

^(l+f)"*5 will give the expectation of receiving the 
sum at the end of the first year. 

* This case appears to have been lomitted by Mr. Morgan: 
and no solution of it^ prior to the present one^ has hitherto beeA 
published. 

8 
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But, in the second and following years, the given 
sum may be received on the happening of either of 
five different events : 1*^ that all the lives fail in the 
year, C having died second : 2° that A and C both 
fail in the year, A having died last, and B having 
f2jled in either of the preceding years: 3° that B and 
C both fail in the year, B having died last, and A 
having failed in either of the preceding years: 4^ that 
only A dies in the year, and that B and C both fail 
in either of the preceding years, B having diedjirst: 
5^ that only B dies in the year, and tfiat A and C 
iothfail in either of the preceding years, A having 
died first. The probabilities of the happening of these 
several events in th^ second year are respectively 



3aic ' 2ac ^ ""T^' qHc ^ 

[l« ): which being added together, and multiplied 

by 5( I +f)'^5 will give the expectation of receiving 
the sum at tlie end of the second year. In like man- 
ner we may find the expectation of receiving the sum 
at the end of the third and every subsequent year: 
and if these several annual expectations be reduced to 
their lowest terms, dnd arranged under each other, 
they will form nineteen collateral series ; the sum of 
which, if continued to the utmost extent of human life, 

would be equal to s multiplied into xj?^ + - .^^ v ~ 
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(1 + f) """ 2(l+f)' a "■"2(14-?)* ^ "^ 2 , •2a "*" 

*^ or* ^ , i-f^BC i^JtBC 'a .Dr» * 

l+Abc i .j>^ ? , 1 + ^BC 2<^ , ^p^ f 

3(l+f>) i& I 6^ * 3(l+p) <? I 30 

But this expression, independent of the common multi* 
pie Sj may be reduced to — ^ — - ^ T, — ^ r 

§ 322. Ci35r 1 . Let A be the oldest of the three 
lives. In this case, the first n terms of the several 
collateral series, here alluded to, will be equal to 

£C.~<l+f) \ But, after the decease of A, the 

chance of receiving the sum at the end of any sub- 
sequent year will depend on the happening of two 
different events: 1° that B and C both fail in the year, 
B having died last: 2° that only B dies in the year, 
C having died after A in either of the preceding years. 
The probabilities of the happening of these two events 

in the (w+ 1)"^ year, are respectively ^ " ^ i/; J"^^ ? ^"^ 
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^^(ct-*- — );• which being added together and 

multiplied by ^(1 +f)"'^ will give the expectation 

of receiving the sum at the end of the (n+1)'' yean 

In like manner, the probabilities of the happening of 

diese two events in the (n+2)'*** year, are respectively 

(^-^Hj -ry , and ^'(w- f)i which being ad- 

ded together and multiplied by ^Cl+j)"* will 

give the expectation of receiving the sum at the end of 
the (71+2)'^^ year: and so on for all the subsequent 
years to the utmost extremity of human life. But, 
the sum of all these annual expectations will be found 

to be equal to s multiplied into rss- X .""^ X 

—(l+f) • and which, being added to the first n 

terms of the several collateral series above mentioned, 
will make the total present value of the given sum, 

when A is the oldest life, equal to ^fK— z<^ J. 



§ 823. Case 2. Let B be the oldest of the three 
lives. In this case, the first n terms of the several 
collateral series above mentioned will be et^^ual tQ 

^ See the Scholium in page 1212. 
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(1 + f) "^ 2(1 +f)* a "*"2(14-?)* ^ "*" 2 , 2fl "*" 

3(1+^) i& I 6^ ' 3(l+p) <? I 3c 

But this expression, independent of the common multi* 
pie Sj may be reduced to — ^ — - ^ 7. — ^ r 

§ 322. Ca^r 1 . Let A be the oldest of the three 
lives. In this case, the first n terms of the several 
collateral series, here alluded to, will be equal to 

£ C.~<1 +f) \ But, after the decease of A, the 

chance of receiving the sum at the end of any sub- 
sequent year will depend on the happening of two 
different events: 1° that B and C both fail in the year, 
B having died last: 2° that only B dies in the year, 
C having died after A in either of the preceding years. 
The probabilities of the happening of these two events 

in the (w+l)"^ year, are respectively ^ ^ ^'^J'^ '^Tind 
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-r~(7ir-— — );• which being added together and 

multiplied by ^(1 + f)"" \vill give the expectation 

of receiving the sum at the end of the (n+1)'' year. 

In like manner, the probabilities of the happening of 

these two events in the (n+2)"** year, are respectively 

<^-^^^-r> , and ^'(w- i-)i which being ad- 

ded together and multiplied by ^(l+f) will 

give the expectation of receiving the sum at the end of 
the (71+2)'^^ year: and so on for all the subsequent 
years to the utmost extremity of human life. But, 
the sum of all these annual expectations will be found 

to be equal to s multiplied into t^ X .7^^ X 

f<'. + e)-"-iiff--t-C+f)-" + -^^x 

~(l+f) • and which, being added to the first n 

terms of the several collateral series above mentioned, 
will make the total present value of the given sum, 

when A is the oldest life, equal to ^fK— z<^ J. 



§ 823. Case 2. Let B be the oldest of the three 
lives. In this case, the first n terms of the several 
collateral series above mentioned will be equal tQ 

* See the Scholium in page 1212. 
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ay ^ 

^C\~(\+{) ^ But, after the decease of B, the 

chance, of receiving the sum at the end of any subse- 
quent year will depend on the happening of two dif- 
ferent events: l^ that A and C both fail in the year, 
A havmg died last : 2^ that only A dies in the year, 
C having died after B in either of the preceding years. 
The probabilities of the happening of these two events 

in the (n+1)'^ year, are respectively ^^"'^^' 7^7) ^ 

and ~— {jp — ^) ; which being added together and 

multiplied by ^(l+f) will give the expectadott 

of receiving the sum at the end of the (72+ 1)*^ year. 

In like manner, we might find the expectation of - 
receiving the sum at the end of the (w+S)*^** atid 
every subsequent year, to the utmost extremity of hu- 
man life; the sum of all which annual expectations 

will be found equal to s multiplied into ffl X ^^ X 

(14-f) 

«/, f \— ^ l+^<^' ^7/1 I ^— » I ^o/^# v^ 
2ac^ ^V ^ 2(l + F) ac^ ^f^ -^^ ^ A 

-i — (1+f) • ^^^ which, being added to the first n 

terms of the several collateral series above mentioned, 
will make the total present value of the given sum, 
when B is the oldest of the three lives, equal to 
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§ S24. Case S. Let C be the oldest of the three 
lives. In this case, the sum of the first n terms of the 
several collateral series above mentioned will be equal to 

K-J^-rO+e)"-^||-f-{i+er+ 

-jy^ 'ab^^ + O - ^(i+T) • -fly ( 1 + f ) •^, 

* 

. *" rC^'^'g) • ^^^» ^f^^^ ^^^ decease of C, 
* the chance of receiving the sum at the end of any sub- 
sequent year, will depend on the happening of two 
different events: 1° that only A dies in the year, C 
having died after B in either of the preceding years 
(the probability of which latter contingency will now 
be denoted by <p) : 2° that only B dies in the year, 
C having died after A in either of the preceding years 
( the probability of which latter contingency will now 
be denoted by tst). Consequently, the sum of the 
expectations on the happening of these events, con- 
tinued to the utmost extent of human life, will be 

equal to s.(p X i7^^^.^(l+er''+ ^.^ X '^ X 

-w 1 + f ) : and which, being added to the sum of 

the first n terms of the several collateral series above 
mentioned, will make the total present value of the 
given sum, when C is the oldest life> equal to 

* It may not be improper here to remark that the present values 
of the sums, found by Prob. XLVI, XLVII, and XLVIII, are to- 
gether equal to * x —. r -$ or to the preient value 

of the given sum after the longest of the two lives A^ B^ 



\ri^ 
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COROLLARY. 

■r 

S 325. When the lives are equ?J, or all of the 
same age A, the last three quantities in the far« 

mula denoted by IL destroy each other, and the 
general expression in this case vrill become s X 

""^^ "7x4. \ ^* ^^^^ ^s> equal to one third of 

the present value of the given sUm to be received on 
the extinction of the longest of the three lives. 



PROBLEM XLIX-* 

§ 826. To determine the present value of a given 
sum payable on the decease of A and B, provided B 
dies before another life C. 

SOLUTION. 

The payment of the sum at the end of the first 
year will depend on the happening of either of two 
events: 1^ that all the lives fail in the year, B 
having died before C: 2^ that only A and B die 
in that year, C living to the end of it. The proba* 
bilities of the happening of these two events are re- 

spectively ^^ ~-i^^ and -^ ^, — -i which 

* ' 2abc ale 

being added together, and multiplied by ^(l+f)"\ 
will give the expectation of receiving the sum at the 
end of the first year. 

* Morgan, Prob. 285 and in Phil Trans, for 17^4, Prob. 3, 
page 242. 
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But, in the second and following years the given 
sum may be received on the happening of either of seven 
diflFerent events: 1° that all the lives fail in the year, 
B having died before C : 2° that A and B fail hi the 
year, and that C lives to the end of it : 3° that A and 
C both fail m the year, and that B dies in either of the 
preceding years: 4® that B and C both foil in the 
year, B having died first, and that A dies in either of 
the preceding years : 5° that only A dies in the year, 
B having failed in either of the preceding years, arid 
C living to the end of it : 6° that only B dies in the 
year, C living to the end of it, and A having died in 
either of the preceding years: 7° that only A dies in 
the year, and that B and C both fail in either of 
the preceding years j B having died first. The pro- 
babilities of the happening of these several events in 

^, J .1 (a— a).(^— t-J.fc— c) 

the second year are respectively ^^ ^ , 

t II I II n I II I n I I, y^ i r 

(U'-a) . iif-0)c (a-fl).(c-c) (._±\ (^t-^>) . (c-c) 

f^c ' ac \^ . b)^ 2lc ^ 

JtZ:L[l - 1) . ( 1 - i-) : which, being added together 

and mukiplied by ^(l+e)"% will give the expectation 
of receiving the sum at the end of the second year. In 
like manner may be found the expectation of receiving 
the sum at the end of the third and every subsequent 
year, during the continuance of the oldest life : and if 
these yearly expectations be reduced to their lowest 

X 
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terms and arranged under each other, they will form 
fourteen collateral series; the first n terms of whkh 
will vary according to the seniority of the lives con- 
cerned. 

§ 327. Case 1. Let A be the oldest of the three 
lives. In this case the first n terms of the several col- 
lateral series above mentioned will be equal to the sum 
of the terms continued to the utmost extent of human 
life ; because the life of A is involved in each collar 
teral series: therefore its value will be equal to s mul- 

^Pl»^d mto ^^j^ - 5^j^ + ^^.- + 5^^ 

^ l+AC 'a_ , l—gBC __ 1+BC ^ , ^fr j_ 

izldS^ _ j4BC.^ + ^BcX. But this expression 

2(l+f) , 2i ' , 2C *^ 

may be reduced to — — . . - + 

C 

ABC.-^ : and which I shall denote by JL ; conse- 
quently, when A is the oldest life, the present value 
required will be represented by ^ X Ii* 

§ 328. Case 2. Let B be the oldest of the three 
lives. In this case the first n terms of the several 
collateral series above mentioned will be equal to 

^ - 2-(T^)'T0+e) - 2(1+7)-"^^ +f^ + 
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^±~ .^C 1 +e)""''- But after the decease of B the 

sum of the expectations for all the subsequent years^ 
continued to the utmost extent of human life, will 
(as in the second case of Prob. XXXIX) be equal to 

^•^ X 7nrY*""(^ +?)""**' which being added to the 

8um of the first n terms of the several collateral series 
above mentioned, will make the total present value of 

the given sum equal to ^FJL — x\ 

% 329. Case 3. Let C be the oldest of the three 
lives. In this case the first n terms of the several 
collateral series above alluded to will be equal to 

•" 2(l+f)) a^^^P-' ^2(l+f) ah^^^^f 

i+^.^^(l+j)-^ But, after the decease of C, 

the sum of the expectations for all the subsequent years 
may be more correctly expressed as in the preceding 

case, by s.(p x !^ . *"^(^+g)""^* and.which being 

added to the first n terms of the several collateral 
series above mentioned will make the total present 
value of the given sum, in this case required, equal to 



« 



COROLLARY. 



S 330. When the three lives are equal to each 
other, or of the same age A, the last three quantities 

X 2 
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in the formula denoted by JL destroy each other, and 
the general expression will in this case become eqtral 

^""'^ 2(1+7)-; • 



PROBLEM L,t 

§ SSI. To determine the present value of a given 
sum payable on the decease of A and B, provided 
another life C dies before B. 

SOLUTION. 

The payment of the given sum at the end of the 
first year will depend on the happening of one event 
only ; viz. the extinction of all the lives in that year, 
C having died brfore B: the probability of this 

event is o"/. ^. ; which being multiplied by 

5(1 + (>)"' '5 will give the expectation of receiving the 
sum at the end of the first year. 

But in the Second and following years, the given sum 

* Mr. Morgan makes the value of the sum in diis case equal to 

_A L X (V— CC—C— CCC) } that is, in the present notation, 

equal to ^ X — ^-^ t -' an error which has auso 

(l + ?) 
been faithfully transcribed into two successive editions of Dr.Price'i 

treatise. See Phil, Trans, for 1794, part 11, page 245: and 

Dr. Price's Obs, on Rev, Pay. vol. 1, page 395. 

t Phil. Trans, for 1794, Prob. 4, page 245^ and for 1800, 

Prob. 7, page 40: which two might have been comprised in one 

problem. 
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may be received on the happening of either of five 
different events : 1® that all the lives fail in the year, 
C having died before B : 2^ that A and B fail in the 
year, and that C fails in either of the preceding years: 
3° that B and C both fail in the year, C having died 
first, and that A dies in either of the preceding years : 
4^ that only B dies in the year, and that A and C 
both die in either of the preceding years : 5° that only 
A fails in the year, and that B and C both fail in 
either of the preceding years^ B having died last. "The 
probabilides of the happening of these several events in 

the second year will be respectively >^~^ l-r. ^v<^^^ ^ 

ITb ^^'^ c)' 2b.: ^^'^ an b ^ 

(>-4)-{i-4). -J t^("-i-)-('-l)= 

which, being added together and multiplied by .5(1 +f)"^, 
will give the expectation of receiving the sum at the 
end of the second year. In like manner may be found 
the expectation of receiving the sum at the end of the 
third and every subsequent year during the conti- 
nuance of the oldest life: and, if these several ex- 
pectations be reduced to their lowest terms and ar- 
ranged under each other, they will form seventeen 
collateral series j the sum of the first n terms of which 
will vary according to the seniority of the lives con- 
cerned. 

§ 332. Case 1. I.ct A be the oldest of the three 
lives. In this case, the several collateral series here 
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mentioned must be continued to the utmost extent of 
human life ; because the life of A is involved in each 
perpendfcular series: whence, its value will be equal 

to s multiplied mto ^. f . + ., . . — ^.,. . + 

^ 2(l + p) ' (IH-f) 2(l+£) 

• 2(1+^)' a 2(1 +f)"^ 2(1+?)* a ^Cl+f)*^ 
i(i+7)'"^""T^"2^ "^ 2(1 -hf) v"*" , ^•2^"* 



/ 



ABC.~. But this expression may be reduced- to 

2(1+?) 2(l + f)a" 

+ i X [ w^ - (F-^?'^?] - ^^H- 

and which I shall denote by M# Consequendy, 
when A is the oldest life, the required value will be 

represented by ^ X M^» 

§ 333. Case 2. Let B be the oldest of the three 
lives. In this case, the sum of the first n terms of 
the several collateral series above alluded to will be 

equal to M - ^^--(1 +0"" + '^7V^'^ X 

^ 2(1 + f ) a ^ * 5''' * 2(1+?) ac ^ 

0+er"-2lI^'#(»+e)""- But after the de. . 
cease of B, the sum of the expectations for all the 
subsequent years will be more correctly expressed, as 
in the second case to Prob. XL, by^(l — ^) x 

^^ ■'— (I+f)"^; and which, being added to the 
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sum of the first n terms of the several collateral series 
above mentioned, will make the total present value of 
the given sum, when B is the oldest life, equal to 

§ 334. Case 3. Let C be the oldest of the three 
lives. In this case, the first n terms of the several 
collateral series above alluded to, will be equal to 

i±^.^.+er-^ir.4(.+,)-' + i±|^ 

X-^(l+f) • But, after the decease of C, the 

chance of receiving the given sum at the end of any 
subsequent year will depend on the happening of three 
different events : 1° that A and B both fail in the 
year: 2° that only B fails in the year, A having died 
in either of the preceding years : 3° that only A fails in 
the year, B having died after C in either of the prece- 
ding years. The probabilities of the happening of these 
several events in the (n+1)** year are respectively 

which, being added together and Xnultiplied by 

^( 1 4" f) J will give the expectation of receiving 

the sum at the end of the ( ?? + 1 f^ year. 

In like manner we may find the {^1-^2)^^ and all 
the subsequent expectations to the utmost extremity 
of human life : the sum of all which will be equal to 
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. multiplied into (!-(?) X ~0^'^O+d'"' + 

— wl-|-j>) ; and which, being added to the first » 

terms of the several,collateral series above found, will 
make the total present value of the given sum, when 

C IS the oldest life^ equal to ^TlM + zj. 



COROLLARY. 

§ 335. When all the lives are equal, or of the same 
age A, the last three quantities in the formula denoted 

by IME destroy each other, and the general expression 
m this case will become s X — — — ^,, . . < 

2(1 +p) 

that is, equal to half the present value of the given 
sum, to be received on the extinction of the longest 
of the three lives. 

SCHOLIUM. 

§ 336. Since the present values of the sum, as 
found by the preceding problem, and by the present 

problem, are together equal to jp X *" --v- — ^j 

or to the present value of the given sum to be received 
on the extinction of the longest of the two lives A, B: 
it follows that the present value of one of them being 
found, the present value of the other may be easily 
determined by subtracting such value from the general 
expression here given. 
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CHAPTER tX. 



On M. De Moivre^s Hypothesis. 

§ S37. If the decrements of life, in any table of ob* 
servations, were equal and uniform from birth to the 
utmost extent of human life, the number of persons 
living at every succeeding age, as shown by that table, 
would be the terms of a decreasing arithmetical pro- 
gression. Now, though this fact does not take place 
throughout the tvhole duration of life; yet, in se^ 
veral of the tables of observations (particularly in the 
Northampton table) it will be seen that, towards the 
middle ages, the decrements are, for many years to- 
gether, constant and uniform; or at least very nearly 
so: and it was upon this view of the subject that 
M. De Moivre founded his ingenious hypothesis that 
the decrements of life are in arithmetical progression.* 
For, he imagined that the deficiencies in one part of 
his scale would be compensated by the excesses of 
the other part: and that though the values deduced 
from this principle might not be strictly true, yet the 
error could not be very materiaK In order to accom- 

* The same author also assumed as an b^'poihesis that the de- 
crements of life were la a ^eomdrical ratio: a principle which he 
applied to the valuation of annuities on joint hvcs. Bpt thjs theory 
is too erroneous to be insisted on. 
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modate this hypothesis to the method of determining 
the value of Life Annuities, it was necessary to sup- 
pose the extent of life confined to a certain period of 
time, which he (for reasons which subsequent obser- 
vations have shown not to be sufficiently well founded) 
has taken at 86: remaiking, however, at the same 
time, that the instances of persons living beyond that 
period are so few as not to be worth notice in such a 
general view of the subject. 

Much obloquy has of late years been thrown on 
this hypothesis by Dr. Price and Mr. Morgan ; the 
latter of whom has been particularly severe in his 
comments on its use and application. It is true that 
more recent discoveries have shown that it cannot 
always be depended upon : and the great share which 
these gentlemen have had in deducing the values of 
annuities from real observations^ and thereby super- 
seding the use of the hypothesis, may be some ex- 
tenuation for the high tone they have assumed on 
this occasion. Nevertheless, the hypothesis itself is 
still of great and extensive use in the doctrine of 
annuities ; and will ever remain a monument of the 
ingenuity and abilities of its illustrious inventor. 

§ 338. The reader must be readily aware that 
the great advantage of M. De Moivre's hypothesis is 
the remarkable facility which it affords for determining 
the present value of annuities on any single or joint 
lives. The method of deducing such values from the 
first problem of the present work ( see page 29 ) is 
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extremely laborious ; since the numerators of the 
fractions^ which form the series there given, do not 
decrease in any regular manner. But, when such 
numerators are in arithmetical progression, the sum of 
the whole series may be expressed in a general for-r 
mula ; and its value may then be found almost as soon 
as one term only of the other series just alluded to. 

Although M. De Moivre, in the application of his 
principles to practical purposes, has assumed S6 as 
tbe extreme period of human life, ( that is j that, out 
of 86 persons bom, one of them will die annually till 
they are all extinct) yet this number does not neces- 
sarily follow from his hypothesis: for any other 
number, which might be found more agreeable to 
real observations, may be substituted in lieu thereof. 
Assuming, however, the same period as De Moivre, 
it is evident that the number of persons living at any 
age will be equal to the number of years between that 
age and 86: this number he calls the complement o£ 
life. • Consequently a, A, c, &c will, upon this hypo- 
thesis, be equal to the complement of the lives A, 
B, C, &c, respectively: or, equal to the diflference 
between their respective ages and 86, 

§ 339, This being premised, it will be readily 
§een that the expression — -r—^ + /, ? a + 

a n 

Tr—\i + &c which, by Prob. I, cor. 1, denotes 
the value of an annuity on the life A, will become. 
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a LO+f) "(l+f)'^ (l+f>» ^ (l+pyJ* 

Now, this series may be divided into two others, the 
first of' which is [^ + j^ + -j^ 

••••••• /t » V I ^ ^^^ ^^^ second, which is to be 

subtracted, is -l[^j + -^ + ^^ + . . . 

• . . . • /t r y T But the former of these, which I 

shall denote by y, is equal to the present value of an 
annuity certain for the term a ; and the latter is equal 



—a 



to — X --^-^ — L-L-jfJi-Zi! — :* consequently the to- 
tal present value of the annuity is, upon this hypothesis, 
equal to 3, - iijMf tiHllir! = IzSl+M^ 



ag ag 



§ S40. In like manner, the expression -r j Trrr + 

.^^ ., + /\ ., + &cl, which denotes the value 

of an annuity on the two joint lives A B, will become, 

upon this hypothesis, equal to -y [ "^, . C" — + 

(1+f)* ^ 0-h?r "^ (1+f)* -I' 

* See my Doctrine of Interest arid Annuities^ page 89 : where 
the method of summing this and the following series is pointed 
out. 

f See Dodson, vol. ii. Ques. 56. Simpson^ Prob. 1, cor. 5» 
De Moivre, page 310. 
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a series which is to be continued for b terms only, B 
being the oldest of the two lives. But, if the nu- 
merators of the fractions composing this series be 
expanded by multiplication, the whole expression 
may be divided into three other distinct series : viz. 

r-l_+-i— +_L_+ . — L_l_ 

I ^ r ^ [ 4 I 9 I — ^1 

^ ah L(l+f) ^ (l+F)* ^ (l + f)V ■ (l+f)* J* 

The first of these is equal to the present value of an 
annuity for the term b, and I shall denote it by y : the 
second is (from what has been said above) equal to — 

i+i X ■->■>-(»->■■)■(■+;)"* . and rte third is equal to 

( 1 + j>) I : consequently the total present value of 
the annuity for two joint lives is equal to ^- x 



§ 341. By a similar method of reasoning it will 
be found that the expression -7- , . , + - . . \^ + 

n 

5 + &c , which denotes the value of an an- 



/;/ //' in 
ab c 



o+sr 



* See Dodson, vol. ii. Ques. 64. Simpson, Prob. 1, cor. 5. 
Price, note (L). I shall here take the opportunity of observing 
that the strictures of Di. Price on M. De Moivre's rules for calcu- 
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nuity on the three joint lives ABC, will become, upon 
this hypothesis, equal to ^-\^^=2l<t^^^ + 



^^^ iiZ Y ""^ p ^ series which is to be continued 
for c terms only, C being now the oldest life. But 
the whole of this series may, by expansion, be con- 

verted into the four following series: viz. I . + 

1,1, ^ Tl ah+ac-i-bc 

o + ^-h cf 1 4 , 9 , 

ale L{1+F) ^ (! + £)• ^ (1 + ?)' ^ 
_f!_n ILf— i_ 4- ^ 4. ^^ J. 

(i+fyj aic L(i+F) "^ (i+fr'^a+f)* "^•••* 

equal to the present value of an annuity certain for 
the term c; and I shall denote it by «/; and the re- 
maining ones may be summed in the same manner 

lating the value of annuities on joint lives (inserted in the 4th 
Chapter of his Obs. on Rev. Pay,) allude altogether to an approxi" 
mation given by De Moivre as deduced from his hypothesis of 
a geometrical ratia^ and not to the correct expression. The 
formula in the text will oftentimes give the same values as 
those deduced from the Northampton Table ; as may be seen by 
a comparison with the Tables at the end of the present work: and 
I shall show in tiie sequel that these formulae may be used with 
good effect in determining, with a tolerable degree of correctness, 
the value of annuities deduced from the real probabilities of life. 
See § 346. 



— -y j- Now, the first of these series is 
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as in the preceding cases: whence the total present 
value of an annuity on the three joint lives is equal 

toi--i±ir-i(2i + 2a-c-3-l)--^y-(A + 
a_2c-3-|-)+^i-c-l).(a-c-l)].* 

§ S42. But, since the publication of so many 
accurate tables of the values of annuities, deduced 
from real observations^ these formulas have become 
pf little or no use; and are seldom resorted to, unless 
it is required to find a near value of an annuity on 
any given lives whose ages are not inserted in those 
tables. Nevertheless the hypothesis itself is still of 
great use in the doctrine of annuities ; and facilitates 
very much several calculations arising from this sub- 
ject : particularly in those cases where the contingency 
continues for a given term only; as will evidently ap* 
pear from the following problem. 



PROBLEM LLt 

§ 343. To find the value of an annuity on a given 
life, during part of whose existence the decrements of 
life may be considered as equal. 

* See Dodson, vol. il. Ques. 6g. Simpson^ Prob. 1^ cor. 5. 

f De Moivre^ page 341. SimpsoD, Prob. 1> cor. 8. Frice^ 
note (N). Dodson^ vol. ii. Glues. 68. This last author has also 
given a method of solution (Question 6l) provid&d the decrements 
of life be divided into several arithmetical progressions^ each dif- 
fering from one another. 
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SOLUTION, 

Let A be the given life, and n the interval of equal 
decrements: also let a be the number of persons 
living at the' age of A, and a the number of persons 
living at an age n years older ; and let the uniform 
decrements of life be denoted by S. Then will the 
value of an annuity on this life be denoted by the 

(i+f)^ (1+?)^ (i+f)^ -• 

may be divided into two parts: viz. the series 

2_r a— I . ..g— 2? , a— 3$ , a—ni "| 

" LO+7) "^ (H-1)^ "^ (l+f)» ■•" "(l + f)"J 

+-r — *— r + — '*— . + — ^+&c |. The 
LO+f) 0+f) (i+f) J 

latter of these is, by Prob. I, cor. 3, equal to (-^ , or 
equal to the value of an annuity on the life A deferred 
for n years: and the former may be divided into two 



others; viz. [^-^ + (TTT)^ + (1^17 + 

— - — : the sum of which may be readily found, 

(i+f)"J 

from what has preceded, to be equal to ^ — 

— I (l + f)3/ — ^(l+f)""'^ |- Consequently the total 

value of the annuity will be y |(l+f)y~" 



— » 
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w(l + f)'" I + (-^) • But, since 5 is always equal 

to ^^;* and since {A) is equal to -^ X — (1+f)""; 

this expression may be rendered more convenient for 
practice by making tho§e substitutions : whence the 

value will become i- - ('»-'^>-(' +?)y _ <l±i2 

cc[ ^').(l + p) j. Now it appears by the 

Northampton table of observations that the decre- 
ments of life are nearly uniform during the whole in- 
terval from the age of 20 to the age of 80: if there- 
fore the value of an annuity on a life aged 80 be once 
calculated, the value of an annuity on a life of any 
intermediate age may be easily deduced from the for- 
mula here given ; and will agree very nearly with the 
true values. 

Example. Let the rate of interest be 5 per cent; 
in which case the value of an annuity on a life of 80 
years of age will be 3'515: and, if from this we 
vdsh to deduce the value of an annuity on a life of 
20 years of age, the formula will become 20 — 

"ikL^'^X I'O^ X 18-9298-469 X (20- 
3*5 15) X "0535 I = 14-061 : and which is very near 
14*0079 or the true value as shown by the tables. 

* This may generally be assumed as the true value, without 
material error, even when the decrements are not exactly regular. 

Y 
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Now, when it is considered that the value, here 
found, could not have been deduced from the corol- 
lary in page 29, without the actual calculation of sixly 
terms of the series there given, the utility of this for- 
mula will be manifest. 



COROLLARY. 



§ 344. If the value of the annuity is required for 
a given term ( = n); and that term happens to be 
wholly within the interval of equal decrements as 
shown by any given table of observations j the series 

« L(i+f> ^ a-i-f)^ "^ VTl? "•" (TT^J 

= :?/ - ^^"^ [_(! + e)i/ - K^ + e)^ J will denote 

the exact value in such case; and is a formula of 
considerable utility when we are not possessed of any 
tables of the value of annuities deduced from such 
observations. Or, if the decrements are very nearly 
equal, the formula will not differ materially from die 
true expression. 

Example. Suppose it were required to find the 
value of an annuity for 20 years on a life aged 20, 
reckoning interest at . 5 per cent and the probabilities 
of living as at Northamplon. In this case the formula 

would become 12'4622 ~— ^ X fl'OS X 

5132x20x05 ^ L ^ 

12-4622 — 20 X -3769] = 10844: which is the cor- 
rect value of a temporary annuity for 20 years on a 
life aged 20 ; because it will be seen, by Table XXV, 
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that from the age of 20 to the age of 40 the decre- 
ments of life are equal. The value, deduced from 
the rule in page 46, is 10'847. 

§. 345. This problem and its corollary will serve 
to show the useful purposes to which M. De Moivre's 
hypothesis may be Occasionally appropriated, and the 
method of applying it whenever an opportunity occurs. 
But since the decrements of life are most irregular 
in the younger and in the latter periods of existence, 
and are uniform (or nearly so) during the middle ages 
only ; it will be found that this hypothesis cannot in 
all cases be safely used, unless in deducing the value 
of annuities or assurances for terms. In this respect 
it is of singular utility, and will be often found to save 
a laborious calculation, as I have already pointed out 
in the notes to some of the preceding problems: and, 
therefore, it will be unnecessary to enlarge more upon 
the subject in this place. It is in this manner that 
Mr. Morgan has condescended to use it: but it is done 
clandestinely, and (I know not for what reason) by a 
previous denial of the fact.* 

I would here observe that the rule for determining 
the value of such annuities as depend on the whole 
continuance of any number of lives out of any other 
number of lives, or such as are in reversion or de- 
pending upon survivorships, and in general for deter- 

* See Price's Obs.on Rev. Pay, vol. 1, page 61, note e: also 
the note in page 192 of the present work. 

y2 
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mining such problems as are contained in the second, 
third and fourth Chapters of this work are the same 
on M. De Moivre*s hypothesis, as where they are de- 
duced from real observations. For, in each case, the 
solutions to such questions are obtained from Tables 
which show the values of annuities on single and joint 
lives : and therefore the merit or demerit of M. De 
Moivre's hypothesis, as far as regards the value of an- 
nuitiesy will rest on the fundamental propositions above 
given. 

But in deducing the value of assuraticesj or rever» 
sionary sums^ his rules are certainly much more simple 
than when deduced from real observations: and it 
would be a fortunate circumstance if his hypothesis 
could be depended upon throughout the whole dura* 
tion of life. As this, however, is not the case, we 
must be content with the facility which it oftentimes 
affords us of determining, in many cases, a very near 
value of such assurances for terms: as I have already 
fully explained in the sixth and eighth Chapters.* 



On the Method of approximating to the Value of Life 

Annuities* 

§ 346. I cannot dismiss this chapter, however, 

without noticing the utility and convenience of the 

formulce arising from M. De Moivre's hypothesis, in 

enabling us also to deduce (from the values of an- 

^ See the notes in pages I50> l^% 205 and 213. 
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nuities on single or joint lives at any one rate of in- 
terest) the values of annuities on the same lives, at 
any othtrr rate of interest. In order to explain this 
method, I would observe that, according to M. De 
Mmvre's hypothesis, the expectation of any life is 
equal to half the complement of such life:* conse- 
quently, the complement of any life is equal to twice 
its expectation. If, therefore, we substitute twice the 
expectation of any life deduced from real obsei-vations, 
instead of the quantities «, b, or c, in the general for- 
muliE in pages 316, 317 and 319, the values thence 
arising will in most cases be much nearer the true values 
of annuities deduced from such observations, than when 
rt, /;, or c, is taken equal to the complement of such 
life according to M. De Moivre's hypothesis.! Of* 
(which is all that is required in the present instance) 
the difference between the values of an annuity on 
any single or joint lives, deduced in this manner from 
the expectations of life, at any two rates of interest, 
will be nearly the same as the difference between 
the correct values of a similar annuity, at the same 
rates of interest, deduced from real ohservalions. 
Consequently, when the value of an annuity according 
to any one rate of interest is given, we may readily 
obtain a very near value of a similar annuity at any 
other rate, by means of the first difference here al- 
luded to: as will be evident from the following general 
rule. 

• See the uote in page 50. 

t See tlie observations at the end of the following note. 



^^ 
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Call the correct value, computed at any one rate 
of interest, the first value. 

Call the value deduced from the expectations of 
life, at the same rate of interest, the second value. 

Call the value deduced from the expectations of life, 
at any othei' rate of interest, the third value. 

Then, the difference between the second and 
THIRD values subtracted from, or added to, the first 
value (according as the second is greater or less than 
the third) will be the near value of the annuity at 
the other rate of interest required. 

Example 1. What is the near value of an annuity 
on a life aged 20 years at 4 per cent interest, deduced 
from the correct value at 5 per cent, and according 
to the Northampton observations ? 

The Jirst^ or correct value at 5 per cent is, by 
Table XX VII, equal to 14*007, The second value, 
deduced at the same rate of interest from the expecta- 
tion of that life by the formula in page 316, is equal 

^ 66 86— 105 X 19*234 ,«r^^/^. nru .l-J 1 

to ^^— ^ — -~ — = 13*959.* The third value, 

66*86 X 05 

deduced from the same formula, at 4 per cent, is equal 



* When twice the expectation is equal to a whole number with 
a decimal added (as is coinmpnly the case)> the value of an annuity 
for that term may be best computed in the following manner. 
Suppose the number of years (as in the present case) to be 66*86. 
The value of an annuity for QQ years is, by Table LIX, equal to 
3 9 201 3 and the value of an annuity for 6/ years is 19'239. The 
difference between these two values is 038 3 which, being multi- 
plied by the decimal 86^ and the product '033 added to the Ipast 
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^ 66'86— 104X23183 , - o«^ rni. f -, ^ r^^ t 

to ^^ ^^ =15*984. Therefore 14'007+ 

00'86 X '04 ■ 

(15-984— 13*959) = 16*032 will be the near value 
required : and which differs only an unit in the last 
figure from the true value as given in Table XXVII. 



§ S47. The same principles will apply to the case 
of two joint lives : and it will be found that in both 
cases the deduced values are sometimes nearly the 
same as the correct values ; that generally they do not 
differ more than a 20^^ or S0^\ part of a year's pur- 
chase ; that in joint lives they differ less than in single 
lives ; and that they come equally near to each other 
whatever the rates of interest are,* 



of the two values, will giye 19'234 for the value of the annuity 
for 66^86 years. 

The second and third values here obtained (that is^ 13*9^9 and 
15*984) will be found, on a comparison with the values in Table 
XXVII, to be much nearer the true values than those obtained 
from M. De Moivre's hypothesis, as given in Table XLIX. Con- 
•equently this first step of the process will show thatM.DeMoivre's 
formula (as given in page 31 6) may sometimes be applied, with 
good effect, to find, in an expeditious manner by one operation, a 
near value of an annuity deduced from real observations. 

* See a variety of examples, in proof 'of these assertions, in 
Dr. Price's Ohs, on Rev, Pay. vol. 1, page 23 1. The same author 
remarks that *' these deductions, in the case of single lives parti- 
*' cularly, are so easy, and give the tru« values so nearly, that it 
will be scarcely ever necessary to calculate the exact values (ac- 
cording to any given observations) for more than one rate of 
"interest." But, however convenient the above rules may be 
in our present dearth of usefi.il Tables, they by no means remove 
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On the Value of increasing Life Annuities. 

§ 348. The hypothesis of M. De Moivre furnishes 
us likewise with a convenient and useful formula for 
determining the value of increasing Life Annuities : 
that is, of ^1, c£2, £s^ &c (or any multiples of those 
sums) payable at the end of 1,2, 3, &c, years re- 
spectively, if the given life A be then in eifistence, 
For, the series expressing such value will (from what 
has been said in page 316) be evidently equal to 

1 r g— 1 , 2(a— 2) , 3(a-^3) . a(a'-a) 1 

a L(i-f?) "^ (i+pr + (1+?)* "^ (i+iYr 

and which may be divided into the two following series, 
r ^ I ^ I ^ I .. — ^-1-, 

a L(i+?) "■■ (!+?)• "^(i-ff)* "^ (1-hfrJ' 

In order to abridge the subsequent process, let us make 

L(i+F) "^ (i+f)*"^(i+p)' "^ o+frJ"*'^ 

then will the sum of the two series above given, or the 
value of the annuity required, be denoted hy x — — .. 

the necessity of calculating, at several rates of interest^ any new 
Tables that may be hereafter formed : and J should hope that no 
one^ who may at any future time undertake this laborious task, 
will be influenced by so weak and so ill-judged an excuse. The 
object and real utility of Tables, of any kind, is to save time and 
labour, and to prevent the occurrence of errors. 



\ 
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But, from what has been said In § S39, it will be 
seen that the value of an annuity on a single life A is 

denoted by t/ ; and, from what has been said 

in § 340, that the value of an annuity on two equal 

joint lives AA is denoted by f/ 1 . There- 

tore A — A A = ?/ y A = — — 

. — ; consequently a(^A—AA) = a? will be the 

value of the increasing annuity required : whence we 
deduce the following rule. 



§ 349. From the value of an annuity on the 
given life subtract the value of an annuity on two 
equal joint lives^ of the same age with the given life ; 
multiply the difference by the complement (or twice 
the expectation^ of the given life: and the product 
will be the answer required. 

§ 350. Example. Let the given life be 40 years 
of age ; and let the annuity be <£l the first year, 
Jj2 the second year, ^3 the third year, and so on 
according to the order of the natural numbers : what 
is the present value of this annuity, reckoning interest 
at 4 per cent, and the probabilities of living as ob- 
served at Northampton ? 

Here we shall have A=z 13-197, AA= 9-820, 
and a (or twice the expectation) = 46-16: conse- 
quently 46-16 X (13-197— 9-820) = 155*882 will be 
the value required. 
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If the annuities had been £lO, <£20, <£S0, &c, 
the present value would be 155*882X10. Or, if 
they had been £l5, ^30, ^45, &c, the present value 
would be 155-882 X 15/ 

But, if the annuity commences with a larger sum 
than c£l, and yet increases only by c£l in every year, 
we must add to the value, above found, the value 
of an annuity on the given life multiplied into the 
first payment lessened by unity; and the sum will be 
the answer. Thus, if the annuities in the first case 
above mentioned, had been c£l5, c£l6, c£l7, &c, we 
must multiply 13'197 by 14; and the product, or 
184'758, added to 15i-8S2 will give 340-640 for the 
answer in this case required. 

§ 351. These and many other instances (in ad- 
dition to those already mentioned in various parts of 
this treatise) might be adduced to show the great utility 
and convenience of M. De Moivre*s hypothesis in a 
general point of view. The most common cases will 
convince us that it may always lay claim to a consi- 
derable share of merit ; but that it is particularly en- 
titled to our approbation in enabling us to conduct 
our inquiries into many branches of this science where 
the common analysis is not only exceedmgly intricate 
but sometimes entirely fails; and that it is by no 
means deserving of the false and ignominious epithets 
of " wretched*^ or " absurd." 
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CHAPTER X. 



Qn the Value of Annuities payable Half -yearly^ &c^ 
On Halfyearly &c Assurances*^ and on Annuities^ 
secured by Land^ 

5 352. In the preceding chapters, the values of an- 
miities have been deduced on the supposition that 
they are all payable yearly: this is the most usual 
c^e. But, as others may occasionally occur, it will 
be useful to know the limits of the dift'erences which 
arise in those cases : therefore, that nothing might be 
wanting on this subject, I shall make no apology for 
iatroduciQg the following investigations.* 

If a, a, a, a, &c represent the number of persons 
living at the age of A, and at the age of 1, 2, 3, &c 
years older than A, agreeably to what has been said 

* Ji person who receives a life annuity half -yearly has a doublo 
advantage over one >vho receives the same annuity yeariy : for, 
besides the interest of each half-yearly payment for six months, 
he has a chance of receiving one half year*s payment more tlian 
if he were paid yearly. In like manner, a person who receives a 
life annuity quarterly has a double advantage over one who re- 
ceives tlie same annuity half-yearly: &c, &c. See this subject 
det4iled at full length in Baron Masers);»*s QocirinQ of Life An^ 
fiuities, pages 233— 2()0. 
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in § 23, then will ^i^, ^^, ^^, &c denote the 

number of persons living at the end of J, J J, 2^, &c 
years from the age of A : which, though perhaps not 
in all cases Strictly true, will serve our present purpose, 
and be as near the real value as we could hope for. 
Consequently, the present value of an annuity on the 

life A, payable Half -yearly^ is equal to -x— J ^ 

t in u n m m 

4-&C 1:* a series which may evidently be divided into 



; ;/ 



the two following ones ; viz. -— - ^ . -j — ^ . 

2ttL2(i4-fr 2(1 +f)^ 

. ^ + ^ I fcc +— — ^ I ^ f ^ 

+ 2(l+p)i ^"^""J^ 2a\jl+^) ^ il+sy^ (l+?r 

+ &c • The latter of these is equal to — ; and the 

former, which may be divided again into the two fol- 

p- 1 II 

lowing series A « + rrr-N + ., ? v. + 

^ 4a(I+f)^L ^^"^^^ ^^"^^^ 



* a 



+ &c I, is equal to -^--r + ^^^. Whence 



♦ The reader is supposed to be acquainted with the method of 
deducing the present value of an annuity certain payable half- 
yearly &c, as explained in my Doctrine of Interest and jfnnuitieSf 
Chapter X» 
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the total present value of the annuity is equal to — + 

4(14-^)* ^ 4(1 + ^)* 

4(1 +e)* 4(14- e)* 

But, since the quantity ^^^ "^^^ ^ ^ seldom much 

^ ^ 4(1 +e)* 

exceeds unity,* this expression may be taken (without 

material error) equal to A A rj and, since 

1 • 4(1 +5)* 

T- is seldom much below i,t the expression 

4(1 -he)* ^' 

may be still be further reduced to A + ^ That is, 
ir to the value of the annuity payable yearly we add 
a quarter of a yearns purchase^ the sum will be very 
near the value of the same annuity pzydhle Half-yearly. 
The exact values however may be easily determined 
from the general expression above given. 



S 353. If we wish to determine the present value 
of a similar annuity payable Quarterly, we must take 



* When the rate of interest is 2 per cent per annum, the quan« 
tity, here alluded to, is equal to 1*000025 > and when the rate of 
interest is 10 per cent per annum, it is equal to 1*000569: whence 
a judgment may be formed of its value at any intermediate rate. 

f When the rate of interest is 2 per cent per annum, this quan« 
tity b equal to *2475 -, and, when the rate of interest is 10 per 
cent per annum, it is equal to '2384: but, it will be seen that 
as this quantity decreases, the one mentioned in the last note m« 
creases: whence A + I will seldom much exceed the true value. 
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/ 1 1 u t 11 11 in II 111 

3a+a a+3a 3a-i-a a4-3a 3a+a a+3a o ^ j 

— - -— , — -, — -, -— , — -, &c to de- 
note the number of persons living at the end of :|, |, 
1^, If, 2^5 21, &c years:* whence, the present value 
of an annuity on the life A payable Quarterly will be 

equal to -— r H -^—r H r + ttt^ 

^''L^Cl+fJ* 2(14-?)* '4(1+?)^ 0+f) 
t II in I n « "1 

I Sa-f g , fl+fl , a-f 3a , ® J tr I 

4(1+?)^ "^ ^(M^^ ^ loT]? (^+f)' J* 

But, this series may be divided into the four following 



ones: viz. 



3a+a I 3fl4-g . Sa+a . ^ I 

-r- ■*" (T+7) "*■ (I +?)«^*^j 

16(1 + f)* i'<3~ '8a(l+f)*L» "^ 0+f) ■*" 

-^ 4- &cl = ^+^ -I- dil+l)!. __J_ V 
0+f)'^ J 8(1 +f)*^ 8 'i6«(l+f)*^ 

r~ / ( // II III ~1 . 

L 1 ^ (i+p) ^ (i+f)'^*'*'J ~ 16(1 + f)* ^ 
—76—' ^^'^ 4aL(l+7)' + (l+^r^(l+f)*^ J 

= — . Whence, the total present value of the 

. , , ^ 3(1+^) , ^(i+P^ , i+A 
annuity is equal to --^ r -\ — ^—^ 1- -. 

^ ^ 1^(1+?)* ^^ 8(l+f)i 

^(1-h?)^ ^^ 1+-^^^ , 3/0+?)^ , J[_ _ 

"^ "8 "^ 16(1+?)* ^^ "^ 4 - 



* These are the arithmetical means between the number of 
persons living at the age of A and at the several ages of ^, l^, 2|, 
3|, &c^ years older: and are sufficiently near for the purposes here 
intended. 
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4(l + f)^-K44-gMl-fg)*-f2(2+^).(l+g)^+4-h3g ^ ^ , 

3(14-^)^^-2(1+^)^+1 
I6(l+e)* 

But, since the fractional quantity, by which A is mul- 
tiplied, seldom much exceeds jmity,* this expression 
may be taken (without material error) equal to -^ + 

3(l + f)^ + 2(l+g)^+l , ^^^ gj^^^ 3(l+g)V2(l+g)^+ l 
16(1 +f)* ' 16(1 +p)* 

is seldom much below f ,t the expression may be still 
further reduced to -^ + f . That is, if to the value 
of the annuity payable yearly we add three eighths of 
a yearns purchase^ the sum will be very near the value 
of the same annuity payable Quarterly. The exact 
values, however, may be easily determined, as in the 
former case, from the general expression above given. 

§ 354. Upon M. De Moivre's hypothesis the pre- 
sent value of a life annuity payable Half-yearly will 

be denoted by the series "a-Ld+f)* ^^"^^^ 

♦ When the rate of interest is 2 per cent per annum, the quan- 
tity, here alluded to, is equal to 1 000037; and when the rate of 
interest is 10 per cent per annum, it is equal to 1 000710; whence 
a tolerably correct opinion may be formed of its value at any in- 
termediate rate. 

f When the rate of interest is 2 per cent per annum, this 
quantity is equal to •3719J and when the rate of interest is 10 per 
cent per annum, it is equal to 3605 : but, as this value decreases 
the one mentioned in the last note increases; wbenct ^ + | will 
seldom much exceed the true value. 
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g-f . a-2 a-f . a-3 

■ """'', ■ : which may be divided into the two follow* 
rag ones: viz. iL^+j)* ^ (i+?) ^ (i + j)^ ^ (i+f)' 

3.4. 2a 



I 



+ _±_ + -r^']- The first 

^ (1+?)' ^ a+f)-J 



.— o 



(1+f) 

of these is equal to A X ^"^^"V — = ^ i* and die 

second is equal to - -J- x H^(i±l>!zLMLtf>Z!:t 
consequently the total present value of the annuity ii 

equal to ^X--=^i>*. 

In like manner, the present value of a life annuity 
payable Quarterly will, upon the same hypothecs, be 

equal to if— ^ + — ^ + — ^ + ^+ 

f'""'^, : which may be divided into the two fol- 

(i+f)"J ^ 

if— L_ J- _J_ J- _JL_ J, _JL. 

lowing series -^rXji^.^)* "^ (i+f)* (i+f)^ 0+f) 

'^••; (^]""^[^*"*"^ "^ 

_i__ + _±_ + -r^.l- But. the firet 



* See my Doctrine of Merest and Anmtities, page 56, 
f Ibid, page 8g. 
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of these series is equal to i x —^ — — — =«;* and 

the second k «iual to - -1- X l?<l+-?lir.^fiiiir; 

consequently the total present value of the annuity is 

. ,. , 1 a-o(l + f)* 

m this case equal to — X — - — r^ — • 
" (i+f)*-i 

By a similar process we might find the present 

val'ie of such annuiries payable at any other intervals; 

but it will be sufficient to show the extreme limit of 

the increase which arises from thus Buppoang the an- 

nuhy to be payable at sach smaller intervals: this limit 

takes place when the annuity is considered as being 

pMa momently; in which case the expression becomes 

— ^tTrr~i' where m is equal to — i ^- , : r r > or, to 
the present value of an annuity certain for the tenn 
«, psysbte immetaly.^ 

5 355. If the numerical value of these expressions 
for half yearly and quarterly annuities, according to 
thehypotheds of M.DeMoivre, be compared with those 
deduced from real observations, they will be found to 
confirm the accuracy of each other; and to justify the 
rule which I have before given : namely, that the value 
of annuities payable yearly must be increased nearly 

» See my Doctrine ofliileresi and ^InTtuUies, page 56. 

t Ibul. page 58. And I would here observe thai I take NL 
to denots tbe Ntperean logahthm of the quantity immediately fol- 
lawiog it. 



i 
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^ of a yearns purchase in order to show the value of 
the same annuities payable half-yearly; and that they 
must be increased nearly ,f of a year's purchase in 
order to show the value of the same annuities payable 
qiutrterly; and also that they must be increased by'^ 
a year's purchase in order to show the value of the 
same annuities payable momently. 

§ 356* The reader must observe that, m all these 
cases, I have had regard only to the true rate of annual 
interest, agreeably to the principles which I have Isdd 
down in another work"^ for determining the value oi 
annuities in general. But such annual rate may aU 
ways be expressed in terms of the nominal rate, by 
making the substitutions there alluded to,t according 
as the interest is payable half-yearly, quarterly, &c: 
whereby we shall find that, on M. De Moivre*s hypo« 
thesis, the present value of an annuity, on the life 
whose complement is cr, payable yearly, half-yearly^ 
quarterly^ and momently^ and on the supposition that 
the interest is also payable at the same periods, ^roH 

be denoted respectively by ^"^ , — ^ — ^ 

, and : where y. A, 9, and m twll 



ar ' ar 



now respectively denote the present values of annuities 



* See my Doctrine of Interest and Annuities, page 55, 

f That is, by substituting ^1-f ^) —1 for f: .agreeably to 

what I have said in ray Doctrine of Interest and Annuities, §77» 
page 54. 
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certain for the term a, payable yearly^ half-yearly^ 
quarterly and momently, and on the supposition that 
the interest also is payable at the same periods. 

If the numerical value of these expressions be com- 
pared with each other, it will be found that the half- 
yearly annuities will, upon this principle, be about 
---- of a year's purchase, and quarterly annuities 
about -■- of a year's purchase, more than the value 
of the same annuities payable yearly; and this is the 
rule given by Dr. Price for such purpose,* But as 
the periods of the payments of the annuity are totally 
independent of the periods of the payment oUnterest, 
and ought not to be confounded together (as I have 
more fully explained in the tenth Chapter of my 
Doctrine oj" Interest and j4nnuilies'), we shall find that 
the addition to the tabular values of 5 and § respec- 
tively, as stated in pages 333 and 335, will be the most 
correct rule for general use; agreeably to what has been 



* See hU Observations on Rev. Pay. vol. 1, page 246; and the 
iDveatigations which are there annexed. Tbu two followmg ex- 
Btnplea, given by hini, will show the real difiereoce wbich arises 
in these cases. 



Value of an Annuily on 
Inierest 4 per 


a Single Life. 


Ag*. 


FiiyibU 
Yearly. 


Payable 
Half-yearly. 


Payable 1 Payable 
Quanerly. Momently. 


36 
61 


I3 8-i9 
8733 


14010 
8973 


14-101 1 J4-ltil 

yOT2 1 91^ 
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already ^vanced by Mr. Simpson in his DQCtrine <^ 
^fmuities and Reversions, page 79. 

As the two methods of investigatipn are however 
now before the public, the computist may adopt diat 
rule which he conceives to be best suited to th^ cir* 
Ci^nstapoes of the case* Dr. Price had endeavoured 
to overturn Mr. Simpson's rule without . stating the 
grounds of his dissent, and to substitute his owq 
without explaining the nature and cause of their 
difference. 



§ 357* Hitherto 1 have considered the differences 
in the value of annuities on sirtgle lives only: but it 
will be evident that, on the supposition that money 
is improved at a given annual rate of interest, the 
differences will be nearly the same on two joint lives, 
whose value is deduced from real observations, and 
whose probabilities of living to the end of every half- 

year are respectively denoted by — r-r — , — r-r — , 

^ tf' ^ &c: which probabilities^ though not strictly 
correct, may answer the present purpose. 

On M. De Moivre's hypothesis, however, and on the 
supposition that money can be improved at interest 
payable at the same periods as the annuity, the value 
of an annuity on the two joint lives whose comple- 
ments are a and b^ payable half-yearly^ is accurately 

expressed by the following series "^f '^iV r^ + 
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1 



(1+1)' T" (i+_;.)« f (1+^)' "^ 

— 7;-r7 vj— 1 : the sum of which may, from what has 

^ ■* I 2+rr A 

preceded, be easily found equal to — — -- — I -r- X 

Inlikemanner thevalueofan annuity on those liveSf. 
payable quarlerli/t is on the same principles equal tiy- 
a r(a-:^).i_h-i) (a-i).( t-^) , (a-i).(^-j> , 

«i=^|=l^+ <-^'H')'^] ■t"- of which 

And, if the annuity and the interest are both sup- 
posed to ^ payable inamently, its value nill come ou(* 

equal to ^[ ^[a—b — ^-) + "7l" ^"*'"<^l* 

several formulee, the quantities A, g and m denote the 
present value of annuities certain for the term i, 
payable half-yearly^ quarterly and momently, on the 
supposition that ihe intertst also is payable at the same 
periods respectively.* 

* The following examples, given by Mr. Morgan, will show the 
(cal difierencc that arises in these cases. 



L 



Value of an a 


inuuily on Iw 
te..st4perc 


Joint Lives, 


Ii 


ent. 


"'^ SIJ' 








20—36 
33—30 
39-0 r 
61-61 


11 ■227 
10 3q4 
7449 
6 144 


11427 

J0600 

7-673 

6;j;4 


11-565 
10-70J 

6.517 


11 «2Q 
10 SOS 
7901 
6-002 
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On Half-yearly &c jissurances. 

% 358. By a similar method of proceeding to that 
which has been adopted in the former part of this 
Chapter we might determine the present value of 
Assurances for every Aa//^year, 9«ar/er-year, &c 
of human existence. For, if the number of persons 
living at the end of ^, 1^-, 2^, &c years from the age 
of A be denoted by the same quantities as in page 
832, then will the probabilities of such life becoming 
extinct in the first, second, third, &c, half-yeaxSf be 

, respectively represented by ~, — , ^, ^, 
-, &c: consequently the present value of an a^ 
surance of the sum s on the life A for every half- 
year of human existence will be truly expressed by 

+ &c]=-t-[.+(.+e)']xlf^. 



S 359, In like manner, if the number of persons 
living at the end of ^, |, i|, &c years from the age 
of A be denoted by the same quantities as in page 
S34, then will the probabilities of such life becoming 
extinct in liie first, second, third, &c 7 wcirler- yeais. 






be respectively represented by - 

-^, y~t &c: consequently the present value of an 

assurance of the sum 5 on the life A for every quar- 



mm 
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^er-year of human existence will be truly expressed by 

ti -^1 1 I I it 

<i+f)* + ^'O = T [* + (i+e)^ + C^ +e)* + 



f H 



S 860. By continuing these subdivisions we shall 
iind that the present value of the same assurance on 
the life A for every n^ part of a year, will be truly 

expressed by -^[l + Cl+pF +(l+eF + 

Now, when n is infinite, this formula becomes equal 

^^ NL.('/+f) ^ Tr+^** ^^ ^^^^^'^ consequently de- 
notes the value of the assurance for every moment of 
human existence ; that is, the value of the given sum 
to be received immediately on the extinction of the 
given life.t 

♦ For, in such case n Ql +f)^— 1 J i* equal to the Nep^reao' 
logarithm of (l-t-f). See £uler*8 Introd. in Jnal. Inf. vol. 1, 
chap. 7, § iXQi and also what has been said on this subject in my. 
Doctrine of Interest and Annuities, page 46, 

t Since the Ifeperean logarithm of (1+f) differs but little from 

-—-9 this last formula may be rendered more coDventent for 

*+? V ipft+p) 1— M 

practice by means* of the expression ^ ■■ ^ x vr* t =* 

/ p; 1-P^ ^^ ^^"^^^ 

# ( 1 + -r- 1 X -;- . ; ■: which exceeds the value of a yearly a»- 

surance, deduced from the rule in page 145^ by the quantity 



/ 
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It may be necessary to remark that these Taloei are 
all deduced from the true annual rate of interest} 
^hich may be redilced to the nominal rate by making 
the substitution alluded to in the note in page 338. 



On Life Annuities secured by. Lan(L 

§361. A life annuity secured by land^ differs 
from that kind of life annuity which has been treated 
of in the preceding part of this work, inasmuch that 
if the annuitant dies at any time between the stated 
periods for the payment of the annuity, his heirs are 
to receive such a sum as will be proportional to thtf 
tinie elapsed between the last payment and his death i 
whereas in all the cases hitherto considered, if the 
annuitant dies on the day preceding the tim^ of pay- 
ment, or sooner, his heirs cannot claim any part or 
portion of the annuity. 

In this case, supposing the annuity payable yearly, 
the annuitant (since there is the same chance for his 
dying in one half of any year as in the other ) may 
be considered as having an expectation of half a year's 
payment more than he would be otherwise entitled to. 
But the valiie of the half of ^1 to be received on the 
extinction of any life. A, is by Prob. XXII equal to 

■ ^ . \ and, which is the addition that ought to be 

made to the value of an annuity payable yearly, in 

* See on this subiect^ Dodson, vol. iii. Clues. I ta 4, and 
to 14. Price^ voU 1> page 244. 
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order to obtain its value when secured by land: con- 
sequently the value of such annuity is ^^ -|- 



§ 362. In like manner, supposing the annuity pay* 
able half-yearly, the unnuitanc m;iy be considered aft 
having an expectation of a quarter of a year's pay- 
ment more than he would be otherwise entitled to. 
But the value of the quarter of „£! to be received on 
the extinction of the life A in any half year, is, by the 
formula in page 342, equal to Li±0+f^il>=^'^j 
and which is the addition that ought to be made to the 
Value of an annuity payable half-yearly, in order to 
obtain its value when secured by land. And so on 
for the additions tliat ought to be made to the value 
of an annuity payable quarterly &c. But the difference 
between the value of an annuity payable yearly, not se- 
cured by land, and the value of an annuity, payable at 
the same, or at any other intervals, which is secured 
by land, can in no case exceed -05, or half unity. 

§ 363. M. De Moivrein his /JocJrme o/Chatieetf 
page 338, has given a theorem for finding the value 
of an annuity secured by land and payable yearly, 
which he deduced by a differential process ; a method 
ea^y applicable to his hypothesis: and Mr. Dodson 
in the third volume of his Mo'hematica^ Repository^ 
page 4, has <Av:n another iheorem for that purpose 
(obtained without the aid of that calculus) which 
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brings out nearly the same answers.* But Mr. Simp« 
son in his Select Exercises^ page 3S3, and in the Suf^ 
ptemeht to his Doctrine of Annuities, page; lO, . has 
given a theorem which shows the value,' not of. an an- 
nuity pa3rable yearly and secured by land^ but of an 
suimuity payable momently at a given armual fate of 
^terest.t The values in aU these cases being obtained 
from M« DeMoivre's hypothesis* 



* M, DeMoivre's formula is — — — ^-^^. ■ ' r yAgtk 

2 axNU(l+f) 

^ denotes the value of an annuity ceritdn for the term a, pajrabte 
yearly. Now the Neperean logarithm of (!-{-;) is very oeairlj 

equal to —— ; if, therefore, we substitute this latter qpantitr, in- 

•tead of NL.(1 -f p), the above formula will become J T!"^ "♦* » . / ; 

vhicb is the same as that given by Mr. Dodson, and which exceeds 
the^ value of an annuity not secured by land (as deduced in page 

316) by the quantity -^. ' 

1 m 

t ^^f • Simpson's formula is ^rrr- , r- — -—- — '■ =: 

^ a^m NL.(l+fi) axNL.Cl+f) 

tvtt ' /i . N i which is the same as that given in 6 354, for 

tfxNL.(l+f) 

determining the value of a life annuity payable momently^ at a 
given annual rate of interest : but this Is certainly not a correct 
mode of proceeding in order to find the value of an annuity secured 
hy land. 
Dr. Price is wrong ia asserting that ^ Mr, Simpson makes the 
excess of the value of such an annuity, above the value of an 
annuity payable yearly but not secured by land, douhle to the 
*' same excess derived from Mr. Dodson*s and M. De Moivre's 
" rules." The truth is, that not only Dr. Price, but Mr. Simpson 
himself, appear to have been deceived by the similarity of the 
syml^ols employed in the two formulae compared j without suf- 
ficiiently considering that those symbols denote different quantities. 






\. 
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i would here observe that the formulae, which I 
have ghren above, are the first that have been deduced 
from real observations; and are much more simple 
than those deduced from M. De Moivre's hypodieds* 
But though they readily follow, after the investigations 
jdiat have been prieviously entered into; and might 
easily have been adapted, by precedmg ^rriters, to (he 
value of annuides as deduced from such obsextations ; 
yet those, who have been the most forward to attack 
the whole of M. De Moivre's principles, have not 
only suffered his formulae on this, and on other sub^ 
jeets^ to remain uncorrected and imreproved; but have 
inserted them in their works as afibrding a proper and 
torrect solution to such cases!!! 
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CHAPTER tt 

i 

On the Value of Deferred jinnuUies^ Reversidndrjf 
Annuities y 4ind Asmrancis^ in Annual Fajfmenti. 

9 S64. In all those cases of deferred annuities m&iiK 
tioned in Prob. I^ cor. S, and in the corollaries to the 
tabse^uent problems, as well as in all cases of As* 
suranees, I have deduced the values of the same in 
one lirhgle payment: but it is oftentimes required to 
determine such values in annual payments. The me* 
thod of doing which I shall now proceed to show. 

In the case of Deferred annuities depending on any 
number of joint lives ABC, the value in one single 

payment is (by Prob. I, cor, 3) denoted by {ABC) . 
Now, if the purchaser of this annuity is desirous of 
paying for the same by equal annual payments during 
the given term,* those equal payments ought to be such 
that their total present value shall be equal to the 
single payment above mentioned : or, in other words, 
he should pay instead of such sum an equivalent an^^ 
ntuty during the given term. 

§ 365. Let the required annual payment be de- 
noted by J& } and let the value of a temporary annuity 

* Such annual payments^ howtsver^ subject to &tlure if the given 
lives become extinct before the endof^at p^iod. 
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on the given lives (that is, of an annuity to continu* 
till the period when the deferred annuity commences) 
be denoted by (ABCf: then, since the value of the 
deferred annuity, or {ABC) , ig to be paid for by 
equal annual payments during the time such anniuty 
is deferred (subject to faikire if any of the givai hvas 
become extinct in that period), it is evident that the 
sum or vaiue of such payments must be equal to the 
value of an anniuty, on the given lives for such ii7ne, 
of the yearly value of p: that is, p {ABC)^ =3, 
{ABCf, 

This, however, is on the supposition that the first 
annual payment is not made till the end of the first 
year, and continued at the end of every subsequent 
year till the expiration of the tei-m. But tliis rarely, 
if ever, happens: and the usual, if not the invariable 
method is to advance the first payment immedialelt/ ; 
and the remaining ones at the beginning of each of 
the following years: so that the number of payments 
shall be equal to the number of years during which, 
the annuity is deferred. Therefore (since the payment 
which was supposed, in the preceding case, to be made 
at the end of the term is now made at the beginmng) 
we must add unity to the value of a temporary annuity 
for (me year less than* the given terra: and this 

* Or. Price, in all the esses of annual paytiieutt whicli be has 
giveu, 83/8 that we must add unit}- to tbe vaJue of a icmporarf 
BDiiuily/tr the given leim ; by which means be makes ihe number 
of payments to be one more ttian ever uccurs. lite reader sbouIJ 
particularly obaeive tltii la comparing hit rules with llie foniiula 
here given. 
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quantity multiplied by the annual payment will be 
equal to the value of the deferred annuity* Coiu 
sequentiy the formula will, in this case» becmne 

p[^ + (^5C)^"^3 = (^BC)^ whence, p^ 

(ABC) 

— 5^ TT'* ^^ whence the following rule. 

% S66. • Divide the value of the Deferred annuity^ 
hy unity added to the value of a similar Temporary 
annuity for one year less than the given term : the 
^otient will be the annual payment required. 

For examples of the use and application of this rule, 
the Scholium to Question VI in Chapter XIL 



% 367. The same rule will apply to the case of 
deferred annuities depending on the longest of two 
or more lives: see Prob. II, cor. 2* For, if the value 
p( an annuity on the longest of any number of lives 
be denoted by ^X, then will the value of a similar de» 

f erred annuity be denoted by (Z.) j and also the value 
of 0, similar temporary annuity for one year less than 

the given term will be denoted by (2/)^"" • Conse- 
quently, from what has been above said, we shall have 

• Since (JBC)^-^ = UBC)^ - -^ (l+f)~" ^ABC-^ 

d a,3y —n "'*' 

{ABC) ' (1 + f ) J it follows that the formula ^ven in the 

text may be denoted hy • i . — , 

l+ABC-\(JBCf+-^H+e)"'}' 
vhich wi}l be oftentimes found verjr convenient in practice. 
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For examples of the use and application of this 
formula, see Question XI in Chapter XII, 

In this case, however, it should be particularly 
observed that if the deferred annuity depends on, 
the joint continuance of the given lives to the end 
of the given term (as mentioned in Prob. II, cor. S) 

the formula will become p = , ; • 

For examples of the use and application of this for- 
mula, see the Scholium to Question 51 in Chapter XII. 

§ 368. A similar method of reasoning will lead 
us to the true value, in annual payments during the 
continuance of the given lives, of any Reversionary 
annuity. Thus, let the value of the reversionary an- 
nuity, mentioned in the first case in page 7 1 , be de- 
noted by R J then will the value of the same in annual 
payments, during the joint continuance of the two 
lives, be 6 = — -jr. The same formula extends 
also to the case of Deferred reversionary annuities. 

For examples of" the use and application of this 
formula, see the Scholium to Question XIII, in Chap- 
ter XII ; and also Qut'stion XVIII, and the Scholium 
to Question SVIII in that chapter. 

But, if the reversionary annuity be Temporary, or 
for a given term only, and such annuity be denoted 

by {R)\ we shall have p = —^ — -. 

For examples of the use and application of this for- 
mula, see Question XIX in Chapter XII. 
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V-5' ^*' The principles here laid down will like- 
wise extend to all the cases of Assurances mendoned 
in Chapter VI ; whether for the whole continuance of 
life, or for any given term. For, if the present valuo 
of an assurance of any given sum be denoted by S, 
and the present value of a temporary assurance of a 
similar sum be denoted by (5) j then will the equivi^ 
lent annuity during the joint continuance of all the 
lives involved be, in the first case, p = „ ; and 

— (^^ 



in the latter case p = 

It is scarcely necessary to observe, when S denotes 
the value of an assurance on the longest of any num- 
ber of lives, that ABC will in such case denote the 
ralue of an annuity on the longest of such lives : 
agreeably to what has been said in Prob. XXII, cor. 2. 
And so likewise of any other assurance there al- 
luded to. 

For the use and application of the formula, see 
Questions XXVI, XXVII, and XXIX in Chapter XII. 

§ 370. With respect to those assurances which 
are the subject of Chapter VIII, the annual payment 
may be divided into three kinds : 1° where such pay- 
ment is made till the claim is determined: 2" where 
it is made till the sum becomes due: 3° where the sura 
becomes due at the lime the claim is determined. 

Thus in Prob. XXVll, the sum becoming due at 
the sametime that the claim is determined, the value 
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of the annuat payment is obtained by dividing;- tli$ vz^gv^n 
of the assaraoce by unity added to the value of an a 
nuity on the two joint lives AB : that is ^ = - — — . 

In Prob. XXVin, the claim is determined on the I 
extinction of the two joint lives: but the sum doei:-- 
not become due* till the estinctioa of A's life. There- 
fore the value of the annuat payment till the claim is 



annual payment till the sum becomes due \sp = rv^* 
In Probleni XXIX the sum becomes due at the time 
the claim is determined ; and consequently the annual 
payment is equal to the value of the assurance divided 
by unity added to the value of an annuity on the 
three joint lives ABC: that h p = ' >" jp ' r* 

In Prob. XXX the claim is not determined, nather 
does the sum become due, till the extinction of the 
joint lives AB, and also of the joint lives AC. That 
is, the annual payment must be made during the con. 
tinuance of the joint lives AB, and likewise during 
the continuance of the joint lives AC after the decease 
of B. The two values will be found equal to jiB-\- 
^C — ABC : consequently we shall have in this case 

/, = ^5 . 

' 1-i- A B+yiC~ ABC 

In Prob. SXXI the annual payment, till the claim 

• That i», provided the claim is determined in favour of tb« 
penoD auuring : and ihii must be underttood in all theie caiet. 
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i$ determined^ vnSX be the same as in the last problem: 
hm the value of such payment till the mm becomes 

due is evidently />= . , 

In a similar manner we might proceed with respect 
to the remaining problems in Chapter VIII : but enough 
has here been said to enable the reader to determine 
the annual payment in any other case, either of an- 
nuities or assurances^ that may arise in practice: I 
therefore shall not detain him with any further remarks 
on this subject. 
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